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PREFACE. 


THE  following  pages  will  be  found  to  comprise  all  the 
parts  of  Elementary  Trigonometry  which  can  con- 
veniently be  treated  without  the  use  of  infinite  series  and 
imaginary  quantities. 

The  chapters  have  been  subdivided  into  short  sections, 
and  the  examples  to  illustrate  each  section  have  been  very 
carefully  selected  and  arranged,  the  earlier  ones  being  easy 
enough  for  any  reader  to  whom  the  subject  is  new,  while 
the  later  ones,  and  the  Miscellaneous  Examples  scattered 
throughout  the  book,  will  furnish  sufficient  practice  for 
those  who  intend  to  pursue  the  subject  further  as  part  of  a 
mathematical  education. 

No  substantial  progress  in  Trigonometry  can  be  made 
until  the  fundamental  properties  of  the  Trigonometrical 
Ratios  have  been  thoroughly  mastered.  To  attain  this 
object  very  considerable  practice  in  easy  Identities  and 
Equations  is  necessary.  We  have  therefore  given  special 
prominence  to  examples  of  this  kind  in  the  early  pages; 
with  the  same  end  in  view  we  have  postponed  the  sub- 
ject of  Radian  or  Circular  Measure  to  a  later  stage  than 
is  usual,   believing  that  it  is   in    every  way  more   satis- 
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factory  to  dwell  on  the  properties  of  the  trigonometrical 
ratios,  and  to  exemplify  their  use  in  easy  problems,  than 
to  bewilder  a  beginner  with  an  angular  system  the  use  of 
which  he  cannot  appreciate,  and  which  at  this  stage  fur- 
nishes nothing  but  practice  in  easy  Arithmetic. 

The  subject  of  Logarithms  and  their  application  has 
been  treated  very  fully,  and  illustrated  by  a  selection  of 
carefully  graduated  Examples.  It  is  hoped  that  the  ex- 
amples worked  out  in  this  section  may  serve  as  useful 
models  for  the  student,  and  may  do  something  to  cure  that 
inaccuracy  in  logarithmic  work  which  is  so  often  due  to 
clumsy  arrangement. 

In  the  experience  of  most  teachers  it  is  found  extremely 
difficult  to  get  boys  to  handle  problems  in  Heights  and 
Distances  with  any  degree  of  confidence  and  skill.  Ac- 
cordingly we  have  devoted  much  thought  to  the  exposition 
of  this  part  of  the  subject,  and  by  careful  classification 
of  the  Examples  we  have  endeavoured  to  make  Chapters  vi. 
and  XVII.  as  easy  and  attractive  as  possible. 

Yery  little  advance  can  be  expected  in  Trigonometry 
until  the  principal  formulae  can  be  quoted  readily,  but 
whether  it  is  advisable  for  learners  to  have  lists  of  formulae 
compiled  for  them,  so  as  to  be  easily  accessible  at  all  times, 
is  a  matter  upon  which  teachers  hold  different  views.  In 
our  own  opinion  it  is  distinctly  mischievous  to  furnish  such 
lists ;  it  encourages  indolent  habits,  and  fosters  a  spurious 
confidence  which  leads  to  disaster  when  the  student  has  to 
rely  solely  upon  his  own  knowledge. 

In  the  general  arrangement  and  succession  of  the 
different  parts  of  the  subject  we  have  been  mainly  guided 
by  our  own  long  experience  in  the  class  room ;  but  as  the 
manuscript  and  proof-sheets  have  been  read  by  several 
skilled  teachers,  and  have  been  frequently  tested  by  pupils 
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in  all  stages  of  proficiency,  the  hope  is  entertained  that 
our  treatment  is  such  as  to  enable  beginners  to  take  an 
intelligent  interest  in  the  subject  from  the  first,  and  to 
acquire  a  sound  elementary  knowledge  of  practical  Trigo- 
nometry before  they  encounter  the  more  theoretical  diffi- 
culties. At  the  same  time,  as  each  chapter  is,  as  far  as 
possible,  complete  in  itself,  it  will  be  easy  for  teachers  to 
adopt  a  different  order  of  treatment  if  they  prefer  it ;  the 
full  Table  of  Contents  will  facilitate  the  selection  of  a 
suitable  course  of  reading,  besides  furnishing  a  useful  aid  to 
students  who  are  rapidly  revising  the  subject. 

"We  are  indebted  to  several  friends  for  valuable  criticism 
and  advice;  in  particular,  we  have  to  thank  Mr  T.  D.  Davies 
of  Clifton  College  for  many  useful  hints,  and  for  some  in- 
genious examples  and  solutions  in  Chapters  xxiv.  and  xxv. 

H.  S.  HALL. 
S.  R.  KNIGHT. 

November,  1893. 
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ELEMENTARY  TRIGONOMETRY. 


CHAPTER   I. 


MEASUREMENT   OF   ANGLES. 


1.  The  word  Trigonometry  in  its  primary  sense  signifies 
the  measurement  of  triangles.  From  an  early  date  the  science 
also  included  the  establishment  of  the  relations  which  subsist 
between  the  sides,  angles,  and  area  of  a  triangle  ;  but  now  it  has 
a  much  wider  scope  and  embraces  all  manner  of  geometrical  and 
algebraical  investigations  carried  on  through  the  medium  of 
certain  quantities  called  trigonometrical  ratios,  which  will  be 
defined  in  Chap.  II.  In  every  branch  of  Higher  Mathematics, 
whether  Pure  or  Applied,  a  knowledge  of  Trigonometry  is  of  the 
greatest  value. 

2.  Definition  of  Angle.  Suppose  that  the  straight  line  OP 
in  the  figure  is  capable  of  revolving  about  the  point  0,  and 
suppose   that   in  this  way  it  has 

passed  successively  from  the  posi- 
tion OA  to  the  positions  occupied 
by  OB,  00,  OB,  ...,  then  the  angle 
between  OA  and  any  position  such 
as  OC  is  measured  by  the  amount 
of  revolution  which  the  line  OP 
has  undergone  in  passing  from  its 
initial  position  OA  into  its  final 
position  00. 

Moreover  the  line  OP  may 
make  any  number  of  complete  re- 
volutions through  the  original  posi- 
tion OA  before  taking  up  its  final 
position. 


H.  K.  E.  T. 
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2  ELEMENTARY  TRIGONOMETRY.  [CHAP. 

It  will  thus  be  seen  that  in  Trigonometry  angles  are  not  re- 
stricted as  in  Euclid,  but  may  be  of  any  magnitude. 

The  point  0  is  called  the  origin^  and  OA  the  initial  line; 
the  revolving  line  OP  is  known  as  the  generating  line  or  the 
radius  vector, 

3.  Measurement  of  Angles.  We  must  fii'st  select  some 
fixed  unit.  The  natural  unit  would  be  a  right  angle,  but  as  in 
practice  this  is  inconveniently  large,  two  systems  of  measure- 
ment have  been  established,  in  each  of  which  the  unit  is  a 
certain  fraction  of  a  right  angle. 

4.  Sexagesimal  Measure.  A  right  angle  is  divided  into 
90  equal  parts  called  degrees,  a  degree  into  60  equal  parts  called 
minutes,  a  minute  into  60  equal  parts  called  seconds.  An  angle 
is  measured  by  stating  the  number  of  degrees,  minutes,  and 
seconds  which  it  contains. 

For  shortness,  each  of  these  three  divisions,  degrees,  minutes, 
seconds,  is  denoted  by  a  symbol ;  thus  the  angle  which  contains 
53  degrees  37  minutes  2*53  seconds  is  expressed  symbolically  in 
the  form  53°  37'  2-53". 

5.  Centesimal  Measure.  A  right  angle  is  divided  into 
100  equal  parts  called  grades,  a  grade  into  100  equal  parts  called 
minutes,  a  minute  into  100  equal  parts  called  seconds.  In  this 
system  the  angle  which  contains  53  grades  37  minutes  2*53 
seconds  is  expressed  symbolically  in  the  form  53^  37'  2*53" . 

It  wiU  be  noticed  that  different  accents  are  used  to  denote 
sexagesimal  and  centesimal  minutes  and  seconds  ;  for  though 
they  have  the  same  names,  a  centesimal  minute  and  second  are 
not  the  same  as  a  sexagesimal  minute  and  second.  Thus  a  right 
angle  contains  90  x  60  sexagesimal  minutes,  whereas  it  contains 
100  X  100  centesimal  minutes. 

Sexagesimal  Measure  is  sometimes  called  the  English  System, 
and  Centesimal  Measure  the  French  System. 

6.  In  numerical  calculations  the  sexagesimal  measure  is 
always  used.  The  centesimal  method  was  proposed  at  the  time 
of  the  French  Eevolution  as  part  of  a  general  system  of  decimal 
measurement,  but  has  never  been  adopted  even  in  France,  as 
it  would  have  made  necessary  the  alteration  of  Geographical, 
Nautical,  Astronomical,  and  other  tables  prepared  according  to 
the  sexagesimal  method.  Beyond  giving  a  few  examples  in 
transformation  from  one  system  to  the  other  which  afford 
exercise  in  easy  Arithmetic,  we  shall  after  this  rarely  allude  to 
centesimal  measure. 
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In  theoretical  work  it  is  convenient  to  use  another  method 
of  measurement,  where  the  unit  is  the  angle  subtended  at  the 
centre  of  a  circle  by  an  arc  whose  length  is  equal  to  the  radius. 
This  system  is  known  as  Circular  or  Radian  Measure,  and  will 
be  fully  explained  in  Chapter  VII. 

An  angle  is  usually  represented  by  a  single  letter,  different 
letters  ^,  ^,  (7, ...,  a,  j3,  y, ...,  ^,  0,  a/',...,  being  used  to  distin- 
guish different  angles.  For  angles  estimated  in  sexagesimal  or 
centesimal  measure  these  letters  are  used  indifferently,  but  we 
shall  always  denote  angles  in  circular  measure  by  letters  taken 
from  the  Greek  alphabet. 

7.  If  the  numher  of  degrees  and  grades  contained  in  an  angle 

T)      C 
he  D  and  G  respectively,  to  prove  that  -k  =  jk' 

In  sexagesimal  measure,  the  given  angle  when  expressed  as 
the  fraction  of  a  right  angle  is  denoted  by  — .     In  centesimal 

measure,  the  same  fraction  is  denoted  by  -^-—:  ; 

D  _    G  D  _G 

•'•  90-100'  ^^^*'^'  9-l0' 

8.  To  pass  from  one  system  to  the  other  it  is  advisable 
first  to  express  the  given  angle  in  terms  of  a  right  angle. 

In  centesimal  measure  any  number  of  grades,  minutes,  and 
seconds  may  be  immediately  expressed  as  the  decimal  of  a  right 
angle.     Thus 

23  grades  =  ^^  of  a  right  angle  =  "23  of  a  right  angle  ; 

15  minutes =^^Q^g^  of  a  grade  =  '15  of  a  grade  =  '0015  of  a  right 
angle  ; 

.-.  23^  15'  =  -2315  of  a  right  angle. 

Similarly,  15^  7'  53-4''  =  -1507534  of  a  right  angle. 

Conversely,  any  decimal  of  a  right  angle  can  be  at  once  ex- 
pressed in  grades,  minutes,  and  seconds.     Thus 

•2173025  of  a  right  angle  =  21 -73025^ 

=  21«  73-025* 

=  2P73'  2-5*\ 

In  practice  the  intermediate  steps  are  omitted. 

1—2 
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Example  1.    Eeduce  2^13' 4'5'*  to  sexagesimal  measure.        __ 

This  angle  =  -0213045  of  a  right  angle       -0213045  of  a  right  angle 

=  1°  55' 2-658".  1-917405  degrees 

60 

55-0443   minutes 

60 

2-658  seconds. 

Obs.     In  the  Answers  we  shall  express  the  angles  to  the  nearest 
tenth  of  a  second,  so  that  the  above  result  would  be  written  1°55'2'7". 

Example  2.     Eeduce  12°  13' 14-3"  to  centesimal  measure. 

Thisangle^  -13578487.,  .of  aright  angle      601M1  seconds 

_  60  )  13-238333- -minutes 

—  13^57  84-9   .  90)  12-2206388... degrees 

13578487.. .ofarightangle. 

EXAMPLES.    I. 

Express  as  the  decimal  of  a  right  angle 
1.     67°  30'.  2.     11°  15'. 

4.     2°  10'  12".  5.     8°  0'  36". 

Reduce  to  centesimal  measure 

7.     69°  13'  30".  8.     19°  0'  45". 

10.     43°  52'  38-1".  11.     11°  0'  38-4". 

13.     12' 9".  14.     3' 26-3". 

Reduce  to  sexagesimal  measure 
15.     56^  8r  50'\  16.     39^  6'  25".  17.     40=  r  25-4". 

18.     P  2^  3".  19.     3^  2'  5^\  20.     8^  10'  6-5'\ 

21.     &  25'\  22.     37'  5'\ 

23.  The  sum  of  two  angles  is  80^  and  their  diflference  is  18° ; 
find  the  angles  in  degrees. 

24.  The  number  of  degrees  in  a  certain  angle  added  to  the 
number  of  grades  in  the  angle  is  152  :  what  is  the  angle  ? 

25.  If  the  same  a-ngle  contains  in  English  measure  .r  minutes, 
and  in  French  measure  y  minutes,  prove  that  50^=27?/. 

26.  If  s   and   t  respectively  denote  the  numbers   of  sexa- 
gesimal and  centesimal  seconds  in  any  angle,  prove  that 

250s = 81 t 


3. 

37^  50\ 

6. 

2^  4'  4-5". 

9.     50°  37'  5-7". 

12.     142°  15'  45". 

CHAPTER    II. 


TRIGONOMETRICAL   RATIOS. 

9.  Definition.  Ratio  is  the  relation  "which  one  quantity 
bears  to  another  of  the  same  kind,  the  comparison  being  made 
by  considering  what  multiple,  part  or  parts,  one  quantity  is  of 
the  other. 

To  find  what  multiple  or  part  A  in  oi  B  we  divide  A 
by  B ;    hence  the  ratio  of  A  to  B  may  be  measured  by  the 

fraction  ^ . 

In  order  to  compare  two  quantities  they  must  be  expressed 

in   terms   of  the   same  unit.     Thus   the   ratio   of  2   yards   to 

2  X  3  X  12       8 
27  inches  is  measured  by  the  fraction — —  or  - . 

Obs.  Since  a  ratio  expresses  the  nuiiiber  of  times  that  one 
quantity  contains  another,  every  ratio  is  a  numerical  quantity. 

10.  Definition.  If  the  ratio  of  any  two  quantities  can  be 
expressed  exactly  by  the  ratio  of  two  integers  the  quantities  are 
said  to  be  commensurable ;  otherwise,  they  are  said  to  be 
incommensurable.  For  instance,  the  quantities  8i  and  5^- 
are  commensurable,  while  the  quantities  y/2  and  3  are  incom- 
mensurable. But  by  finding  the  numerical  value  of  x/2  we  may 
express  the  value  of  the  ratio  ^2  :  3  by  the  ratio  of  two  com- 
mensurable quantities  to  any  required  degree  of  approximation. 
Thus  to  5  decimal  places  ^2  =  1 '41421,  and  therefore  to  the 
same  degree  of  approximation 

V2  :  3  =  1-41421  :  3  =  141421  :  300000. 

Similarly,  for  the  ratio  of  any  two  incommensurable  quantities. 
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Trigonometrical  Ratios. 

11.  Let  PAQ  be  any  acute 
angle  ;  in  AP  one  of  the  bound- 
ary lines  take  a  point  B  and 
draw  BC  perpendicular  to  AQ. 
Thus  a  right-angled  triangle  BAG 
is  formed. 

With  reference  to  the  angle  A 
the  following  definitions  are  em- 
ployed. 

The  ratio  -r^^  or  -^ — is  called  the  sine  of  A. 

AB        hypotenuse 

„,         ,.    AC       adjace7it  side  .        ^^    ■,  ,-,  .         -  . 

The  ratio  -rr=,  or  -~ — is  called  the  cosine  of  A. 

AB         hypotenuse 

The  ratio  -— ^  or  -^ : — r^-  is  called  the  tangent  of  A. 

AC      adjacent  side 

^,         ,.    AC       adjacent  side  .        ^^    ^  ,^         .  i.    r  a 

The  ratio  -^^  or  — - — -. t-j-  is  called  the  cotangent  of  A. 

BC       opposite  side 

^,         ,.    AB        hypotenuse     .       ■,^  j  .■,  j.    r  a 

The  ratio  ~rj^  or  —f^^ — - — rj-  is  called  the  secant  of  A. 
AC       adjacent  side 

The  ratio  ^^  or     '^^  . ^^  is  called  the  cosecant  of  A. 

BC       opposite  side 

These  six  ratios  are  known  as  the  trigonometrical  ratios. 
It  will  be  shewn  later  that  as  long  as  the  angle  remains  the 
same  the  trigonometrical  ratios  remain  the  same.     [Art.  19.] 

12.  Instead  of  writing  in  full  the  words  sine,  cosine,  tangent, 
cotangent,  secant,  cosecant,  abbreviations  are  adopted.  Thus  the 
above  definitions  may  be  more  conveniently  expressed  and 
arranged  as  follows  : 


.     ,     BC 
sm  A  =  -r^ . 
AB 


cos -4 


AC 
AB' 


tan^=j^,, 


cosec  A 


sec  J.= 


cot  J.= 


AB 
BC 

AB 

AC 

AC 
BC 
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In  addition  to  these  six  ratios,  two  others,  the  versed  sine 
and  coversed  sine  are  sometimes  used ;  they  are  written  vers  A 
and  covers  A  and  are  thus  defined : 

vers  J.  =  1  -  cos  J[,     covers  J^  =  1  —  sin  ^. 

13.  In  Chapter  VIII.  the  definitions  of  the  trigonometrical 
ratios  will  be  extended  to  the  case  of  angles  of  any  magnitude, 
but  for  the  present  we  confine  our  attention  to  the  consideration 
of  acute  angles. 

14.  Although  the  verbal  form  of  the  definitions  of  the 
trigonometrical  ratios  given  in  Art.  11  may  be  helpful  to  the 
student  at  first,  he  will  gain  no  freedom  in  their  use  until  he  is 
able  to  write  down  from  the  figure  any  ratio  at  sight. 

In  the  adjoining  figure,  PQR  is  a 
right-angled  triangle  in  which  P^  =  13, 
PR  =  b,  QR  =  \± 

Since  PQ  is  the  greatest  side,  R  is 
the  right  angle.  The  trigonometrical 
ratios  of  the  angles  P  and  Q  may  be 
written  down  at  once ;  for  example, 

.    ^     PR      b  ^     OR     12 

^^^^=i^=l3'  ^"^^  =  7^  =  13' 

tanP-^-1?  cosecP-^-^ 

15.  It  is  important  to  observe  that  the  trigonometrical  ratios 
of  a7i  angle  are  numerical  quantities.  Each  one  of  them  re- 
presents the  ratio  of  one  length  to  another^  and  they  must  them- 
selves never  be  regarded  as  lengths. 


^o" 


16.  In  every  right-angled  triangle  the  hypotenuse  is  the 
greatest  side;  hence  from  the  definitions  of  Art.  11  it  will 
be  seen  that  those  ratios  which  have  the  hypotenuse  in  the 
denominator  can  never  be  greater  than  unity,  while  those  which 
have  the  hypotenuse  in  the  numerator  can  never  be  less  than 
unity.  Those  ratios  which  do  not  involve  the  hypotenuse  are 
not  thus  restricted  in  value,  for  either  of  the  two  sides  which 
subtend  the  acute  angles  may  be  the  greater.     Hence 

the  sine  and  cosine  of  an  angle  can  never  he  greater  than  1 ; 

the  cosecant  and  secant  of  an  angle  can  never  he  less  than  1 ; 

the  tangent  and  cotangent  may  have  any  numerical  'value. 
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17.  Let  ABC  be  a  right-angled  triangle  having  the  right 
angle  at  A  ;  then  by  Euc.  i.  47, 

the  sq.  on  BC 

=  sum  of  sqq.  on  AC  and  AB, 
or,  more  briefly, 

BC^  =  AC^  +  AB\ 

When  we  use  this  latter  mode  of  ex- 
pression it  is  understood  that  the 
sides  AB,  AC,  BC  are  expressed  in 
terms  of  some  common  unit,  and  the  above  statement  may  be 
regarded  as  a  iiumerical  relation  connecting  the  numbers  of  units 
of  length  in  the  three  sides  of  a  right-angled  triangle. 

It  is  usual  to  denote  the  numbers  of  units  of  length  in  the 
sides  opposite  the  angles  A,  B,  (7  by  the  letters  a,  6,  c  respectively. 
Thus  in  the  above  figure  we  have  a^  =  h^-\-c^,  so  that  if  the  lengths 
of  two  sides  of  a  right-angled  triangle  are  known,  this  equation 
will  give  the  length  of  the  third  side. 

Example  1.  ABC  is  a  right-angled  triangle 
of  which  C  is  the  right  angle;  if  a=3,  &  =  4, 
find  c,  and  also  sin  A  and  cot  B. 

Here  c2  =  a2 4- &2  =  (3)2 +(4)2^ 9 ^16  =  25; 

.'.  c  =  5. 


Also 


.      .     BC     ^ 


3 

5' 

3 

4' 


Example  2.  A  ladder  17  ft.  long  is  placed  with  its  foot  at  a 
distance  of  8  ft.  from  the  wall  of  a  house  and  just  reaches  a  window- 
sill.  Find  the  height  of  the  window-sill,  and  the  sine  and  tangent 
of  the  angle  which  the  ladder  makes  with  the  wall. 

Let  AG  he  the  ladder,  and  BC  the  wall. 

Let  X  be  the  number  of  feet  in  BC; 

then  .T-  =  (17)2- (8)2  =(17-1- 8)  (17 -8)  =  25x9; 

.-.  x  =  5  x3  =  15. 


Also 


.    ^    AB       8 

^^"^=Jc  =  r7 

^      ^     AB       8 
^^^^=50  =  15 
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18.  The  following  important  proposition  depends  upon  the 
property  of  similar  triangles  proved  in  Euc.  vi.  4.  The  student 
who  has  not  read  the  sixth  Book  of  Euclid  shoidd  not  fail  to 
notice  the  result  arrived  at,  even  if  he  is  unable  at  this  stage  to 
understand  the  proof. 

19.  To  prove  that  the  trigonomet-rical  ratios  remain  unaltered 
so  long  as  the  angle  remains  the  same. 

Let  A  OP  be  any  acute  angle.     In  OP  take  any  points  B  and 


D,  and  draw  BG  and  DE  perpendicular  to  OA.     Also  take  any 
point  F  in  OP  and  draw  FG  at  right  angles  to  OP. 

BG 


From  the  triangle  BOG,      sin  PDA  =  -^-„  ; 

DE 

from  the  triangle  DOE,       sin  POA  = 

from  the  triangle  FOG,        sin  POA  = 


OD' 

FG 

OG' 


But  the  triangles  BOG,  DOE,  FOG  are  equiangular  ; 

BG^^DE^FG 
'''     0B~  0D~  OG' 


[Euc.  VI.  4.] 


Thus  the  sine  of  the  angle  POA  is  the  same  whether  it  is 
obtained  from  the  triangle  BOG,  or  from  the  triangle  DOE,  or 
from  the  triangle  FOG. 

A  similar  proof  holds  for  each  of  the  other  trigonometrical 
ratios.  These  ratios  are  therefore  independent  of  the  length  of 
the  revolving  line  and  depend  only  on  the  magnitude  of  the  angle. 
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20.  If  A  denote  any  acute  angle,  we  have  proved  that  all 
the  trigonometrical  ratios  of  A  depend  only  on  the  magnitude  of 
the  angle  A  and  not  upon  the  lengths  of  the  lines  which  bound 
the  angle.  It  may  easily  be  seen  that  a  change  made  in  the 
value  of  A  will  produce  a  consequent  change  in  the  values  of  all 
the  trigonometrical  ratios  of  A.  This  point  will  be  discussed 
more  fully  in  Chap.  IX. 

Definition.  Any  expression  which  involves  a  variable 
quantity  x,  and  whose  value  is  dependent  on  that  of  x  is  called 
a  function  of  x. 

Hence  the  trigonometrical  ratios  may  also  be  defined  as 
trigonometrical  functions ;  for  the  present  we  shall  chiefly  em- 
ploy the  term  ratio ^  but  in  a  later  part  of  the  subject  the  idea  of 
ratio  is  gradually  lost  and  the  term  function  becomes  more 
appropriate. 

21.  The  use  of  the  principle  proved  in  Art.  19  is  well 
shewn  in  the  following  example,  where  the  trigonometrical  ratios 
are  employed  as  a  connecting  link  between  the  lines  and  angles. 

Example.  ABC  is  a  right-angled  triangle  of  which  A  is  the  right 
angle.  BD  is  drawn  perpendicular  to  BC  and  meets  CA  produced  in 
D:  a  AB  =  12,  AC  =16,  BC =20,  &nd  BD  and  CD. 

From  the  right-angled  tri- 
angle CBD, 


BD 
BC 


=  tan  C ; 


from  the  right-angled  triangle 
ABC, 


AB 
AC 


=  tan  C ; 


BD 

BC 

BD 
20 


AB 
AG 

12 
16* 


-;rT-  =  5-7i  ;  whence  BD  =  15. 


Again, 


CD  ^     BC 

— =secO  =  — ; 

CD      2Q       ,  ^^' 

— —  =  -— ;  whence  CD  =  25. 
20       lb 


The  same  results  can  be  obtained  by  the  help  of  Euc.  vi.  8. 
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EXAMPLES.    II. 

1.  The  sides  AB,  BO,  CA  of  a  right-angled  triangle  are  17, 
15,  8  respectively ;  write  down  the  values  of  sin  A,  sec  A,  tan  B, 
sec  B. 

2.  The  sides  PQ,  QR,  RP  of  a  right-angled  triangle  are  13, 
5,  12  respectively :  write  down  the  values  of  cot  P,  cosec  $, 
cos  Q,  cos  P. 

3.  ABC  is  a  triangle  in  which  A  is  a  right  angle;  if  6=15, 
c  =  20,  find  a,  sin  C,  cos  B,  cot  C,  sec  C. 

4.  ABC  is  a  triangle  in  which  ^  is  a  right  angle;  if  a  =  24, 
5  =  25,  find  c,  sin  (7,  tan^,  cosec  A. 

5.  The  sides  ED,  EF,  DF  of  a  right-angled  triangle  are  35, 
37,  12  respectively:  write  down  the  values  of  sec  E,  secF,  coiE, 
sin  jP. 

6.  The  hypotenuse  of  a  right-angled  triangle  is  15  inches, 
and  one  of  the  sides  is  9  inches  :  find  the  third  side  and  the  sine, 
cosine  and  tangent  of  the  angle  opposite  to  it. 

7.  FiiMi  the  hypotenuse  AB  of  a  right-angled  triangle  in 
which  J (7=  7,  BC=2^.  Write  down  the  sine  and  cosine  of  J., 
and  shew  that  the  sum  of  their  squares  is  equal  to  1. 

8.  A  ladder  41  ft.  long  is  placed  with  its  foot  at  a  distance  of 
9  ft.  from  the  wall  of  a  house  and  just  reaches  a  window-sill. 
Find  the  height  of  the  window-sill,  and  the  sine  and  cotangent 
of  the  angle  which  the  ladder  makes  with  the  ground. 

9.  A  ladder  is  29  ft.  long ;  how  far  must  its  foot  be  placed 
from  a  wall  so  that  the  ladder  may  just  reach  the  top  of  the  wall 
which  is  21  ft.  from  the  ground  1  Write  down  all  the  trigono- 
metrical ratios  of  the  angle  between  the  ladder  and  the  wall. 

10.  ABCD  is  a  square ;  C  is  joined  to  E,  the  middle  point  of 
AD :  find  all  the  trigonometrical  ratios  of  the  angle  ECD. 

11.  ABCD  is  a  quadrilateral  in  which  the  diagonal  ^C  is  at 
right  angles  to  each  of  the  sides  AB,  CD :  if  AB  =  15,  AC  =36, 
AD  =  85,  find  sin  ABC,  sec  ACB,  cos  CD  A,  cosec  D AC. 

12.  PQRS  is  a  quadrilateral  in  which  the  angle  PSR  is  a 
right  angle.  If  the  diagonal  PR  is  at  right  angles  to  RQ,  and 
RP=20,  BQ  =  2l,  RJS=ie,  find  sinPRjS,  tanRPS,  cosRPQ, 
cosec  PQR. 


CHAPTER    III. 


RELATIONS   BETWEEN   THE   TRIGONOMETRICAL   RATIOS. 


22.    Reciprocal  relations  between  certain  ratios. 

(1)     Let  ABO  be  a  triangle,  right-aogled  at  C; 


then 
and 


.     ,     BC     a 


cosec  A  = 


AB_  c 
BG~a' 


sm  A  X  cosec  A  =  -  x  -  ==  1. 

c      a 


Thus  sin  A  and  cosec  A  are  reciprocals  ; 

I 

cosec  A ' 


sin  A  = 


and  cosec  J.  =-^ — -r. 

SlTlA 

(2)     Again, 

,     AO     b  ,  ,     AB     c 

.-.    cos  J.  xsec^i=- X  y=l  ; 
c     6 

.  • .    cos  ^1  = 7 ,    and   sec  A  = y . 

sec  A  cos  J. 


(3)     Also 


tan.l=-j^=^,    and    cotJ=-^^=-, 

.-.    tan^  X  cot^l  =  Y  X -  =  1 ; 
0     a 

.'.    tan^l= — — T)   ^^^^   cotyl=7 ---. 

cot  A  tan  A 
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23.     To  express  tan  A  mid  cot  A  in  terms  of  sin  A  and  cos  A. 

From  the  adjoining  figure  we  have 

,  _  BC     a     ah 
AC     b      c  '  c 

=  sin  J.-^cos^  ; 

sin^ 
cos  A ' 

AC_h_h^a, 
BC     a     c  '  c 

:cos^-^sin>4 ; 


Again, 


tan  A  = 
cot^  = 


,    ,     cos  A 
.•.    cotJ.=  . — J-: 
sm  J. 

which  is  also  evident  from  the  reciprocal  relation  cot  A 


Example.     Prove  that  cosec  A  tan  A  =  sec  A . 


tan  J. 


cosec  A  tan  A  =  — 


sin  4 


sin  A      cos  A      cos  A 

=  secA. 

24.  We  frequently  meet  with  expressions  which  involve  the 
square  and  other  powers  of  the  trigonometrical  ratios,  such  as 
(sinJ^)2,  (tanJ.)^, ...  It  is  usual  to  write  these  in  the  shorter 
forms  sin^  A^  tan^  A, ... 

Thus  tan2.4  =  (tan^)2^f        ^ 


^cos  J^ 

(sin^)2_  sin^A 
(cos -4)2     cos^^* 


Example.     Shew  that  sin^^  sec  A  cot^^  =cos  A 

1 


=8m^A  X 


/cos^Y 

cos^      \sin^y 
cos^^ 


cos^      sin^^ 

=  008^, 

by  cancelling  factors  common  to  numerator  and  denominator. 
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25.     To  prove  that    sin^  ^  +  cos^  A  =  \. 

Let  BAG  be  any  acute  angle  ;   draw  BC  perpendicular  to 


AO,  and  denote  the  sides  of  the  right-angled  triangle  ABC  by 
«,  6,  c. 


By  definition, 


.     ,     BC      a 


and 


cos  J^ 


AC_b 
''AB~c 


2        62        ^2+52 


•.    sin2^+cos2^==— + -^  = 


=  1. 

Cor.        sin2  ^  =  l  -  cos2  A ,        sin  A  =  \/1-gos^A  ; 
cos2^  =  l-sin2^,        cosA  =  \/l-Bm^A. 

Example  1.     Prove  that  cos^  A  -  sin^  A  =  eos^  A  -  sin^  A . 
cos^  A  -  sin^  A  =  (cos^  A  +  sin2  ^)  (cos2  ^  -  sin2  ^) 
=  cos2^-sin2^, 
since  the  first  factor  is  equal  to  1. 

Example  2.     Prove  that     cot  a  Jl-cos^a  =  cos  a. 
cot  a  J\-  cos^a  =  cot  a  x  sin  a 
cos  a 


sm  a 


X  sm  a  =  cos  a , 
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26.  To  prove  that  sec^  A  =  l+  tan^  A. 

With  the  figure  of  the  previous  article,  we  have 

secA  =  -j-^=p 

=  H-tan2J. 

CoR.       sec2  A  -  tan2  ^1  =  1,       sec  A  =  VT+tanM , 
tan^  A  =  sec2  il  -  1,      tan  A  =  Vsec^  il  -  1. 

Example.     Prove  that  cos  ^  ^ysec^  A-l  =  sin  ^ . 
cos  A  sj^.ec'^  ^  -  1  =  cos  A  x  tan  A 

,     sin  A 
=  cos  ^  X r 

COB^ 

=  sin  A. 

27.  To  prove  that  cosec^  A  =  \-\-  cot^  A . 
With  the  figure  of  Art.  25,  we  have 

,     AB     c 
cosec  A  =  ^^,,  =  -  ; 
BO      a 

„   .    ^(P-      a^-\-h'^ 
.  • .    cosec^  A  =  — „  = 5— 

=  l+cot2J. 

CoR.      cosec^  A  -  cot^  J^  =  1 ,       cosec  ^  =  V 1  +  cot^  J., 
cot^  J  =  cosec^  A  —  1,         cot  J^  =  Vcosec^  A  — I. 

Example.     Prove  that  cot"*  a-l  =  cosec^  a  -  2  cosec^  a. 
cot*  a  -  1  =  (cot2  a  + 1)  (cot2  a  -  1) 

=  cosec^  a  (cosec^  a  -  1  -  1) 
=  cosec^  a  (cosec-  a  -  2) 
=  cosec*  a  -  2  cosec^  a. 
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28.  The  formulse  proved  in  the  last  three  articles  are  not 
independent,  for  they  are  merely  different  ways  of  expressing  in 
trigonometrical  symbols  the  property  of  a  right-angled  triangle 
proved  in  Euc.  i.  47. 

29.  It  will  be  useful  here  to  collect  the  formulae  proved  in 
this  chapter. 

1  .  1 

I.     cosec  J.  xsin  J  =  l,     cosecJ.=-^ — r,     sin^= -; 

sm  A  cosec  A 

sec  ^  X  cos  J,  =  1,        secJ.= r-,     cosJ.  = j  ; 

cos  A  sec  A 

cot  A  X  tan  ^  ==  1,        cot  A  =  ■ j- ,     tan  A 


tan  A  '      ''  cot  A  ° 

TT  1        .     sin  J.  .    .     cos  A 

II.  tan^  = 7^,       cot^=  ^ — J. 

cos  A  sm  A 

III.  sin2^+cos2^  =  l, 
sec2  J.  =  l+tan2  J, 

cosec^  ^4  =  1  +  cot^  ^4 , 

Easy  Identities. 

30.  We  shall  now  exemplify  the  use  of  these  fundamental 
formulse  in  proving  identities.  An  identity  asserts  that  two 
expressions  are  always  equal,  and  the  proof  of  this  equality  is 
called  "proving  the  identity."  Some  easy  illustrations  have 
already  been  given  in  this  chapter.  The  general  method  of 
procedure  is  to  choose  one  of  the  expressions  given  (usually 
the  more  complicated  of  the  two)  and  to  shew  by  successive 
transformations  that  it  can  be  made  to  assume  the  form  of  the 
other. 

Example  1.     Prove  that  sin^  A  cot^  A  +  cos-  A  tan"  A  =  l. 

Here  it  will  be  found  convenient  to  express  all  the  trigonometrical 
ratios  in  terms  of  the  sine  and  cosine. 

The  first  side=sin2^  .    .  „  ^  +008^^  .  — — -- 
sm-  A  cos-  4 

=cos^^+sin2^ 


III.]  EASY  IDENTITIES.  17 

Example  2.     Prove  that  sec^  6  -  sec^  d  =  tan^  d  +  tan^  6. 

The  form  of  this  identity  at  once  suggests  that  we  should  use  the 
secant-tangent  formula  of  Art.  26 ;  hence 

the  first  side  =  sec^  d  (sec^  ^  -  1) 

=  (l  +  tan2^)tan2<? 

=tan2^+tan^e. 


EXAMPLES.    III.  a. 

Prove  the  following  identities  : 

1.  sin^  cot^  =  cosul.  2.     cos  ^  tan^=siu^. 

3.  cot  A  sec  A  =  cosec  A.  4.     sin  A  sec  xi  =  tan  A. 

5.  cos  A  cosec  A  =  cot  A.  6.     cot  A  sec  A  sin  ^  =  1. 

7.  (1  —  cos^  A)  cosec^  A  =  l. 

8.  (l-sin2^)sec2.1  =  l. 

9.  COt2^(l-COs2^)  =  COs2^. 

10.  ( 1  -  cos2  0)  sec2  e = tan2  0. 

11.  tan  a  Vl  —  sin^  a  =  sin  a. 

12.  cosec  a  a/i  -  sin^  a  =  cot  a. 

13.  (l+tan2.4)cos2^  =  l.  14.     (sec^ ^  -  1 )  cot^ .4  =  l. 

15.  (1  -  cos2  6)  (1  +  tan^  ^) =tan2  0. 

16.  cos  a  cosec  a  \/sec2  a  -  1  =  1 . 

17.  sin2.4(l+cot2^)  =  l.  18.     (cosec2^ -l)  tan2yl  =  l. 

19.  (1-C0s2^)(l+C0t2^)  =  l. 

20.  sin  a  sec  a  \/cosec2  a  —  1  =  1. 

21.  cos  a  /v/cot2a+l=  \/cosec2a-l. 

22.  sin2^cot2^  +  sin2^  =  l. 

23.  (l+tan2^)(l-sin2^)  =  l. 

24.  sin2^sec2^=sec2^-l. 

25.  cosec2  ^  tan2  0^1=  tan2  <9. 

H.  K.  E.  T.  2 
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Prove  the  following  identities  : 

sec^-i      cosec^^       '  *     cos^J.      cot^J. 

sin^        cos^  -Q      sec  J.      tanJ._ 

cosec^     sec -4  cos  J.      cot^ 

30.  sin^  a  —  cos*  a= 2  sin^  a  —  1  =  1  —  2  cos^  a. 

31.  sec*  a  -  1  =  2  tan2  a  +  tan*  a. 

32.  cosec*  a  - 1  =  2  cot^  a  +  cot*  a. 

33.  (tan  a  cosec  a)^  —  (sin  a  sec  aY  =  l. 

34.  (sec  3  cot  Of  -  (cos  0  cosec  df^l. 

35.  tan2  B  -  cot^  0  =  sec2  0  -  cosec^  (9. 

31.  The  foregoing  examples  have  required  little  more  than  a 
direct  application  of  the  fundamental  formulae  ;  we  shall  now 
give  some  identities  offering  a  greater  variety  of  treatment. 

Examp  le  1 .    Prove  that  sec^A  +  eosec^  A  =  sec^  A  cosec^  A . 

rvv.    n    .    ..  1       ,1         sin2^  +  cos2^ 

The  first  side   = — ^-r  +   .  ^  .  = o-j—-  2^^ 

cos^  A     sm^  A      cos^  A  sm^  ^ 

=  — o  .    •  o  .  =  sec^  ^  cosec2  ^. 
cos-^  4  sm-^  -4 

Occasionally  it  is  found  convenient  to  prove  the  equality  of 
the  two  expressions  by  reducing  each  to  the  same  form. 

Example  2.    Prove  that 

sin^  A  tan  A  +  cos^  A  cot  ^  +  2  sin  ^  cos  A  =  tan  A  +  cot  A. 

The  first  side  =  sin^  A  . +  cos^  A  .  -. — ,  +  2  sin  ^  cos  A 

cos  A  sm  A 

_  sin*  ^  +  cos*  ^  +  2  sin^  ^  cos^  Jl 

sin  A  cos  A 

(sin2^+cos2^)2  1 


sin  A  cos  A  sin  A  cos  A 

mi  1    .,      sin^      cos-4      sin^^  +  cos^^ 

The  second  side  = +  —. — -  =  — ; — -. — - — 

cos  A      sm  A        cos  A  sin  A 

1 


sin  A  cos  A 


Thus  each  side  of  the  identity  =  - — . 

sm  A  cos  A 
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Example  3.     Prove  that  - — --=tanacot /3. 

tan  j8  -  cot  a 

n^^.    n     .     •^         tan  tt  -  cot  8     tan  a  -  cot  j8 

The  first  side    =:  ,  ^  =  '^ 

1  1         tan  a  -  cot  /3 

cot  /3      tan  a        tan  a  cot  /3 

tan  a  -  cot  B       tan  a  cot  B 
—  X 


1  tan  a  -  cot  /3 

=  tan  a  cot  /3. 

The  transformations  in  the  successive  steps  are  usually  suggested 
by  the  form  into  which  we  wish  to  bring  the  result.  For  instance,  in 
this  last  example  we  might  have  proved  the  identity  by  substituting 
for  the  tangent  and  cotangent  in  terms  of  the  sine  and  cosine.  This 
however  is  not  the  best  method,  for  the  form  in  which  the  right-hand 
side  is  given  suggests  that  we  should  retain  tan  a  and  cot  ^  unchanged 
throughout  the  work. 

EXAMPLES.    III.b. 

Prove  the  following  identities  : 

,       sinacot^a  1  ^      sec^acota     , 

1.     =  r •  ".     o —  =  tan  a. 

cos  a  tan  a  cosec''  a 

3.  1 -vers  ^  =  sin  ^  cot  ^.  4.     vers  ^  sec  ^  =  sec  <9  -  1. 

5.  sec  6  —  tan  6  sin  6  =  cos  6. 

6.  tan  6  +  cot  6  =  sec  6  cosec  6. 

7.  Vr+cotM  .  Vsec2.d-1 .  \/l-sinM  =  1. 

8.  (cos<9  +  sin(9)2  +  (cos<9-sin^)2  =  2. 

9.  (l+tan^)2  +  (l-tan(9)2-2sec2^. 

10.  (cot  S  -  1)2  +  (cot  (9  +  1)2= 2  cosec2  6. 

11.  sin2.1(l+cot2yl)+cos2^(l+tan2.4)  =  2. 

12.  cos2  A  (sec2  A  -  tan2  A)  +  siu2  A  (cosec2  A  -  coi^  A)  =  1. 

13.  cot2  a  +  cot*  a  =  cosec*  a  —  C0Sec2  a. 

_  .  tan2  a       1  +  cot2  a       .   „  „ 

14.  r— -— — ^—  • 7^ =  sm^  a  sec^  a. 

1+tan^a       cot^a 

1  1 

15.  -z -. [-T-; — -. — =2sec2a. 

1— Sina      1+sma 

2—2 
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Prove  the  following  identities : 

_  -         tan  a  tan  a 

lb.     — z  H r-  =  2  cosec  a. 

sec  a  —  1      sec  a  +  1 

17.  1        + ^ =1. 

1  +  sin^  a      1  +  cosec^  a 

18.  (sec  6 + cosec  ^)  (sin  6  +  cos  ^)  =  sec  ^  cosec  ^  +  2. 

19.  (cos  d  —  sin  6)  (cosec  d  -  sec  6)  —  sec  ^  cosec  6  —  2. 

20.  (1  +  cot  (9  +  cosec  <9)  (1  +  cot  ^  -  cosec  6)  =  2  cot  <9. 

21.  (sec  ^ + tan  ^  -  1)  (sec  (9  -  tan  ^  + 1)  =  2  tan  ^. 

22.  (sin  J.  +  cosec^)2-f  (cos  J.4-sec  J.)2  =  tan2.4  +  cot^  J.+V. 

23.  (sec^  A  +  tan^  yl )  (cosec^  A  +  cot^  yl )  =  1  +  2  sec^  A  cosec^  A. 

24.  (1  -  sin  J[  +COS  ^)2= 2  (1  -  sin  A)  (1+cos  A). 

25.  sin  J.  (1  +  tan  J.)  +  cos^  (1+cot  J.)  =  sec>d.+cosec^. 

26.  cos  e  (tan  ^  +  2)  (2  tan  ^  + 1)  -  2  sec  (9  +  5  sin  6. 

27.  (tan^+sec^)2=i-±^. 

^      1—  sm  6 

-,_  2  sin  6  cos  ^  —  cos  6  ,  , 

28.  ^j •    ^  ,    ■  0^ 2^  =  cot  (9. 

1  -  sm  6  +  sin^  6  —  cos^  ^ 

29.  cot^^.gg^+sec^a.7^-^  =  0. 

l+sin(9  1  +  sec^ 

[T/te  folloiving  examples  contain  functions  of  two  angles;  in  each 
case  the  two  angles  are  quite  independent  of  each  other. 1 

30.  tan2a  +  sec2j3  =  sec2a  +  tan2/3. 

--      tan  a  +  cot  /3  _  tan  a  _      tan  a  —  cot  /3  _     cot  /3 

cota+tan/3     tan/3'  '     cot  a  — tan /3         cota' 

33.  cot  a  tan  /3  (tan  a  +  cot  /3)  =  cot  a + tan  /3. 

34 .  sin^  a  cos2  /3  -  cos^  a  sin^  /3 = sin^  a  —  sin^  /3. 

35.  sec2  a  tan2  /3  -  tan2  a  sec^  ^ = tan2 18  -  tan2  a. 

36.  (sin  a  cos  ^ + cos  a  sin  /S)^  +  (cos  a  cos  ^  —  si  n  a  sin  ^)2  =  I . 
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32.  By  means  of  the  relations  collected  together  in  Art.  29, 
all  the  trigonometrical  ratios  can  be  expressed  in  terms  of  any- 
one. 

Example  1.  Express  all  the  trigonometrical  ratios  of  A  in  terms 
of  tan^. 

We  have  cot  A  = 


tan  4 ' 
sec  A=zjl  +  tan2  A ; 

cos^  = =     .  ; 

sec^      Jl  +  io.u'^A 

.     ,     mrxA         ,     ,       ,         ,  tan^ 

sm  A  = -cos  A  =  tan  A  cos  A  = 


cos^  7l  +  tan2^ 

1         Jl  +  tan^Z 
cosec  A  =  -: — -  =       ^       — . 
sm  A  tan  A 

Obs.  In  writing  down  the  ratios  we  choose  the  simplest  and  most 
natm-al  order.  For  instance,  cot  A  is  obtained  at  once  by  the  recipi-ocal 
relation  connecting  the  tangent  and  cotangent :  sec  A  comes  imme- 
diately from  the  tangent-secant  formula ;  the  remaining  three  ratios 
now  readily  follow. 

5 
Example  2.     Given  cos  A=y5,  find  cosec  4  and  cot^. 


1            1 

1 

V169 

1 

"12" 

13 

1                        1 

13 

MS)' 

y- 

25 

169 

"12 

cot  A  =  — — ^  =  cos  A  X  cosec  A 
smA 

_5_     1B_5_ 
~13^12~12* 


33.  It  is  always  possible  to  describe  a  right-angled  triangle 
when  two  sides  are  given:  for  the  third  side  can  be  found  by 
Euc.  1. 47,  and  the  construction  can  then  be  effected  by  Euc.  i.  22. 
We  can  thus  readily  obtain  all  the  trigonometrical  ratios  when 
one  is  given,  or  express  all  in  terms  of  any  one. 
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Example  1.     Given  GoaA  =  :r-^,  find  cosec  A  and  cot^l. 

Take  a  right-angled  triangle  PQR,  of  which  Q  is 
the  right  angle,  having  the  hypotenuse  PR  =  13  units, 
and  PQ  =  5  units. 

Let  QR  =  X  units ;  then 

a;2=  (13)2  -  (5)2=  (13  +  5)  (13  -  5) 
=  18x8  =  9x2x8; 
.-.  a;  =  3x4  =  12. 


Now 
so  that 


Hence 


and 


cos  ijpa=||= A, 

lRPQ  =  A. 

.     PR     13 
cosec^  =  P  =  j2. 

^°*^  =  P  =  12- 


[Compare  Art.  32,  Ex.  2.] 


Example  2.     Find  tan^  and  cos  A  in  terms  of  cosec  A. 

Take  a  triangle  PQR  right-angled 
at  Q,  and  having  z  RPQ  =  A.  For 
shortness,  denote  cosec  -4  by  c. 

Then  cosec  y4=c=-; 

but  cosec  -4  =  pr^ ; 

'•  Q^  ~  1 ' 

Let  QE  be  taken  as  the  unit  of  measurement ; 

thenQE  =  l,   and  therefore  PJJ  =  c 

Let  PQ  contain  x  units ;  then 

a;2=c2 -  1,   so  that  x=Jc^-l. 

1  1 


Hence 


tan^=^-- = 


and 


eos^ 


PQ      Jc^'-i      7cosec2^-l 
_PQ  _  Jc'-l  _  ^cosec2^-l 


PR 


cosec  A 
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EXAMPLES.    III.  c. 

1.  Given  sin  ^4  =  -,  find  sec  J  and  cot^-1. 

4 

2.  Given  tan^l=-,  find  sin  yl  and  cos^. 

o 

3.  Find  cot^  and  sin  ^  when  sec  ^=4. 

4.  If  tana=-,  find  sec  a  and  coseca. 

5.  Find  the  sine  and  cotangent  of  an  ande  whose  secant 
is  7. 

6.  If  25  sin  ^1  =  7,  find  tan  J^  and  sec^. 

7.  Express  sinyl  and  tan^  in  terms  of  cosy4. 

8.  Express  coseca  and  cos  a  in  terms  of  cot  a. 

9.  Find  sin  6  and  cot  6  in  terms  of  sec  Q. 

10.  Express  all  the  trigonometrical  ratios  of  A  in  terms  of 
sin  A. 

11.  Given  sin  yl  —  cos xl  =  0,  find  cosec^. 

12.  If  sin  A  —  —  ^  prove  that  sjn^  -  m^  .  tan  A  =  m. 

13.  If  jo  cot  6=^'\l(f'  -p^,  find  sin  6. 

^oj,   -4-  1 

14.  When  secvl=  — — ■.  find  tanxl  and  sin^. 

2m 

15.  Given  tan^  =  -^^„,  find  cos^  and  cosecJ.. 

■lo      Tif  13     „    ,  ,.         ,         „  2  sin  a— 3  COS  a 

lb.     it  seca=-p-,  find  the  value  of  - — -. . 

o  4  sin  a  —  9  cos  a 

17.    If  cot«=«,  find  the  value  „{P^^^«fl^ 


CHAPTER  IV. 


TRIGONOMETRICAL   RATIOS   OF   CERTAIN   ANGLES. 

34.    Trigonometrical  Ratios  of  45". 

Let  BA  C  be  a  right-angled  isosceles  triangle,  with  the  right 
angle  at  C;  so  that  B  =  A=45°. 


Let  each  of  the  equal  sides  contain  I  units, 


then 

Also 


AC^BC=l. 

AB^  =  P  +  P  =  2r2; 
.'.     AB  =  ly/2. 

•    ^^o     BC        I         1 
sm45  =^-j^^  =  ^', 


o     AC 
cos  45  =  -7-^  = 


tan  45= 


AB 
BC 


I 
W2 


2 

J2 


I 


AC     I     ^' 


The  other  three  ratios  are  the  reciprocals  of  these ;  thus 
cosec  45° = V2,     sec  45° = ^2,     cot  45°  =  1 ; 
or  they  may  be  read  off  from  the  figure. 
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35.    Trigonometrical  Ratios  of  60°  and  30°. 

Let  ABC  be  an  equilateral  triangle ;  thus  each  of  its  angles 
is  60°. 


Bisect  iBAOhy  AD  meeting  BC  at  D ;  then  l  BAD='S0\ 

By  Euc.  L  4,  the  triangles  ABB,  ACD  are  equal  in  all  re- 
spects ;  therefore  BD  =  (7Z>,  and  the  angles  at  D  are  right  angles. 

In  the  right-angled  triangle  ADBj  let  BD  =  l;  then 
AB  =  BC==^l', 

.-.     AD  =  l^/2. 
AD     IJZ     V3 


Again, 


sin  60°  = 


cos  60' 


AB 

BD 
AB 


■  n 

2^ 


1 
2' 


.    «P,o    BD      I      1 
sm30=^=^  =  -; 


AD^V3_x/3 
'  AB       2?  ~   2 


cos  30' 


,      _-„    BD       I         1 
tan  30=-^  =  ^  =  -. 


The  other  ratios  may  be  read  off  from  the  figure. 
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36.  The  trigonometrical  ratios  of  45°,  60°,  30°  occur  very 
frequently ;  it  is  therefore  important  that  the  student  should  be 
able  to  quote  readily  their  numerical  values.  The  exercise 
which  follows  will  furnish  useful  practice. 

At  first  it  will  probably  be  found  safer  to  make  use  of  the 
accompanying  diagrams  than  to  trust  to  the  memory. 


Fig.  1. 


Fm.  2. 


The  trigonometrical  ratios  of  45°  can  be  read  off  from  Fig.  1 ; 
those  of  60°  and  30°  from  Fig.  2. 

Examiile  1.    Find  the  values  of  sec^  45°  and  sin  60°  cot  30°  tan  45°. 

sec3  45°  =  (sec  45°)3= (^2)3=^^2x^2x^2  =  2^2. 

sin  60°oot  30°  tan  45°=^  x  ^3  x  1  =  | . 

Example  2.    Find  the  value  of 

2  cot  45°  +  cos3  60°  -  2  sin^  60° + 1  tan^  30°. 

Thevalue    =  (2  x  1)  +  Q' -  2  (^^y  +  ?( J^)' 

o    1     9     1     -, 

^8     8^4      ^ 

EXAMPLES.   IV.  a. 


Find  the  numerical  value  of 
1.     tan2  60°+2tan2  45°. 
3.     2cosec2  45°-3sec2  30°. 


2.    tan3  45°+4cos3  60°, 
4.     cot  60°  tan  30°  +  sec2  45' 
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5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 


2  sin  30°  cos  30°  cot  60°. 

tan2  45°  sin  60°  tan  30°  tan2  60°. 

tan2  60°  +  4  cos2  45°  -!-  3  sec^  30°. 

J  cosec2  60°  +  sec2  45°  -  2  cot2  60°. 

tan2  30°  +  2  sin  60° + tan  45°  -  tan  60°  +  cos^  30°. 

cot2  45° + cos  60°  -  sin2  60°  - 1  cot2  60°. 

3  tan2  30°  + 1  cos2  30°  - 1  sec2  45°  - 1  sin2  60°. 
cos  60°  -  tan2  45°  + 1  tan2  30°  +  cos2  30°  -  sin  30°. 
I  sin2  60°  -  ^  sec  60°  tan2  30°  +  ^  sin2  45°  tan^  60°. 

If  tan2  45°  -  cos2  60°  =  x  sin  45°  cos  45°  tan  60°,  find  x 

Find  X  from  the  equation 

cot2  30°  sec  60°  tan  45° 


X  sin  30°  cos2  45°  = 


cosec2  45°  cosec  30° 


37.  Definition.  The  complement  of  an  angle  is  its  defect 
from  a  right  angle. 

Two  angles  are  said  to  be  complementary  when  their  sum 
is  a  right  angle. 

Thus  in  every  right-angled  triangle,  each  acute  angle  is  the 
complement  of  the  other.  For  in  the  figure  of  the  next  article, 
if  B  is  the  right  angle,  the  sum  of  A  and  G  is  90°. 

.-.     (7=90°-^,  and  ^  =  90°-(7. 

Trigonometrical  Ratios  of  Complementary  Angles. 

38.  Let  ABC  be  a  right-angled 
triangle,  of  which  B  is  the  right  angle ; 
then  the  angles  at  A  and  C  are  com- 
plementary, so  that  C=90°-^. 

AB 

.'.     sin(90°-^)=sin(7=-j-^=cos  J.; 

BC 
and  cos  (90°  -  J. )  =  cos  C=  -rri=  sin  A. 

AO 

Similarly,  it  may  be  proved  that 

tan(90°-^)  =  cot^,    |  and      sec  (90°-^)  =  cosec  ^, 

cot(90°-^)  =  tan^;  j  cosec  (90°-^)  =  sec  J. 
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39.  If  we  define  the  co-sine,  co-tangent,  co-secant,  as  the 
co-functions  of  the  angle,  the  foregoing  results  may  be  embodied 
in  a  single  statement : 

each  function  of  an  angle  is  equal  to  the  corresponding  co-function 
of  its  complement. 

As  an  illustration  of  this  we  may  refer  to  Art,  35,  from 
which  it  will  be  seen  that 

sin  60°  =  cos  30°=^; 

sin  30°  =  cos  60° =i; 

tan  60° = cot  30°  =  ^3. 
Example  1.     Find  a  value  of  A  when  cos  2A  =  sin  SA. 
Since  cos  2 A  =  sin  (90°  -2 A), 

the  equation  becomes    sin  (90°  -2A)  =  sin  SA ; 

/.  90° -2.1  =3^; 
whence  ^  =  18°. 

Thus  one  value  of  A  which  satisfies  the  equation  ia  A  =  18°.  In  a 
later  chapter  we  shall  be  able  to  solve  the  equation  more  completely, 
and  shew  that  there  are  other  values  of  A  which  satisfy  it. 

Example  2.     Prove  that  sec  A  sec  (90°  -A)=tanA+  tan  (90°  -A). 

Here  it  will  be  found  easier  to  begin  with  the  expression  on  the 
right  side  of  the  identity. 

The  second  side  =  tan  A  +  cot  A 

_  sin  A      cos  A  _  sin^  A  +  cos^  A 
~  cos  A      sin  A  ~    cos  A  sin  A 


cos  A  sin  A 
= sec -4  cosec  J^  =  sec  .1  sec  (90° -A). 

EXAMPLES.    IV.  b. 

Find  the  complements  of  the  following  angles : 

1.     67°  30'.  2.     25°  30".  3.     10°!' 3". 

4.    45°-^.  5.     45° +5.  6.     30° -.B. 
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7.  In  a  triangle  C  is  50°  and  A  is  the  complement  of  10° ; 
find^. 

8.  In  a  triangle  A  is  the  complement  of  40° ;  and  B  is  the 
complement  of  20° :  find  C 

Find  a  value  of  A  in  each  of  the  following  equations  : 
9.     sin  ^=  cos  4^.  10.     cos  3^4  =  sin  7^. 

11.     tan  ^  =  cot  3^.  12.     cotJ^=tan^. 

13.     cot  J.  =  tan  2 J.  14.     sec5^  =  cosec^. 

Prove  the  following  identities : 

15.  sin  (90° -^)  cot  (90°-^)  =  sin  ^. 

16.  sin  A  tan  (90°  -  .4)  sec  (90°  -  ^)=cot  A. 

17.  cos  A  tan  A  tan  (90°  -A)  q.q^^q.  (90°  -  ^)  =  1. 

18.  sin  A  cos  (90°  -  .4)  +  cos  A  sin  (90°  -A)  =  \. 

19.  cos(90°-^)cosec(90°-^)  =  tan^. 

20.  cosec2  (90°  -  .4 )  =  1  +  sin2  A  cosec2  (90°  -  .4 ) . 

21.  sin  A  cot  ^  cot  (90°  -^)  sec  (90°  -  ^)  =  1. 

22.  sec  (90°  -A)-q,o\.A  cos  (90°  -  .4)  tan  (90°  -  A)^ sin  A. 

23.  tan2  A  sec2  (90°  -A)-  sin2  A  cosec2  (90°  -  ^ )  =  1. 

24.  tan  (90°  -  ^ )  +  cot  (90°  -  yl )  =  cosec  A  cosec  (90°  -  ^ ). 

sec (90  -A)         cos>4 

cosec2  A  tan2  A     cot  A  „  ,^ .  „      , .     , 

26.     TTHTTs — JV-- — ^2-7=sec2(90°-^)-l. 

cot (90  -A)      sec^J.  ^ 

^„     cot  (90°-^)     sec^cot3.4        ,- — ^  ,     , 

28.  '52!!fi2!^)  =  i+3i„(90°-4). 

vers  A  ^  ' 

„^     cot2^sin2(90°-^)     ^      ,^^„      ,,  , 

29.     i— i — ^ -, — ^  =  tan(90°-^)-cosyl. 

cot  A  +  cos  A 

30.  If  X  sin  (90°  -  ^)  cot  (90°  -  .4)  -  cos  (90°  -  .4),  find  x. 

31.  Find  the  value  of  x  which  will  satisfy 

sec  A  cosec  (90°  -  ^)  -  .r  cot  (90°  -  ^)  =  1. 
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Easy  Trigonometrical  Eauations. 

40.  As  a  further  exercise  in  using  the  formulsB  of  Art.  29 
and  the  numerical  values  of  the  functions  of  45°,  60°,  30°,  we 
shall  now  give  some  examples  in  trigonometrical  equations. 

Example  1.     Solve       4  cos  ^  =  3  sec  ^. 

By  expressing  the  secant  in  terms  of  the  cosine,  we  have 

4  cos  A  = i  , 

cos  4 

4cos2^  =  3, 

■■•  cobA=^ (1). 

or  cos^=  -^ (2). 

Since  cos  30°=^  ,  we  see  from  (1)  that  ^  =  30°. 

The  student  will  be  able  to  understand  the  meaning  of  the  nega- 
tive result  in  (2)  after  he  has  read  Chap.  VIII. 

Example  2.    Solve    3  sec^  ^ = 8  tan  ^  -  2. 

Since  sec^  ^  =  1  +  tan^  6 , 

we  have  3  (l  +  tan2^)  =  8tan^-2, 

or  3tan26'-8tan^  +  5  =  0. 

This  is  a  quadratic  equation  in  which  tan  6  is  the  unknown 
quantity,  and  it  may  be  solved  by  any  of  the  rules  for  solving  quad- 
ratic equations. 

Thus  (tan  6'  - 1)  (3  tan  ^  -  5) = 0, 

therefore  eif/ier  tan^-l  =  0  (1), 

or  3tan^-5=:0  (2). 

From  (1),  tan  5  =  1,  so  that  5=45°. 

From  (2),  tan  5=  - ,  a  result  which  we  cannot  interpret  at  present. 

41.  When  an  equation  involves  more  than  two  functions, 
it  will  usually  be  best  to  express  each  function  in  terms  of  the 
sine  and  cosine. 
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Example.     Solve  3  tan  ^  +  cot  ^  =  5  cosec  6. 

^^    -  3  sin  ^      cos  6         5 

We  nave  ~  +  -. — ^  =  -;: — - , 

cos  0       sm  6      sm  6 

3sin2^  +  cos2^  =  5cos^, 

3  (1  -  cos^  0)  +  cos2  ^  =  5  cos  0, 

2cos2^  +  5cos^-3=0, 

(2cos^-l)  (cos^  +  3)=:0; 


therefore  either 
or 


2cos6'-l  =  0 
cos^  +  3  =  0, 


.(2). 


From  (1),  cos  6'  =  -,  so  that  5  =  60°. 

From  (2),  cos  ^=:  -  3,  a  result  which  must  be  rejected  as  impossible, 
because  the  numerical  value  of  the  cosine  of  an  angle  can  never  be 
greater  than  unity.     [Art.  16.] 

EXAMPLES.    IV.  c. 

Find  a  solution  of  each  of  the  following  equations : 


tan  ^  =  3  cot  ^. 
sec  B  —  cosec  ^  =  0. 
cosec^  9  — A. 
tan  ^  =  2  sin  6. 
cosec2(9  =  4cot^^. 
sec2^  +  tan2<9  =  7. 
2(cos2^-sin2(9)-l. 
6  cos'^  6  =  1  +  cos  6. 
2sin2<9  =  3cos^. 


1 .  2  sin  6  =  cosec  6.  2. 

3.  sec  ^  =  4  cos  ^.  4. 

5.  4  sin  ^=3  cosec  6.  6. 

7.  V2cos(9  =  cot^.  8. 

9.  sec2^  =  2tan2^.  10. 

11.  sec2^  =  3tan2^-l.  12. 

13.  cot2^+cosec2^  =  3.  14. 

15.  2cos2^  +  4sin2^  =  3.  16. 

17.  4sin^-12sin2(9-l.  18. 

19.  tan  (9  =  4-3  cot  ^. 

20.  cos2  6  -  sin2  ^  =  2  -  5  cos  B. 

21.  cot  (9 + tan  ^  =  2  sec  B.  22. 
23.  tan  ^  -  cot  ^ = cosec  6.  24. 

25.  2sin(9tan(9  +  l=tan<9  +  2sin^. 

26.  6tan^-5V3sec^+12cot(9  =  0. 

27.  If  tan  (9  +  3  cot  ^  =  4,  prove  that  tan  (9  =  1  or  3 

28.  Find  cot  B  from  the  equation 

cosec2  ^ +cot2  ^  =  3  cot  <9. 


4  cosec  ^  +  2  sin  ^  =  9. 
2  cos  ^ +  2^2  =  3  sec  ^. 
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MISCELLANEOUS  EXAMPLES.    A. 

1.  Express  as  the  decimal  of  a  right  augle 

(1)    25^  3r  6-4"  ;         (2)    63°  21'  36". 

2.  Shew  that 

sin  A  cos  A  tan  A  +  cos  A  sin  A  cot  A  =  l. 

3.  A  ladder  29  ft.  long  just  reaches  a  window  at  a  height  of 
21  ft.  from  the  ground  :  find  the  cosine  and  cosecant  of  the  angle 
made  by  the  ladder  with  the  ground. 

17 

4.  If  cosec  A  =  —,  find  tan  A  and  sec  A. 

5.  Shew  that  cosec^  A  -  cot  A  cos  A  cosec  ^  —  1=0. 


6.  Beduce  to  sexagesimal  measure 

(1)    17«  18'  75"  ;         (2)    -0003  of  a  right  angle. 

7.  ABC  is  a  triangle  in  which  ^  is  a  right  angle  ;  if  c  =  9, 
<x  =  40,  find  b,  cot^,  sec  A,  sec  C. 

8.  Which  of  the  following  statements  are  possible  and  which 
impossible  ? 

(1)    4sin^  =  l;     (2)    2sec^=l;     (3)    7  tan  ^  =  40. 

9.  Prove  that  cos  $  vers  6  (sec  ^  -f  1 ) = sin^  0. 

10.  Express  sec  a  and  cosec  a  in  terms  of  cot  a. 


11.  Find  the  numerical  value  of 

3  tan2  30°  +  j  sec  60° + 5  cot^  45°  -  ^  sin^  60°. 

711 

12.  If  tana=— ,  find  sin  a  and  sec  a. 

n 

13.  If  m  sexagesimal  minutes  are  equivalent  to  ti  centesimal 
minutes,  prove  that  m  =  •54?i. 
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4 

14.  If  sin  J.  =  - ,  prove  that  tan  ^  -j-sec  J.  =  3,  when  A  is  an 

acute  angle. 

15.  Shew  that 

cot  (90°  -  J)  cot  ^  cos  (90°  -  ^)  tan  (90°  -A)  =  cosA. 


16.  PQR  is   a   triangle   in  which  F  is   a   right   angle;    if 
P^  =  21,  PR  =  20,  find  tan  Q  and  cosec  Q. 

17.  Shew  that  (tan  a  -  cot  a)  sin  a  cos  a  =  1  -  2  cos^  a. 

18.  Find  a  value  of  ^  which  satisfies  the  equation 

sec  66  =  cosec  Sd. 

19.  Prove  that 

tan2  60°  -  2  tan2  45°  =  cot^  30°  -  2  sin^  30°  -  ?  cosec2  45°. 

4 

20.  Solve  the  equations  : 

(1)    3sin(9  =  2cos2^;     (2)    5  cot(9-cosec2^=3. 


21.  Prove  that  1+2  sec^  A  tan^  A  -  sec*  A  -  tan*  A  =  0. 

22.  In  the  equation 

8sin2^-10sin^+3  =  0, 
shew  that  one  value  of  6  is  impossible,  and  find  the  other  value. 

23.  In  a  triangle  ABO  right-angled  at  (7,  prove  that 

tan  ^4 +  tan  5=— y  . 
ao 

24.  If  cot  J.  =  c,  shew  that  c-{-c~^=sec  A  cosec  A. 

25.  Shew  that -; =tan  A. 

1  —  vers  A 


H.  K.  E.  T. 


CHAPTER   V. 

SOLUTION   OF   RIGHT-ANGLED   TEIANGLES. 

42.  Every  triangle  has  six  farts,  namely,  three  sides  and 
three   angles.      In   Trigonometry   it   is 

usual  to  denote  the  three  angles  by  the 
capital  letters  A,  B,  C,  and  the  lengths 
of  the  sides  respectively  opposite  to 
these  angles  by  the  letters  a,  b,  c.  It 
must  be  understood  that  a,  b,  c  are 
numerical  quantities  expressing  the 
number  of  units  of  length  contained  in 
the  three  sides. 

43.  AVe  know  from  Geometry  that  it  is  always  possible  to 
construct  a  triangle  when  any  three  parts  are  given,  provided  that 
one  at  least  of  the  parts  is  a  side.  Similarly,  if  the  values  of 
suitable  parts  of  a  triangle  be  given,  we  can  by  Trigonometry 
find  the  remaining  parts.  The  process  by  which  this  is  eftected 
is  called  the  Solution  of  the  triangle. 

The  general  solution  of  triangles  will  be  discussed  at  a  later 
stage;  in  this  chapter  we  shall  confine  our  attention  to  right- 
angled  triangles. 

44.  From  Euc.  i.  47,  we  know  that  when  a  triangle  is  right- 
angled,  if  any  two  sides  are  given  the  third  "can  be  found.  Thus 
in  the  figure  of  the  next  article,  where  ABC  is  a  triangle  right- 
angled  at  J,  we  have  a^ ^b"^ -\- c^ ;  whence  if  any  two  of  the  three 
quantities  a,  6,  c  are  given,  the  third  may  be  determined. 

Again,  the  two  acute  angles  are  complementary,  so  that  if  one 
is  given  the  other  is  also  known. 

Hence  in  the  solution  of  right-angled  triangles  there  are 
really  only  two  cases  to  be  considered  : 

L       when  any  tioo  sides  are  given  ; 

II.     when  one  side  and  one  acute  angle  are  given. 
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45.     Case  I.     To  solve  a  right-angled  triangle  when  tioo  sides 
are  given. 

Let  ABC  be  a  right-angled  triangle,  of  which  A  is  the  right 
angle,  and  suppose  that  any  two  sides  are  given ; 


C  b  A 

then  the  third  side  may  be  found  from  the  equation 

Also 

cos  C=  - ,  and  ^  =  90"  -  6^ : 
a 

whence  C  and  B  may  be  obtained. 

Example.     Given  jB  =  90°,  a  =  20,  6  =  40,  solve  the  triangle. 

Here        c'-^  =  &-  -  a'-^ 

=  1600-400=1200; 
.-.  c  =  20;v^3. 

Also   Bm^:=-  =  -^-; 

.-.  .4  =  30°. 
And  C  =  90° -.4  =  90° -30°  =  60°. 

The  solution  of  a  trigonometrical  problem  may  often  be  obtained 
in  more  than  one  way.  In  the  present  case  the  triangle  can  be  solved 
without  making  use  of  Euc.  i.  47. 

Another  solution  may  be  given  as  follows : 

^    a     20      1 


And 

Also 


.-.  0=60°. 
A  =  90°  -  C= 90°  -  60°  =  30^ 

^  =  cos.4  =  cos30°  =  '^; 
40  2 

.-.  c  =  20^3. 


3—2 
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46.     Case   II.     To  solve   a  right-angled  triangle   when  one 
side  arid  one  acute  angle  are  given. 

Let  ABC  be  a  right-angled  triangle 
of  which  A  is  the  right  angle,  and 
suppose  one  side  h  and  one  acute 
angle  G  are  given ;  then 

^=90°- (7,     ^  =  secr,     y  =  tan6': 
0  o 

whence  B,  a,  c  may  be  determined. 

Example  1.     Given  J5  =  90°,  ^  =  30°,  c  =  5,  solve  the  triangle. 
We  have  0=90° -^  =  90° -30°  =60°. 
a 


Also 


r  =  tan30°; 


a  =  5  tan  30°: 


v/3 


Again, 


^5 


_  _5_     ^  _  5v^3 
J^""  J%~     3~    • 

-  =  sec30°; 
5 

•    6-5sec30°-5x    ^  -i^_10V3 
..  6-5sec30-ox^_^g_-^. 

Note.  The  student  should  observe  that  in  each  case  we  write 
down  a  ratio  which  connects  the  side  ice  are  finding  with  that  ivhose 
value  is  given,  and  a  knowledge  of  the  ratios  of  the  given  angle 
enables  us  to  complete  the  solution. 

Example  2.  If  C=90°,  5  =  25°  43',  and  c  =  100,  solve  the  triangle, 
having  given  tan  25°  43' =  -482  and  cos  25°  43'= -901. 

Here  A  =  90°-B 

=  90° -25°  43' =  64°  17'. 

Now  -=GosB: 

e 

that  is,  -^  =  cos  25°  43' ; 

.-.  a=100cos25°43' 
=  100  X -901  =  90-1. 


Also  -  =  tan  B,  or  b  —  a  tan  B ; 

a 

.:  &  =  90-1  X  tan  25°  43'  =  90-1  X -482  =  43-4282. 


v.] 
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EXAMPLES.    V.  a. 


Solve  the  triangles  in  which  the  following  parts  are  given ; 


c  =  6,  &  =  12,  ^=90°. 
a  =  60,  &  =  30,  .1  =  90°. 
a  =  5^/3,  6  =  15,  6'=  90°. 
2c  =  6  =  6x/3,  5=90°. 
.1=90°,  5=30°,  a  =  4. 
.1  =  60°,  C'=30°,  6  =  6. 
.1=30°,  5=60°,  6  =  20V3. 
25  =  (7=  60°,  a  =  8. 


1.     ^  =  90°,  a=4,  6=2V3.  2. 

3.     6'=  90°,  6=12,  a=V3.  4. 

5.     a=20,  c=20,  5=90°.  6. 

7.     6  =  c  =  2,  .1=90°.  8. 

9.  <7=90°,  a  =  9^/3,  .1  =  30°.  10. 
11.    ^=60°,  c  =  8,  6^=90°.  12. 

13.  5=90°,  6'=  60°,  6  =  100.  14. 
15.     5=(7=45°,  c  =  4.  16. 

17.  If  6'=  90°,  cot  ^  =  -07,  6  =  49,  find  a. 

18.  If  C=  90°,  A  =  38°  19',  c  =  50,  find  a ; 
given  sin  38°  19' =  -62. 

19.  If  a=100,  5=90°,  (7=40°  51',  find  c; 
given  tan  40°  51' =  -8647. 

20.  If  6  =  20,  ^  =  90°,  C=  78°  12',  find  a ; 
given  sec  78°  12' =  4-89. 

21.  If  5  =  90°,  .1  =  36°,  c  =  100,  solve  the  triangle ; 
given  tan  36°  =  -73,     sec  36°  =  1  '24. 

22.  If  A  =  90°,  c  =  37,  a  =  100,  solve  the  triangle ; 
given  sin  21°  43'  = -37,       cos  21°  43'  = '93. 

23.  If  ^  =  90°,  5  =  39°  24',  6  =  25,  solve  the  triangle  ; 
given  cot  39°  24'  =  1-2174,     cosec  39°  24'  =  1-5755. 

24.  If  (7=  90°,  a  =  225,  6  =  272,  solve  the  triangle  ] 
given  tan  50°  24' =  1-209. 

47.  It  will  be  found  that  all  the  varieties  of  the  solution  of 
right-angled  triangles  which  can  arise  are  either  included  in  the 
two  cases  of  Arts.  45  and  46,  or  in  some  modification  of  them. 
Sometimes  the  solution  of  a  problem  may  be  obtained  by 
solving  two  right-angled  triangles.  The  two  examples  we  give  as 
illustrations  will  in  various  forms  be  frequently  met  with  in 
subsequent  chapters. 
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Example  1.  In  the  triangle  ABC,  the  angles  A  and  B  are  equal  to 
30°  and  135°  respectively,  and  the  side  AB  is  100  feet;  find  the  length 
of  the  perpendicular  from  G  upon  AB  produced. 

Draw  CD  perpendicular  to  AB 
produced,  and  let  CD  =  .v. 

Then  z  CBD  =  180°  -  135°  =  45° ; 

/.  BD-CD=x. 

Now  in  the  right-angled   tri- 
angle ADC, 

^  =  tan  2)^(7= tan  30°; 

■7* 

that  is, 


73 


.r-f-100      V 

.-.  .'c^3  =  .T  +  100; 

.r(V3-l)  =  100, 

100    _  100(^/3  +  1)    ' 
"^  ~  ,;73^1 "        3^1        ' 

.-.  a;  =  50(^/3  +  l). 
Thus  the  distance  required  is  50  (^/3  + 1)  feet. 

Example  2.     In  the  triangle  ABC,  AD  is  drawn  perpendicular  to 
BG\  solve  the  triangle,  having  given 

^D  =  5,    Z^£D  =  60°,    LACD  =  Ai>°. 

In  the  right-angled  triangle  ^i5D, 

AB 

-— ^  =  cosec  ABD ; 

AD 

:.  AB  =  AD  cos.BC  ABD  — o  cosec  PiQ'- 

2  _  10  _  10  v/3 

"        N^3~^/3"      3      • 

Also  ^  =  coi  ABD  \ 
AD 


BD^  AD  cot  ABD 
=  5cot60°r=-^^ 


./3 


In  the  right-angled  triangle  ADC, 
lDAC  =  45°  = 
.:  DC  =  DA^ 


I  DC  A 
5. 
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Thus  BC=C'Z)+5D  =  5  +  ^  =  ^^#^^. 

o  o 

AC 
And  — ^  =  cosec  A  CD ; 

.:  AC  =  AD  cosec  ACD  =  5  cosec  45°  =  5  fJ2. 
Finally,  z  .54  C=  180° -60° -45°:=  75°. 

Thus         a  =  'l±l^,    .  =  5^2,    e  =  i5^^    .4  =  75°. 


EXAMPLES.    V.  b. 

1.  ABC  is  a  triangle,  and  BD  is  perpendicular  to  J.C  pro- 
duced:  find  52),  given 

^  =  30°,  (7=120°,  i<7=ga 

2.  If  BB  is  perpendicular  to  the  base  AC  of  a,  triangle  ABCj 
find  a  and  c,  given 

^  =  30°,  6'= 45°,  BD  =  10. 

3.  In  the  triangle  ABC,  AD  is  drawn  perpendicular  to  BC 
making  BD  equal  to  15  ft. :  find  the  lengths  of  AB,  AC,  and  AD, 
given  that  B  and  C  are  equal  to  30°  and  60"  respectively. 

4.  In  a  right-angled  triangle  PQR,  find  the  segments  of  the 
hypotenuse  PR  made  by  the  perpendicular  from  Q ;  given 

QR  =  ^,    L  QRP=m%    L  qPR=^ZO\ 

5.  If  PQ,  is  drawn  perpendicular  to  the  straight  line  QRS^ 
find  RS,  given 

p^=36,  lRPQ=zo%  Lspq=m\ 

6.  If  PQ  is  drawn  perpendicular  to  the  straight  line  QRS, 
find  RS,  given 

PQ  =  20,   zPi?>9=  135°,    z  P>S'P=30°. 

7.  In  the  triangle  ABC,  the  angles  B  and  6'  are  equal  to  45° 
and  120°  respectively;  if  «.  =  40  find  the  length  of  the  perpen- 
dicular from  A  on  BC  produced. 

8.  If  CD  is  drawn  i^erpendicular  to  the  straight  line  DBA, 
find  DC  and  BD,  given 

^5=59,    LCBD=Ab%    iGAB=^'dr  bO',     cot  32°  50' =  1 -59. 


CHAPTER  VI. 


EASY  PROBLEMS. 


48.  The  principles  explained  in  the  previous  chapters  may 
now  be  applied  to  the  solution  of  problems  in  heights  and 
distances.  It  will  be  assumed  that  by  the  use  of  suitable 
instruments  the  necessary  lines  and  angles  can  be  measured 
with  sufficient  accuracy  for  the  purposes  required. 

After  the  practice  afforded  by  the  examples  in  the  last 
chapter,  the  student  should  be  able  to  write  down  at  once  any 
side  of  a  right-angled  triangle  in  terms  of  another  through  the 
medium  of  the  functions  of  either  acute  angle.  In  the  present 
and  subsequent  chapters  it  is  of  great  importance  to  acquire 
readiness  in  this  respect. 

For  instance,  from  the  adjoining  figure,  we  have 


a=csin^,      a=ccos  B,     a  =  h  cot B, 

a=b  t&ii  A,     c  =  a  sec -5,     6  =  atan^. 

These  relations  are  not  to  be  committed  to  memory  but  in 
each  case  should  be  read  off  from  the  figure.  There  are  several 
other  similar  relations  connecting  the  parts  of  the  above  triangle, 
and  the  student  should  practise  himself  in  obtaining  them 
quickly. 
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Example.  Q,  R,  T  are  three  points  in  a  straight  line,  and  TP  is 
drawn  perpendicular  to  QT.  If  PT=a,  iPQT  =  ^,  lPRT=2^, 
express  the  lengths  of  all  the  lines  of  the  figure  in  terms  of  a  and  ^. 


Q  R  T 

By  Euc.  I.  32, 

IQPR^  IPRT-  iPQR', 

:.   iQPR  =  2^-p=^=  IPQR; 

.-.  QR=PR. 

In  the  right-angled  triangle  PRT, 

PR  =  a  cosec  2j3 ; 

.*.  QR  =  a  cosec  2/3. 

Also  TE  =  acot2j3. 

Lastly,  in  the  right-angled  triangle  PQT, 
QT  =  acot^, 
PQ  =  a  Gosec^. 


49.    Angles  of  elevation  and  depression.    Let  OP  be  a 

horizontal  line  in  the  same  vertical  plane  as  an  object  Q,  and  let 
OQ  he  joined. 

O  P 


angle  of 
Repression 


Fig.2 


In  Fig.  1,  where  the  object  Q  is  ahove  the  horizontal  line  OP, 
the  angle  F0<^  is  called  the  angle  of  elevation  of  the  object  Q 
as  seen  from  the  point  0. 

In  Fig.  2,  where  the  object  Q  is  helow  the  horizontal  line  OP, 
the  angle  POQ,  is  called  the  angle  of  depression  of  the  object  Q 
as  seen  from  the  point  0. 
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Example  I.  A  flagstaff  stands  on  a  horizontal 
plane,  and  from  a  point  on  the  ground  at  a 
distance  of  30  ft.  its  angle  of  elevation  is  60° :  find 
its  height. 

Let  AB  be  the  flagstaff,   C  the  point 
of   observation ;    then 

AB  =  JSC  tan  60°  =  30  ^^3 

=  30x1-732  =  51-96. 

Thus  the  height  is  51-96  ft. 


EXAMPLES.    VI.  a. 


[The  results  should  be  expressed  in  a  form  free  from  surds  by  using 
the  approximations  /y/2  =  1-414,  ^3  =  1-732.] 

1.  The  angle  of  elevation  of  the  top  of  a  chimney  at  a 
distance  of  300  feet  is  30° :  find  its  height. 

2.  From  a  ship's  masthead  160  feet  high  the  angle  of 
depression  of  a  boat  is  observed  to  be  30° :  find  its  distance 
from  the  ship. 

3.  Find  the  angle  of  elevation  of  the  sun  when  the  shadow 
of  a  pole  6  feet  high  is  2  ^f3  feet  long. 

4.  At  a  distance  86-6  feet  from  the  foot  of  a  tower  the  angle 
of  elevation  of  the  top  is  30°.  Find  the  height  of  the  tower  and 
the  observer's  distance  from  the  top. 

5.  A  ladder  45  feet  long  just  reaches  the  top  of  a  wall.  If 
the  ladder  makes  an  angle  of  60°  with  the  wall,  find  the  height 
of  the  wall,  and  the  distance  of  the  foot  of  the  ladder  from  the 
wall. 

6.  Two  masts  are  60  feet  and  40  feet  high,  and  the  line 
joining  their  tops  makes  an  angle  of  33°  41'  with  the  horizon  : 
find  their  distance  apart,  given  cot  33°  41'  =  1  "5. 

7.  Find  the  distance  of  the  observer  from  the  top  of  a  cliff 
which  is  132  yards  high,  given  that  the  angle  of  elevation  is 
41°  18',  and  that  sin 41°  18'= -66. 

8.  One  chimney  is  30  yards  higher  than  another.  A  person 
standing  at  a  distance  of  100  yards  from  the  lower  observes  their 
tops  to  be  in  a  line  inclined  at  an  angle  of  27°  2'  to  the  horizon: 
find  their  heights,  given  tan  27°  2'  =  '51. 
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Example  II.  From  the  foot  of  a  tower  the  angle  of  elevation  of 
the  top  of  a  column  is  60°,  and  from  the  top  of  the  tower,  which  is 
50  ft.  high,  the  angle  of  elevation  is  30° :  find  the  height  of  the 
column. 

Let  AB  denote  the  column  and  CD  the  tower ;  draw  GE  parallel 
to  DB. 

Let^-B  =  a;; 

then  AE  =  AB~BE^x-50. 

Let  DB=CE  =  y. 

From  the  right-angled  triangle  ADB, 

cc 
y  =  x  cot  60°  =  -^. 

From  the  right-angled  triangle  ACE, 
y  =  {.X  -  50)  cot  30°  =  ^/3  (.r  -  50). 

/.   j-^  =  s/S{x-50), 

x  =  S{x-50); 
whence  x  =  75. 

Thus  the  column  is  75  ft.  high. 

9.  The  angle  of  elevation  of  the  top  of  a  tower  is  30° ;  on 
walking  100  yards  nearer  the  elevation  is  found  to  be  60" :  find 
the  height  of  the  tower. 

10.  A  flagstaff  stands  upon  the  top  of  a  building;  at  a 
distance  of  40  feet  the  angles  of  elevation  of  the  tops  of  the 
flagstaff  and  building  are  60°  and  30° :  find  the  length  of  the 
flagstaff. 

11.  The  angles  of  elevation  of  a  spire  at  two  places  due  east 
of  it  and  200  feet  apart  are  45°  and  30° :  find  the  height  of  the 
spire. 

12.  From  the  foot  of  a  post  the  elevation  of  the  top  of  a 
steeple  is  45°,  and  from  the  top  of  the  post,  which  is  30  feet 
high,  the  elevation  is  30° ;  find  the  height  and  distance  of  the 
steeple. 

13.  The  height  of  a  hill  is  3300  feet  above  the  level  of  a 
horizontal  plane.  From  a  point  A  on  this  plane  the  angular 
elevation  of  the  top  of  the  hill  is  60°.  A  balloon  rises  from  A 
and  ascends  vertically  upwards  at  a  uniform  rate ;  after  5  min- 
utes the  angular  elevation  of  the  top  of  the  hill  to  an  observer  in 
the  balloon  is  30° :  find  the  rate  of  the  balloon's  ascent  in  miles 
per  hour. 
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Example  III.  From  the  top  of  a  cliff  150  ft.  high  the  angles  of 
depression  of  two  boats  which  are  due  South  of  the  observer  are  15° 
and  75° :  find  their  distance  apart,  having  given 

cot  15°= 2 +  ^3  and  cot  75° =2-^3. 


Let  OA  represent  the  cliff,  B  and  C  the  boats.  Let  OP  be  a 
horizontal  line  through  0 ;  then 

ZP0C'  =  15°  and  zPOJ5  =  75°; 
.-.  z  OCA  =  15°  and  z  05^  =  75°. 

Let  CB  =  x,  AB  =  y;  then  GA  =  x  +  y. 
From  the  right-angled  triangle  OB  A , 

y  =  150  cot  75°  =  150  (2  -  ;^3)  =  300  - 150  ^'S. 
From  the  right-angled  triangle  OCA, 

:c  +  2/  =  150  cot  15°  =  150  (2  +  JS)  =  300  +  150  J3. 
By  subtraction,  x  —  300  ,^3  =  519-6. 

Thus  the  distance  between  the  boats  is  519'6  ft. 

14.  From  the  top  of  a  monument  100  feet  high,  the  angles 
of  depression  of  two  objects  on  the  ground  due  west  of  the 
monument  are  45°  and  30° :    find  the  distance  between  them. 

15.  The  angles  of  depression  of  the  top  and  foot  of  a  tower 
seen  from  a  monument  96  feet  high  are  30°  and  60°:  find  the 
height  of  the  tower. 

16.  From  the  top  of  a  cliff  150  feet  high  the  angles  of 
depression  of  two  boats  at  sea,  each  due  north  of  the  observer, 
are  30°  and  15° :  how  far  are  the  boats  apart  ? 

17.  From  the  top  of  a  hill  the  angles  of  depression  of  two 
consecutive  milestones  on  a  level  road  running  due  south  from 
the  observer  are  45°  and  22°  respectively.  If  cot  22°  =  2 '475  find 
the  height  of  the  hill  in  yards. 

18.  From  the  top  of  a  lighthouse  80  yards  above  the  horizon 
the  angles  of  depression  of  two  rocks  due  west  of  the  observer 
are  75°  and  15°:  find  their  distance  apart,  given  cot  75°  =  -268 
and  cot  15°  =  3-732. 
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50.  Trigonometrical  Problems  sometimes  require  a  know- 
ledge of  the  Points  of  the  Mariner's  Compass,  which  we  shall 
now  explain. 


In  the  above  figure,  it  will  be  seen  that  32  points  are  taken 
at  equal  distances  on  the  circumference  of  a  circle,  so  that  the 
arc  between  any  two  consecutive  points  subtends  at  the  centre 
of  the  circle  an  angle  equal  to  %¥'-°,  that  is  to  llj°. 

The  points  North,  South,  East,  West  are  called  the  Cardinal 
Points,  and  with  reference  to  them  the  other  poiiits  receive  their 
names.  The  student  will  have  no  difficulty  in  learning  these 
if  he  will  carefully  notice  the  arrangement  in  any  one  of  the 
principal  quadrants. 


51.  Sometimes  a  slightly  dififerent  notation  is  used;  thus 
N.  11  j°  E.  means  a  direction  11^°  east  of  north,  and  is  therefore 
the  same  as  N.  by  E.  Again  SrW.  by  S.  is  3  points  from  south 
and  may  be  expressed  by  S.  33|°  W.,  or  since  it  is  5  points  from 
west  it  can  also  be  expressed  by  W.  56^-°  S.  In  each  of  these 
cases  it  wiU  be  seen  that  the  angular  measurement  is  made  from 
the  direction  which  is  first  mentioned. 
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52.  The  angle  between  the  directions  of  any  two  points  is 
obtained  by  multiplying  11J°  by  the  number  of  intervals  between 
the  points.  Thus  between  S.  by  W.  and  W.S.W.  there  are  5 
intervals  and  the  angle  is  56^°;  between  N.E.  by  E.  and  S.E. 
there  are  7  intervals  and  the  angle  is  78|°. 


53.  If  B  lies  in  a  certain  direction  with  respect  to  A,  it  is 
said  to  bear  in  that  direction  from  A  ;  thus  Birmingham  bears 
N.W.  of  London,  and  from  Birmingham  the  bearing  of  London 
is  S.E. 


Example  1.  From  a  lighthouse  L  two  ships  A  and  B  are  observed 
in  directions  S.W.  and  15°  East  of  South  respectively.  At  the  same 
time  B  is  observed  from  ^  in  a  S.E.  direction.  If  LA  is  4  miles  find 
the  distance  between  the  ships. 

Draw  L8'  due   South;    then  from 
the  bearings  of  the  two  ships, 

lALS'=4:5°,   A  BLS' =  15°, 

so  that  lALB  =  QO°. 

Through  A  draw  a  line  NS  pointing 
North  and  South ;  then 

ANAL=  /.ALS'  =  4:5°, 

and    lBAS  =  4:5°,   since  B  bears   S.E. 
from  A ; 

hence  z5^L  =  180°-45°-45°=90°. 

In  the  right-angled  triangle  ABL, 
AB=AL  tan  ALB  =  ^  tan  60° 

=  4^3  =  6-928. 

Thus  the  distance  between  the  ships 
is  6-928  miles. 


Example  2.  At  9  a.m.  a  ship  which  is  sailing  in  a  direction 
E.  40°  S.  at  the  rate  of  8  miles  an  hour  observes  a  fort  in  a  direction 
50°  North  of  East.  At  11  a.m.  the  fort  is  observed  to  bear  N.  20°  W.: 
find  the  distance  of  the  fort  from  the  ship  at  each  observation. 


fort. 


Let  A  and  C  be  the  first  and  second  positions  of  the  ship ;  B  the 


Through  A  draw  lines  towards  the  cardinal  points  of  the  compass. 
From  the  observations  made 

lEAG= 40°,   z  EAB  =  50°,  so  that  iBAG= 90°. 
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Through  C  draw  C2V' towards  the  North;  then  lBGN'  =  '2.QP,  for 
the  bearing  of  the  fort  from  C  is  N.  20°  W. 


Also  Z  A  GN'  =  A  CAS =90°-  40"  =  50° ; 

.-.  iAGB=  lACN'-  LBGN'  =  bO° - 20°  =  ^[)-. 
In  the  right-angled  triangle  AGB, 

AB  =  AG  iQ.n  A GB -=  16  tan  30°  =  -y^  =:  — ^  =  9-237  nearly ; 

and  BG  =  AG&eGAGB=\&  sec 30°=- 16  x  ~  =  ^?^  =  18-475  nearly. 
Thus  the  distances  are  9*237  and  18-475  miles  nearly. 


EXAMPLES.    VI.  b. 


1.  A  person  walking  due  E.  observes  two  objects  both  in  the 
N.E.  direction.  After  walking  800  yards  one  of  the  objects  is 
due  N.  of  him,  and  the  other  lies  N.W. :  how  far  was  he  from 
the  objects  at  first  ? 

2.  Sailing  due  E.  I  observe  two  ships  lying  at  anchor  due  S. ; 
after  sailing  3  miles  the  ships  bear  60°  and  30°  S.  of  W.;  how 
far  are  they  now  distant  from  me  ? 

3.  Two  vessels  leave  harbour  at  noon  in  directions  W.  28°  S. 
and  E.  62°  S.  at  the  rates  10  and  10^  miles  per  hour  respectively. 
Find  their  distance  apart  at  2  p.m. 
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4.  A  lighthouse  facing  N.  sends  out  a  fan-shaped  beam 
extending  from  N.E.  to  N.W.  A  steamer  sailing  due  W.  first 
sees  the  light  when  5  miles  away  from  the  hghthouse  and 
continues  to  see  it  for  30  J 2  minutes.  What  is  the  speed  of  the 
steamer  ? 

5.  A  ship  sailing  due  S.  observes  two  lighthouses  in  a  line 
exactly  W.  After  sailing  10  miles  they  are  respectively  N.W. 
and  W.N.W. ;  find  their  distances  from  the  position  of  the  ship 
at  the  first  observation. 

6.  Two  vessels  sail  from  port  in  directions  N.  35°  W.  and 
S.  55°  W.  at  the  rates  of  8  and  8^/3  miles  per  hour  respectively. 
Find  their  distance  apart  at  the  end  of  an  hour,  and  the  bearing 
of  the  second  vessel  as  observed  from  the  first. 

7.  A  vessel  sailing  S.S.W.  is  observed  at  noon  to  be  E.S.E. 
from  a  lighthouse  4  miles  away.  At  1  p.m.  the  vessel  is  due  S. 
of  the  lighthouse:  find  the  rate  at  which  the  vessel  is  sailing. 
Given  tan  67^°  =  2-41 4. 

8.  A,  B,  G  are  three  places  such  that  from  A  the  bearing  of 
G  is  N.  10°  W.,  and  the  bearing  of  B  is  N.  50°  E. ;  from  B  the 
bearing  of  G  is  N.  40°  W.  If  the  distance  between  B  and  G  is 
10  miles,  find  the  distances  of  B  and  G  from  A. 

9.  A  ship  steaming  due  E.  sights  at  noon  a  lighthouse 
bearing  N.E.,  15  miles  distant;  at  1.30  p.m.  the  lighthouse  bears 
N.W.  How  many  knots  per  day  is  the  ship  making?  Given 
60  knots  =  69  miles. 

10.  At  10  o'clock  forenoon  a  coaster  is  observed  from  a 
lighthouse  to  bear  9  miles  away  to  N.E.  and  to  be  holding  a 
south-easterly  coiu-se;  at  1  p.m.  the  bearing  of  the  coaster  is 
15°  S.  of  E.  Find  the  rate  of  the  coaster's  sailing  and  its  distance 
from  the  lighthouse  at  the  time  of  the  second  observation. 

11.  The  distance  between  two  lighthouses,  A  and  B,  is  12 
miles  and  the  hne  joining  them  bears  E.  15°  N.  At  midnight  a 
vessel  which  is  sailing  S.  15°  E.  at  the  rate  of  10  miles  per  hour 
is  N.E.  of  A  and  N.W.  of  B :  find  to  the  nearest  minute  when 
the  vessel  crosses  the  line  joining  the  lighthouses. 

12.  From  A  to  B,  two  stations  of  a  railway,  the  line  runs 
W.S.W.  At  ^  a  person  observes  that  two  spires,  whose  distance 
apart  is  1-5  miles,  are  in  the  same  line  which  bears  N.N.W. 
At  B  their  bearings  are  N.  7^°  E.  and  N.  37^°  E.  Find  the  rate 
of  a  train  which  runs  from  J.  to  ^  in  2  minutes. 


CHAPTER   YII. 


RADIAN   OR   CIRCULAR  MEASURE. 

54.  We  shall  now  return  to  the  system  of  measuring  angles 
which  was  briefly  referred  to  in  Art.  6.  In  this  system  angles  are 
not  measured  in  terms  of  a  submulfciple  of  the  right  angle,  as  in 
the  sexagesimal  and  centesimal  methods,  but  a  certain  angle 
known  as  a  radian  is  taken  as  the  standard  unit,  in  terms  of 
which  all  other  angles  are  measured. 

55,  Definition.  A  radian  is  the  angle  subtended  at  the 
centre  of  any  circle  by  an  arc  equal  in  length  to  the  radius 
of  the  circle. 


In  the  above  figure,  ABC  is  a  circle,  and  0  its  centre.  If 
on  the  circumference  we  measure  an  arc  AB  equal  to  the  radius 
and  join  OA,  OBj  the  angle  AOB  is  a  radian. 

56.  In  any  system  of  measurement  it  is  essential  that  the 
unit  should  be  always  the  same.  In  order  to  shew  that  a  radian, 
constructed  according  to  the  above  definition,  is  of  constant 
magnitude,  we  must  first  establish  an  important  property  of  the 
circle. 

H.  K.  E.  T.  4 
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57.     The  circumferences  of  circles  are  to  one  another  as  their 
radii. 

Take  any  two  circles  whose  radii  are  r^  and  r^^  and  in  each 
circle  let  a  regular  polygon  of  n  sides  be  described. 


Let  A^B-^  be  a  side  of  the  first,  J. 2^3  a  side  of  the  second 
polygon,  and  let  their  lengths  be  denoted  by  a^,  a^.  Join  their 
extremities  to  0^  and  0^  the  centres  of  the  circles.  We  thus 
obtain  two  isosceles  triangles  whose  vertical  angles  are  equal,  each 

being  -  of  four  right  angles. 
n 

Hence  the  triangles  are  equiangular,  and  therefore  w^e  have 
by  Euc.  VI.  4, 


that  is, 


oia. 


na<i 


that  is. 


Pl_P2 


where  p^  and  jOg  are  the  perimeters  of  the  polygons.  This  is  true 
whatever  be  the  number  of  sides  in  the  polygons.  By  taking 
n  sufficiently  large  we  can  make  the  perimeters  of  the  two 
polygons  differ  from  the  circumferences  of  the  corresponding 
circles  by  as  small  a  quantity  as  we  please ;  so  that  ultimately 


where  c^  and  c^  are  the  circumferences  of  the  two  circles. 
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58.  It  thus  appears  that  the  ratio  of  the  circwtYhference  of  a 
circle  to  its  radius  is  the  same  whatever  he  the  size  of  the  circle; 
that  is, 

,,    .    -     cii'cumference  . 
tn  att  circles ^^ ^•s  «  constant  quantity. 


diametei 


This  constant  is  incommensurable  and  is  always  denoted  by 

the  Greek  letter  tt.    Though  its  numerical  value  cannot  be  found 

exactly,  it  is  shewn  in  a  later  part  of  the  subject  that  it  can  be 

obtained  to  any  degree  of  approximation.    To  ten  decimal  places 

22 
its  value  is  3"1415926536.     In  many  cases  7r  =  ^,  which  is  true 

to   two   decimal  places,   is   a   sufficiently  close   approximation; 
where  greater  accuracy  is  required  the  value  3'1416  may  be  used. 

59.     If  c  denote  the  circumference  of  the  circle  whose  radius 
is  r,  we  have 

circumference  _ 
diameter  ^ 


or 


•    2r 
e  =  27rr. 


60.     To  prove  that  all  radians  are  equal. 


Draw  any  circle ;  let  0  be  its  centre 
and  OA  a  radius.  Let  the  arc  AB  be 
measured  eqiial  in  length  to  OA.  Join 
OB ;  then  /  A  OB  is  a  radian.  Produce 
^0  to  meet  the  circumference  in  C. 
By  Euc.  VI.  33,  angles  at  the  centre  of  a 
circle  are  proportional  to  the  arcs  on 
which  they  stand ;  hence 


aAOB 


arc  AB 


two  right  angles     arc  ABC 
radius 


semi-circumference     ivr 


which  is  constant ;  that  is,  a  radian  always  hears  the  sarne  ratio 
to  two  right  angles^  and  therefore  is  a  constant  angle. 

4—2 
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61.  Since  a  radian  is  constant  it  is  taken  as  a  standard  unit, 
and  the  numhei"  of  radians  contained  in  any  angle  is  spoken  of 
as  its  radian  measure  or  circular  measure.  [See  Art.  71.] 
In  this  system,  an  angle  is  usually  denoted  by  a  mere  numhery 
the  unit  being  implied.  Thus  when  we  speak  of  an  angle  2-5,  it 
is  understood  that  its  radian  measure  is  2-5,  or,  in  other  words, 
that  the  angle  contains  2|  radians. 

Where  it  is  desirable  to  refer  to  the  imit  expressly,  a  radian 
may  be  denoted  by  the  letter  p,  thus  3p  represents  an  angle  which 
contains  three  radians. 

62.  To  find  the  radian  measure  of  a  right  angle. 

Let  ol  06' be  a  right  angle  at  the  centre 
of  a  circle,  and  A  OB  a  radian ;  then 
the  radian  measure  of  L  AOC 
lAOC     B.YCAC 


lAOB     SircAB 

-  (circumference) 

j(2^) 

radius 

r 

TT 

9  ' 

that  is,  a  right  angle  contains  -  radians. 

63.  To  find  the  number  of  degrees  in  a  radian. 
From  the  last  article  it  follows  that 

TT  radians  — '2,  right  a7igles— ISO  degrees. 

.'.  a  radian  = — degrees.  ' 

IT 

By  division  we  find  that  -  =  "3 1831  nearly; 

TT 

hence  approximately,  a  radian  =180  x  •31831  =  57*2958  degrees. 

64.  The  formula 

TT  radia7is=  180  degrees 

connecting  the  sexagesimal  and  radian  measures  of  an  angle, 
is  a  useful  result  which  enables  us  to  pass  readily  from  one 
system  to  the  other. 
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Example.     Express  75°  in  radian  measure,  and  ^  in  sexagesimal 
measure. 

(1)  Since  180  degrees  =  7r  radians, 

75  degrees=  — -  TT  radians  =  —  radians. 
loO  i-a 

Thus  the  radian  measure  is  j^  . 

(2)  Since  tt  radians  =  180  degrees, 

TT        ,.  180  ^ 

•p-r  radians  =  ^,-  degrees. 
54  54 

Thus  the  angle  =  —  degrees  =  3°  20'. 
o 

65.  It  may  be  well  to  remind  the  student  that  the  symbol  tt 
always  denotes  a  number,  viz.  3'14159....  When  the  symbol 
stands  alone,  without  reference  to  any  angle,  there  can  be  no 
ambiguity ;  but  even  when  tt  is  used  to  denote  an  angle,  it  must 
still  be  remembered  that  tt  is  a  number,  namely,  the  number  of 
radians  in  two  right  angles. 

Note.     It  is  not  uncommon  for  beginners   to   make   statements 

such  as  "7r=180"  or  "-  =90."      Without  some  modification  this 

mode  of  expression  is  quite  incorrect.  It  is  true  that  tt  radians  are 
equal  to  180  degrees,  but  the  statement  *7r  =  180'  is  no  more  correct 
than  the  statement  "  20  =  1 "  to  denote  the  equivalence  of  20  shillings 
and  1  sovereign. 

66.  If  the  number  of  degrees  and  radians  in  an  angle  he 
represented  by  D  and  6  respectively,  to  prove  that 

180~7r' 
In  sexagesimal  measure,  the  ratio  of  the  given  angle  to  two 
right  angles  is  expressed  by  z^  • 

In  radian  measure,  the  ratio  of  these  same  two  angles  is 
expressed  by  1 

TT 

"    180        TT* 
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Example  1.     What  is  the  radian  measure  of  45°  13'  30"  ? 

If  Z)  be  the  number  of  degrees  in  the  angle, 
we  have  D  =  45 -225.  60)30 

60 )  18-5 
Let  6  be  the  number  of  radians  in  the  given  ~^225 

angle,  then 

6     45-225      1-005 


IT 


180 


/.   ^  =  Jx  1-005=  ~;^-^x  1-005 
4  4 

=  •7854x1-005= -789327. 
Thus  the  radian  measure  is  -789327. 

Example  2.     Express  in  sexagesimal   measure   the  angle  whose 
radian  measure  is  1-309. 

Let  D  be  the  number  of  degrees ;  then 

D   _  1-309 

180"        TT        ' 

180x1-309      180x1309x10 


Z)  = 

3-l4itj 

1  sn  V  1  ft 

=  75 


3-1416  31416 

180  X  10 


24 

Thus  the  angle  is  75°. 


EXAMPLES.    VII.  a. 

[Unless  otherwise  stated     7r  =  3*1416. 
It  should  he  noticed  that  31416  =  8  x  3  x  7  x  11  x  17.] 

Express  in  radian  measure  as  fractions  of  tt  : 
1.     45°.         2.     30°.  3.     105°.  4.     22°  30'. 

5.     18°.         6.     57°  30'.         7.     14°  24'.  8.     78°  45'. 

Find  numerically  the  radian  measure  of  the  following  angles 
9.     25°  50'.  10.     37°  30'.  11.     82°  30'. 

12.     68°  45'.  13.     157°  30'.  14.     52°  30'. 
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Express  in  sexagesimal  measure  : 

15.    ^.           16.    ^-^.            17. 
4                          45 

27' 

18. 

24" 

19.     'S921p.       20.     -5236^.        21. 

•6545p. 

22. 

2-8798p. 

22 
Taking  tt  =  -;:r^ ,  find  the  radian  measure  of : 

23.     36°  32' 24".  24.     70°  33' 36". 

25.     116°  2' 45-6".  26.     171°  41' 50-4". 

27.  Taking  -  =  -31831,  shew  that  a  radian  contains  206265 

TT 

seconds  approximately. 

28.  Shew  that  a  second  is  approximately  equal  to  '000048 
of  a  radian. 


67,      The    angles    7 ,    - ,  77   are  the   equivalents  in   radian 
4     «3     b 

measure  of  the  angles  45°,  60°,  30°  respectively. 

Hence  the  results  of  Arts.   34  and  35  may  be  written  as 
follows : 


.      JT          1 

^'"4  =  V2' 

ir        1 

tan  T  =  1  5 

.      TT        V3 

^'"-3=  -z  ' 

TT         1 
0033  =  -, 

tan|  =  V3; 

.      IT        1 

^™6  =  2' 

TT         V3 

,      n        1 
'^^^6  =  73- 

Example.     Find  the  value  of 

„7r      4        _7r      1      ,„7r      2.7r      1        .tt 
3tan-^  +  -cos----cot^j--sm^-  +  -sec^-. 

-va.ue=3(-L)%|(fy-l„3-|(f)%^,., 
=  1  +  1-1-1+2=3. 
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68.  When  expressed  in  radian  measiu-e  the  complement 
of  ^  is  -  —  ^,  and  corresponding  to  the  formulae  of  Ai't.  38  we 
now  have  relations  of  the  form 

sin  f  -  —  ^  j  =  cos  0,       tan  (~j-Sj=  cot  6. 

Example,     Prove  that 

(cot  ^  4-tan  6)  cot  (  J  -  ^  )  =cosec"-^  l^-d\. 

The  first  side=  (cot  d  -f  tan  ^)tan  6 
=  cot^tan^4-tan2^ 
=  l  +  tan2^  =  sec2^ 

=  cosec2(  — - 

69.  By  means  of  Euc.  i.  32,  it  is  easy  to  find  the  number  of 
radians  in  each  angle  of  a  regular  polygon. 

Example.  Express  in  radians  the  interior  angle  of  a  regular 
polygon  which  has  n  sides. 

The  sum  of  the  exterior  angles  =  4  right  angles.     [Euc.  i.  32  Cor.] 

Let  6  be  the  number  of  radians  in  an  exterior  angle ;  then 

nd  =  27r,  and  therefore  6  =  —  . 

n 

But  interior  angle  =  two  right  angles  -  exterior  angle 

=  TT  —  0  =  ^ . 

n 
Thus  each  interior  angle =- —  . 


EXAMPLES.    VII.  b. 

Find  the  numerical  value  of 

1.     sm-  cos  -  cot  -  .  2.     tan  -  cot  -  cos  - . 

o        b         4  D        3        4 

3.     -cos7-  +  2cosec-.  4.     2sm-+-sec-7. 

2        3  b  4      2         4 
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Find  the  numerical  value  of 

5.  cot2  ~+4  cos2  -^  +  3  sec2  ~  . 

6  4  6 

6.  3  tan2  -  -  -  sin^  -  —  -  cosec^  -  +  ~  cos^  - . 

6      3         3      2  4      3         6 

„       f  .     re  7r\  /  .     TT  7r\         tt 

7.  |^.m-  +  cosgj(^sm3-cos3Jsec3. 

Prove  the  following  identities  : 

8.  sin  e  sec  ( |  -  ^  )  -  cot  6  cot  ( |  -  ^  j  =  0. 

9.  sin2  {^ - e\  cosec B - tan2/| - 6\  sin ^  =  0. 

10.  .  =  cos- 
cosec  ^             ^  h^     ^ 

cot(^--^ 

11.  tan  ^4-  tan  ( ^  -  ^  )  =sec  ^  sec  ( ^  -  ^ 

12.  sec2  e  +  sec2  /'^  -  ^ V  ( i  -^  tan2  6)  sec2  (|  -  ^)  • 

13.  Find  the  number  of  radians  in  each  exterior  angle  of 
(1)  a  regular  octagon,  (2)  a  regular  quindecagon. 

14.  Find  the  number  of  radians  in  each  interior  angle  of 
(1)  a  regular  dodecagon,  (2)  a  regular  heptagon. 

15.  Shew  that 

cos^  -  —  cos"'  - 
tan^  -  —  cot^  -  =  — .^-^— — —  . 

O  6  n  TT  „  TT 

COS'^  -  cos-^  - 
3  6 


16.     Shew  that  the  sum  of  the  squares  of 

s 
is  equal  to  2. 


sin  6  +  sin  [—  —  B\  and  cos  6  —  cos  f  -  — 
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70.     To  prove  that  the  radian  measure  of  any  angle  at  the 

.       .    ,    .  7  7      7     /•        ■      subtending  arc 

centre  of  a  circle  is  expressed  by  the  fraction ^r^ • 

•^  J^  ^       ->  radius 

Let  AOG  be  any  angle  at  the  centre 
of  a  circle,  and  A  OB  a  radian  ;  then 

radian  measure  of  /.AOG 
^lAOC 
~  lAOB 
arc  AC 


B^rcAB 
arc  AC 


radius  ' 
since  arc  J.jS= radius  ; 

.  1    ,  •     .  1  -1  •  r       i  y^.y    subtendinfif  arc 

that  IS,  the  radian  measure  or  lAOC= :n — . 

radius 

71.  If  a  be  the  length  of  the  arc  which  subtends  an  angle  of 
B  radians  at  the  centre  of  a  circle  of  radius  r,  we  have  seen  in 
the  preceding  article  that 

0  =  - ,  and  therefore  a  =  rd. 
r 

The  fraction  — ^. —   is  usually  called  the  circidar  measure  of 
radius 

the  angle  at  the  centre  of  the  circle  subtended  by  the  arc. 

The  circidar  measure  of  an  angle  is  therefore  equal  to  its 
radian  Tneasure^  each  denoting  the  number  of  radians  contained 
in  the  angle.  We  have  preferred  to  use  the  term  radian  measure 
exclusively,  in  order  to  keep  prominently  in  view  the  unit  of 
measurement,  namely  the  radian. 

Note.  The  term  circular  measure  is  a  survival  from  the  times 
when  Mathematicians  spoke  of  the  trigonometrical  functions  of  the 
arc.     [See  page  80.] 

Example  1.  Find  the  angle  subtended  by  an  arc  of  7*5  feet  at 
the  centre  of  a  circle  whose  radius  is  5  yards. 

Let  the  angle  contain  9  radians ;  then  ' 

arc    _  7-5  _  1 
~ radius"  15  ~  2" 

Thus  the  angle  is  half  a  radian. 
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Example  2.  In  running  a  race  at  a  uniform  speed  on  a  circular 
course,  a  man  in  each  minute  traverses  an  arc  of  a  circle  winch  sub- 
tends 2f  radians  at  the  centre  of  the  course.    If  each  lap  is  792  yards, 

r        22~| 
how  long  does  he  take  to  run  a  mile  ?      tt  =  —    . 

Let  r  yards  be  the  radius  of  the  circle ;  then 
27rr  =  circumference  =  792 ; 


r= 


792  _  792  X  7 
2^~  2x22 


:=126. 


Let  a  yards  be  the  length  of  the  arc  traversed  in  each  minute  j 
then  from  the  formula  a=rd, 

a  =  126x2f  =  i^?^  =  360; 

that  is,  the  man  runs  360  yds.  in  each  minute. 

^,     ^.  1760        44     .     ^ 

.'.  the  time  =  -ttt^t  or  --  minutes. 
obO  9 

Thus  the  time  is  4  min.  534  sec. 


Example  3.     Find  the  radius  of  a  globe  such  that  the  distance 
measured  along  its  surface  between  two  places  on  the  same  meridian 

22 
whose  latitudes  differ  by  1°  10'  may  be  1  inch,  reckoning  that  ir=-^  . 

Let  the  adjoining  figure  represent  a  sec- 
tion of  the  globe  through  the  meridian  on 
which  the  two  places  P  and  Q  lie.  Let  0 
be  the  centre,  and  denote  the  radius  by  r 
inches. 

Now — ^T—^  =  number  of  radians  in  iPOQ; 
radius 

but    arc  P(3  =  l  inch,  and  /.P0Q  =  1°1Q'; 
:.  -  =  number  of  radians  in  li° 


whence 


=  1 


_7r__7     22        1    _  11 
^^i80~6^  7  ^180 "540 


r= 


540 
IT' 


:49t\ 


Thus  the  radius  is  49xt  inches. 
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EXAMPLES.    VII.  c. 

1.  Find  the  radian  measure  of  the  angle  subtended  by  an 
arc  of  1  "6  yards  at  the  centre  of  a  circle  whose  radius  is  24  feet. 

2.  An  angle  whose  circular  measure  is  '73  subtends  at  the 
centre  of  a  circle  an  arc  of  219  feet ;  find  the  radius  of  the  circle. 

3.  An  angle  at  the  centre  of  a  circle  whose  radius  is  2  "5  yards 
is  subtended  by  an  arc  of  7*5  feet;  what  is  the  angle? 

4.  What  is  the  length  of  the  arc  which  subtends  an  angle 
of  1*625  radians  at  the  centre  of  a  circle  whose  radius  is 
3-6  yards  ? 

5.  An  arc  of  17  yds.  1  ft.  3  in.  subtends  at  the  centre  of 
a  circle  an  angle  of  1  "9  radians ;  find  the  radius  of  the  circle  in 
inches. 

6.  The  flywheel  of  an  engine  makes  35  revolutions  in  a  second ; 

r        22"! 
how  long  will  it  take  to  turn  through  5  radians  1       tt  =  —   . 

7.  The  large  hand  of  a  clock  is  2  ft.  4  in.  long ;  how  many 

r        22~ 
inches  does  its  extremity  move  in  20  minutes  ? 


f] 


8.  A  horse  is  tethered  to  a  stake ;  how  long  must  the  rope 
be  in  order  that,  when  the  horse  has  moved  through  52-36  yards 
at  the  extremity  of  the  rope,  the  angle  traced  out  by  the  rope 
may  be  75  degrees  ? 

9.  Find  the  length  of  an  arc  which  subtends  1  minute  at  the 
centre  of  the  earth,  supposed  to  be  a  sphere  of  diameter  7920 
miles. 

10.  Find  the  number  of  seconds  in  the  angle  subtended  at 
the  centre  of  a  circle  of  radius  1  mile  by  an  arc  5^  inches  long. 

11.  Two    places    on   the   same   meridian    are   145*2   miles 

22 
apart;  find  their  difierence  in  latitude,  taking  7r=i=-,  and  the 

earth's  diameter  as  7920  miles. 

12.  Find  the  radius  of  a  globe  such  that  the  distance  measured 

along  its  surface  between  two  places  on  the  same  meridian  whose 

22 
latitudes  differ  by  1^°  may  be  1  foot,  taking  '7r=Tr-. 
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MISCELLANEOUS  EXAMPLES.    B. 

1.  Express  in  degrees  the  angle  whose  circular  measui-e  is 
•15708. 

2.  If  C=  90°,  A  =  30°,  c  =  1 10,  find  h  to  two  decimal  places. 

3.  rind  the  number  of  degrees  in  the  unit  angle  when  the 

IStt 
angle  --    is  represented  by  If. 

4.  What  is  the  radius  of  the  circle  in  which  an  arc  of  1  inch 
subtends  an  angle  of  1'  at  the  centre  ? 

5.  Prove  that 

(1)  (sin  a  +  cos  a)  (tan  a  +  cot  a)  =  sec  a  +  cosec  a ; 

(2)  ( V3  + 1 )  (3  -  cot  30°)  =  tan3  60°  -  2  sin  60°. 

6.  Find  the  angle  of  elevation  of  the  sun  when  a  chimney 
60  feet  high  throws  a  shadow  20  ^/3  yards  long. 


7.  Prove  the  identities  : 

(1)  (tan^  +  2)(2tan^  +  l)  =  5tan^  +  2sec2^; 

cot^a 

(2)  1+- =coseca. 

1  +  cosec  a 

8.  One  angle  of  a  triangle  is  45°  and  another  is  -3-  radians ; 

8 

express  the  third  angle  both  in  sexagesimal  and  radian  measure. 

9.  The  number  of  degrees  in  an  angle  exceeds  14  times  the 

22 
number  of  radians  in  it  by  51.      Taking  7r  =  -=- ,  find  the  sexa- 
gesimal measure  of  the  angle. 

10.  If  5=30°,  C=90°,  6  =  6,  find  a,  c,  and  the  perpendicular 
from  G  on  the  hypotenuse. 

11.  Shew  that 

(1)  cot^  +  cot  f --^)  =  cosec^cosecl  l^-^j; 

(2)  cosec^  Q  4-  cosec2  /  -  -  ^  J  =  cosec^  6  cosec^  \-  —  d\. 
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12.  The  angle  of  elevation  of  the  top  of  a  pillar  is  30°,  and 
on  approaching  20  feet  nearer  it  is  60° :  find  the  height  of  the 
pillar. 


13.  Shew  that  tan^A  -  sin^^  =sin*^  secM. 

14.  In  a  triangle  the  angle  A  is  S.v  degrees,  the  angle  B  is 
X  grades,  and  the  angle  C  is  7-—   radians :  find  the  number  of 

oKjyJ 

degrees  in  each  of  the  angles. 

15.  Find  the  numerical  value  of 

sinS  60°  cot  30°  -  2  sec^  45°  +  3  cos  60°  tan  45°  -  tan2  60°. 

16.  Prove  the  identities  : 

(1)  (1 4-tan  ^)2  +  (1  +cot  ^)2  =  (sec  .4  +  cosec  yl  )2 ; 

(2)  (sec  a  -  1)2  -  (tan  a  -  sin  a)2  =  (1  -  cos  a)"-. 

17.  Which  of  the  following  statements  is  possible  and  which 
impossible  ? 

a^+b^  1 

(1)     cosec^=   ^        ;  (2)     2sin<9  =  «  +  -. 

18.  A  balloon  leaves  the  earth  at  the  point  A  and  rises  at  a 
uniform  pace.  At  the  end  of  1  '5  minutes  an  observer  stationed  at 
a  distance  of  660  feet  from  A  finds  the  angular  elevation  of  the 
balloon  to  be  60° ;  at  what  rate  in  miles  per  hour  is  the  balloon 
rising  ? 


19.  Find  the  number  of  radians  in  the  angles  of  a  triangle 
which  are  in  arithmetical  progression,  the  least  angle  being  36°. 

20.  Shew  that 

sin^a  sec2/3  +  tan^/S  cos^a  =  sin^a + tan^/S. 

21.  In  the  triangle  ABC  if  ^=42°,  5=116°  33',  find  the 
perpendicular  from  Cupon  AB  produced;  given 

c = 55,      tan  42°  =  -9,      tan  63°  27'  =  2. 
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22.  Prove  the  identities  : 

sin  a 

(1)  cota+^ =  coseca: 

^  ^  1  +  cosa 

(2)  cosec  a  (sec  a  —  1 )  -  cot  a  ( 1  —  cos  a)  =  tan  a  -  sin  a. 

«o      oi        ,^  ,  /l+cot60°\2      l+co»30° 

23.  Shew  that  '  ^ 


1  -  cot  607       1  -  cos  30° ' 

24.  A  man  walking  N.  W.  sees  a  windmill  which  bears  N.  15°  W. 
In  half-an-hour  he  reaches  a  place  which  he  knows  to  be  W.  15°  S. 
of  the  windmill  and  a  mile  away  from  it.  Find  his  rate  of  walk- 
ing and  his  distance  from  the  windmill  at  the  first  observation. 


25.  Find  the  number  of  radians  in  the  complement  of  -^ . 

8 

26.  Solve  the  equations  : 

(1)     3sin<9  +  4cos2^  =  4|;         (2)     tan  ^  +  sec  30°  =  cot  (9. 

27.  If  5  tan  a  =  4,  find  the  value  of 

5  sin  a  —  3  cos  a 
sina  +  2cosa 

28.  Prove  that 

1  —  sin  A  cos  A  sinM  —  cos^^ 

X    .   „  . ;^7=sinJ^. 


cos  A  (sec  A  —  cosec  A)     sin^A  +  cos^A 

29.  Find  the  distance  of  an  observer  from  the  top  of  a  cliff 
which  is  195*2  yards  high,  given  that  the  angle  of  elevation 
is  77°  26',  and  that  sin  77°  26' =  -976. 

30.  A  horse  is  tethered  to  a  stake  by  a  rope  27  feet  long. 
If  the  horse  moves  along  che  circumferencb  of  a  circle  always 
keeping  the  rope  tight,  find  how  far  it  will  have  gone  when  the 

[22~1 


CHAPTER  YIIL 

TRIGONOMETRICAL   RATIOS  OF   ANGLES  OF   ANY 
MAGNITUDE. 

72.  In  the  present  chapter  we  shall  find  it  necessary  to  take 
account  not  only  of  the  magnitude  of  straight  lines,  but  also  of 
the  direction  in  which  they  are  measured. 

Let  0  be  a  fixed  point  in  a  horizontal  line  XX\  then  the 
position  of  any  other  point  P  in  the  line,  whose  distance  from  0 
is  a  given  length  a,  will  not  be  determined  unless  we  know  on 
which  side  of  0  the  point  P  lies. 


X'  O  X 

But  there  will  be  no  ambiguity  if  it  is  agreed  that  distances 
measured  in  one  direction  are  positive  and  distances  measured  in 
the  opposite  direction  are  negative. 

Hence  the  following  Convention  of  Signs  is  adopted : 
lines  Tneasured  from  0  to  the  right  are  positive, 
lines  measured  from  0  to  the  left  are  negative. 


X'  Q  O  P  X 

Thus  in  the  above  figure,  if  P  and  Q  are  two  points  on  the 
line  XX'  at  a  distance  a  from  0,  their  positions  are  indicated 
by  the  statements 

OP=+a,     OQ=-a. 

73.  A  similar  convention  of  signs  is  used  in  the  case  of  a 
plane  surface. 

Let  0  be  any  point  in  the  plane ;  through  0  draw  two  straight 
lines  XX'  and  YY'  in  the  horizontal  and  vertical  direction  re- 
spectively, thus  dividing  the  plane  into  four  quadrants. 


CONVENTION    OF   SIGNS. 


65 


Then  it  is  universally  agreed  to  consider  that 

(1)  horizontal  lines  to  the  right  of  YY'  are  positive^ 
horizontal  lines  to  the  left  of  YY'  are  negative  ; 

(2)  vertical  lines  above  XX'  are  positive, 
vertical  lines  heloio  XX'  are  negative. 

Y 


M3 


M2    O 


P3 


IVI4 


M^    X 


Y' 


Thus  OJ/j,  Oi/4  are  positive,  OM.^,  OM^  are  negative; 
MiP^,  M^P^  are  positive,  M.^P^,  ^^iP^  are  negative. 

74.  Convention  of  Signs  for  Angles.  In  Art.  2  an  angle 
has  been  defined  as  the  amount  of  revolution  which  the  radius 
vector  makes  in  passing  from  its  initial  to  its  final  position. 

In  the  adjoining  figure  the  straight  line  OP  may  be  supposed 
to  have  arrived  at  its  present  position 
from  the  position  occupied  by  OA  by 
revolution  about  the  point  0  in  either 
of  the  two  directions  indicated  by  the 
arrows.  The  angle  AOP  may  thus  be 
regarded  in  two  senses  according  as  we 
suppose  the  revolution  to  have  been  in 
the  same  direction  as  the  hands  of  a 
clock  or  in  the  opposite  direction.  To 
distinguish  between  these  cases  we  adopt 
the  following  convention : 

when  the  revolution  of  the  radius  vector  is  connter-clocTcivise  the 
angle  is  positive, 

when  the  revolution  is  clochwise  the  angle  is  negative. 
H.  K.  E.  T.  5 


O 
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Trigonometrical  Ratios  of  any  Angle. 

75.  Let  XX'  and  YY'  be  two  straight  lines  intersecting 
at  right  angles  in  0,  and  let  a  radius  vector  starting  from  OX 
revolve  in  either  direction  till  it  has  traced  out  an  angle  J., 
taking  up  the  position  OP. 

V  Y 


X' 


o 


M  X 


X'         M 


O 


From  P  draw  PM  perj)endicular  to  XX';  then  in  the  right- 
angled  triangle  0PM,  due  regard  being  paid  to  the  signs  of  the 
lines, 


sin  A  = 


cos  A  = 


MP 
OP' 

OM 
OP' 


A        OP 

cosec  A  =  -,"7^^- 
MP' 


^^"""^-QM' 


sec  A  = 


cot  J.: 


OP 

OM' 

OM 
'MP' 


The  radius  vector  OP  wUicJi  only  fixes  the  boundary  of  the  angle 
is  considered  to  he  always  positive. 


VIII.] 
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From  these  definitions  it  will  be  seen  that  any  trigono- 
metrical function  will  be  positive  or  negative  according  as  the 
fraction  which  expresses  its  value  has  the  numerator  and  de- 
nominator of  the  same  sign  or  of  opposite  sign. 

76.  The  four  diagrams  of  the  last  article  may  be  con- 
veniently included  in  one. 


With  centre  0  and  fixed  radius  let  a  circle  be  described ; 
then  the  diameters  XX'  and  YY'  divide  the  circle  into  four 
quadrants  XOY^  YOX,  X'OP,  Y'OX,  nsuned  Jii^stj  second,  third, 
fourth  respectively. 

Let  the  positions  of  the  radius  vector  in  the  four  quadrants 
be  denoted  by  OP^,  OP. 2,  OP^,  OP^,  and  let  perpendiculars 
PiJ/i,  P2M2,  P33/3,  P4J/4  be  drawn  to  XX' ;  then  it  will  be 
seen  that  in  the  first  quadrant  all  the  lines  are  positive  and  there- 
fore all  the  functions  of  A  are  positive. 

In  the  second  quadrant,  OP2  and  M^P^  are  positive,  OM^ 
is  negative ;  hence  sin  A  is  positive,  cos  A  and  tan  A  are 
negative. 

In  the  third  quadrant,  OP^  is  positive,  OJ/3  and  J/3P3  are 
negative ;  hence  tan  A  is  positive,  sin  A  and  cos  A  are  negative. 

In  the  fourth  quadrant,  OP4  and  OM^  are  positive,  M^P^ 
is  negative ;  hence  cos  A  is  positive,  sin  A  and  tan  A  are 
negative, 

5—2 
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77.  The  following  diagrams  shew  the  signs  of  the  trigono- 
metrical functions  in  the  four  quadrants.  It  will  be  sufficient 
to  consider  the  three  principal  functions  only. 


sine 


cosine 


tangent 


4- 


The  diagram  below  exhibits  the  same  results  in  another  use- 
ful form. 


sine  positive 

cosine   negative 
tangent  negative 


tangent  positive 

sine   negative 
cosine    negative 


all   the 
ratios   positive 


cosine   positive 

sine   negative 
tangent  negative 


78.  When  an  angle  is  increased  or  diminished  by  any 
multiple  of  four  right  angles,  the  radius  vector  is  brought  back 
again  into  the  same  position  after  one  or  more  revolutions. 
There  are  thus  an  infinite  number  of  angles  which  have  the 
same  boundary  line.    Such  a,ngles  are  called  coterminal  angles. 

If  n  is  any  integer,  all  the  angles  coterminal  with  A  may  be 
represented  by  n.  360°  +  ^.  Similarly,  in  radian  measure  all  the 
angles  coterminal  with  B  may  be  represented  by  27i7r  +  6. 

From  the  definitions  of  Art.  75,  we  see  that  the  position  of 
the  boundary  line  is  alone  sufficient  to  determine  the  trigono- 
metrical ratios  of  the  angle;  hence  all  coterminal  angles  have 
the  same  trigonometrical  ratios. 


For  instance. 


sin  {n  .  360°  +  45°)= sin  45°  =  --^  ; 


and 


cos  f  2w7r  4-  —  j 


viil] 
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Example.  Draw  the  boundary  lines  of  the  angles  780°,  - 130°, 
-  400°,  and  in  each  case  state  which  of  the  trigonometrical  functions 
are  negative. 


(1)  Since  780  =  (2  x  360) +  60,  the  radius 
vector  has  to  make  two  complete  revolutions 
and  then  turn  through  60°.  Thus  the  bound- 
ary line  is  in  the  first  quadrant,  so  that  all 
the  functions  are  positive. 


(2)  Here  the  radius  vector  has  to  revolve 
through  130°  in  the  negative  direction.  The 
boundary  line  is  thus  in  the  third  quadrant, 
and  since  OM  and  MP  are  negative,  the  sine, 
cosine,  cosecant,  and  secant  are  negative. 


(3)  Since  -400=  -(360  +  40),  the  radius 
vector  has  to  make  one  complete  revolution  in 
the  negative  dhection  and  then  turn  through 
40°.  The  boundary  line  is  thus  in  the  fourth 
quadrant,  and  since  MP  is  negative,  the  sine, 
tangent,  cosecant,  and  cotangent  are  negative. 


M 

0 

/ 

/ 

/ 

1/ 
P 

EXAMPLES.    VIIL  a. 

State   the  quadrant   in   which   the   radius  vector  lies  after 
describing  the  following  angles : 


1. 
5. 


135°.  2.     265°.  3.      -315°.  4.     -120°. 

27r  Stt  _      IOtt  o  IItt 

3-.  b.     --.  7.-3-.  8.     --^. 

For  each  of  the  following  angles  state  which  of  the  three 
principal  trigonometrical  functions  are  positive. 

9.     470°.  10.     330°.  11. 

12.     -230°.  13.     -620°.  14. 

47r  -_      IStt 


15. 


17. 


575°. 

- 1200°. 

IStt 
6    • 


70 


ELEMENTARY  TRIGONOMETRY. 


[chap. 


In   each   of    the  following   cases   write   down    the  smallest 
positive  coterminal  angle,  and  the  value  of  the  expression. 


18.     sin  420°. 
21.     sec  405°. 

24.     cot^^. 


19.     cos  390°.  20.     tan  (-315°) 

22.     cosec  ( -  330°).       23.     cosec  4380°. 
257r  „„  /     57r 


25.     sec ' 


26.     tan 


79.  Since  the  definitions  of  the  functions  given  in  Art.  75 
are  applicable  to  angles  of  any  magnitude,  positive  or  negative, 
it  follows  that  all  relations  derived  from  these  definitions  must 
be  true  universally.  Thus  we  shall  find  that  the  fundamental 
formulce  given  in  Art.  29  hold  in  all  cases  ;  that  is, 

sin  ^  X  cosec  J^  =  1,     cos  J  x  sec  J.  =  1,     tan^4  xcot^  =  l ; 


tan  A 


sin  J. 

cos^ ' 


cot  A  = 


cos  J. 
sin  A  ' 


sin^  A  +  cos^  A^l, 

l+tan^.4-secM, 

1  +  cot^  A  =  cosec^  A . 

It  will  be  useful  practice  for  the  student  to  test  the  truth  of 
these  formulae  for  different  positions  of  the  boundary  line  of  the 
angle  A.     We  shall  give  one  illustration. 


80.  Let  the  radius  vector  revolve 
from  its  initial  position  OX  till  it 
has  traced  out  an  angle  A  and  come 
into  the  position  OP  indicated  in  the 
figure.  Draw  F3I  perpendicular  to 
XX'. 


In  the  right-angled  triangle  OMP, 
MP'-  +  OIP  =  OP^ (1). 

Divide  each  term  by  OP^ ;  thus 
/i/P\2      /Oj¥^ 


X' 


M 


\0P 


+ 


OP 


o 


Y' 


that  is, 


sin^  A+cos^  A  =  l. 
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Divide  each  term  of  (1)  by  02P;  thus 

\om)  '^^~\om)  ' 

that  is,  tan2^4  +  l  =  sec2  J.. 

Divide  each  term  of  (1)  by  3/P2;  thus 

(OMy  _  fopy 
'^[mfJ  ~\MPJ  ' 

that  is,  1  +  cot2  A  =  cosec^  A, 

It  thus  appears  that  the  truth  of  these  relations  depends 
only  on  the  statement  OF^=MF^+OJI^  in  the  right-angled 
triangle  OMP,  and  this  will  be  the  case  in  whatever  quadrant 
OP  lies. 

Note.  OM"  is  positive,  although  the  line  031  in  the  figure  is 
negative. 

81.  In  the  statement  cos  J  =\/l  —  siu'^^I,  either  the  positive 
or  the  negative  sign  may  be  placed  before  the  radical.  The  sign 
of  the  radical  hitherto  has  always  been  taken  positively,  because 
we  have  restricted  ourselves  to  the  consideration  of  acute  angles. 
It  will  sometimes  be  necessary  to  examine  which  sign  must  be 
taken  before  the  radical  in  any  particular  case. 

Example  1.  Given  cos  126°  53'  =  - 1 ,  find  sin  126°  53'  and 
cot  126°  53'. 

Since  sin-^  +  cos-^  =  1  for  angles  of  any  magnitude,  we  have 

sin  ^  =  ±  a/1  -  cos^^ . 

Denote  126°  53'  by  A  ;  then  the  boundary  line  of  A  lies  in  the 
second  quadrant,  and  therefore  siu  A  is  positive.  Hence  the  sign  + 
must  be  placed  before  the  radical ; 

.-.  sinl26°53'=+^l4.  +  ^|  =  ^; 

fioAo^o,     COS  126° 53'      /     3\   .   /4\  3 

cot  126°  53  =  ^.^  ^^^,  .3.  =.  (^  -  -gj  -^  (5  J  -  -  i  .  ^ 

The  same  results  may  also  be  obtained  by  the  method  used 
in  the  following  example.  The  appropriate  signs  of  the  lines  are 
she^m  in  the  fisrure. 
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Example  2.     If  tan  A=  --^,  find  sin  A  and  cos  A. 

o 

The  boundary  line  of  A  will  lie  either  in 
the  second  or  in  the  fourth  quadrant,  as  OP 
or  OF',    In  either  position, 

the  radius  vector  =  ^{15f+{8f 
=  ^289  =  17. 

Hence  sin  XOP=i|,     cos  ZOP=-^ 


17 


15 


17 

8 


and  sin  XOP'  =  -  t^  ,     cos  XOP'  -      . 

Thus  corresponding  to  tan^,  there  are 
two  values  of  sin  A  and  two  values  of  cos  J^. 
If  however  it  is  known  in  which  quadrant 
the  boundary  line  of  A  lies,  sin  A  and  cos  A  have  each  a  single  value. 


EXAMPLES.     VIII.  b. 

1.  Given  sin  120° ='^  ,  find  tan  120°. 

2.  Given  tan  135°  =  -  1,  find  sin  135°. 

3.  Find  cos  240°,  given  that  tan  240°  =  ^3- 

4.  If  A  =  202°  37'  and  sin  ^  =  -  -^ ,  find  cos  .1  and  cot  A, 

5.  If  -4  =  143°  8'  and  cosec  ^4  =  1| ,  find  sec  A  and  tan  A. 

6.  If  ^  =  216°  52'  and  cos  J  =  -  ^ ,  find  cot  A  and  sin  A. 

7.  Given  sec  —  =  -  2,  find  sin  —  and  cot  —  . 

8.  Given  sin  -  t-  =  — pr ,  find  tan  — -  and  sec  — - . 

4  V^  4  4 

12 

9.  If  cos  -4  =  r^ ,  find  sin  A  and  tan  A. 

lo 


CHAPTER  IX. 

VARIATIONS  OF  THE    TRIGONOMETRICAL   FUNCTIONS. 


82.     A  CAREFUL  perusal  of  the  following  remarks  will  render 
the  explanations  which  follow  more  easily  intelligible. 

Consider  the  fraction  -  in  which  the  numerator  a  has  a  certain 

X 

fixed  value  and  the  denominator  x  is  a  quantity  subject  to  change; 
then  it  is  clear  that  the  smaller  x  becomes  the  larger  does  the 

value  of  the  fraction  -  become.     For  instance 

X 

^=10a,     -1-=1000^^    1 =10000000«. 


10  1000  10000000 

By  making  the  denominator  x  sufficiently  small  the  value  of  the 
fraction  -  can  be  made  as  large  as  we  please;  that  is,  as  x 

approaches  to  the  value  0,  the  fraction  -  becomes  infinitely  great. 

The  symbol  oo  is  used  to  express  a  quantity  infinitely  great, 
or  more  shortly  infinity,  and  the  above  statement  is  concisely 
written" 

ivhen  x=0.  the  limit  of  -  =  co . 

•'  X 

Again,  if  x  is  a  quantity  which  gradually  increases  and  finally 
becomes  infinitely  large,  the  fraction  -  becomes  infinitely  small ; 
that  is, 

when  ^=  00 ,  the  limit  of  ~  —  0. 

'  ''   X 
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83.  Definitiox.  If  y  is  a  function  of  x,  and  if  when  a; 
approaches  nearer  and  nearer  to  the  fixed  quantity  a,  the  value 
of  y  approaches  nearer  and  nearer  to  the  fixed  quantity  b  and 
can  be  made  to  difier  from  it  by  as  little  as  we  please,  then  h  is 
called  the  limiting  value  or  the  limit  of  y  when  x  =  a. 

84.  Trigonometrical  Functions  of  0°. 

Let  XOF  be  an  angle  traced  out  by  a  radius  vector  OP  of 
fixed  len^h. 


M    X 


Draw  PJ/ perpendicular  to  0 J";  then 
sinPOJ/=^^. 

If  we  suppose  the  angle  FOM  to  be  gradually  decreasing, 
MP  will  also  gradually  decrease,  and  if  OP  ultimately  come 
into  coincidence  with  OM  the  angle  POM  vanishes  and  MP—0. 

Hence  sin  0°  =  ,  ^ = 0. 

Again,  cos  POM—  -^  ;  but  when  the  angle  POM  vanishes 
OP  becomes  coincident  with  OM. 

Hence  cosO  =7=r7>  =  l. 

OM 

Also  when  the  angle  POM  vanishes, 
tan  0°  =  YTT?  =  0. 

And  cosec  0°  =  -. —  -^  =  :^  =  oo  : 

sm  0       0 

secO°=:--~=?^  =  l; 
cos  0       1 

cot   0     =- :==-  =  cC. 

tanO       0 
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85.    Trigonometrical  Functions  of  90°  or  «  • 

Let  XOP  be  an  angle  traced  out  by  a  radius  vector  of  fixed 
leiitrth. 


Y     P 


O    M 


M  X 


Draw    PM   perpendicular    to    OX,   and    OY  perpendicular 
to  OX. 


By  definition, 
MP 


OM 


sin  POM=-^  ,        cos  POJi[=  ^^,  , 


tan  POM=-  -^ 
OM 


If  we  suppose  the  angle  POM  to  be  gradually  increasing, 
MP  will  gradually  increase  and  OM  decrease.  When  OP  conies 
into  coincidence  with  0  Y  the  angle  POM  becomes  equal  to  90", 
and  OJ/ vanishes,  while  MP  becomes  equal  to  OP. 


Hence 


And 


OP 
sm90°  =  ^=l; 

c<«90°=-^  =  0; 
,      Q..    MP     OP 

cot90°  =  -^— =  i-==0: 
tan  90       cc 


sec  90°  = 
cosec  90°  — 


cos  90°      0 
1 


=   -  =  QC 


sin  90° 


1. 
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86.     To  trace  the  changes  in  sign  and  magnitude  of  sin  A  as  A 
increases  from  0°  to  360°. 

Let  XX'  and  TY'  be  two  straight  lines  intersecting  at  right 
angles  in  0. 


With  centre  0  and  any  radius  OP  describe  a  circle,  and 
suppose  the  angle  A  to  be  traced  out  by  the  revohition  of  OP 
through  the  four  quadrants  starting  from  OX. 

Draw  Pi¥  perpendicular  to  OX  and  let  OP  =  r;  then 


sin  A  = 


MP 


and  since  r  does  not  alter  in  sign  or  magnitude,  we  have  only  to 
consider  the  changes  of  MP  as  P  moves  round  the  circle. 

When      .1=0°,   i/P=0,    and    sinO°  =  -=0. 

r 

In  the  first  quadrant,  MP  is  positive  and  increasing; 
.•.  sin  A  is  positive  and  increasing. 


When 


^  =  90°,  MP=r,    and  sin  90°  =  -  =  1. 


In  the  second  quadrant,  21  P  is  positive  and  decreasing ; 
.*.  sin  A  is  positive  and  decreasing. 

When       .4  =  180°,  MP  =  0,  and    sinl80°  =  ^=a 
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In  the  third  quadrant^  MP  is  negative  and  increasing ; 
.*.  sin  A  is  negative  and  increasing. 

When  A  —  270°,  MP  is  equal  to  r,  but  is  negative ;  hence 
sin  270° 
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-"=-1. 

r 


In  the  fourth  quadrant^  MP  is  negative  and  decreasing ; 
.'.  sin^  is  negative  and  decreasing. 


When        J  =360°,  MP  =  0,    and   sin  360°  =  -  =  0. 


87.    The  results  of  the  previous  article  are  concisely  shewn  in 
the  following  diagram : 

sin  go—1 


sin  A  positive 
and  decreasing 


sin  lSo=o 


sin  A  negative 
and  iyicreasing 


sin  A  positive 
and  increasing 


—  stn  o=-o 


sin  A  negative 
and  decreasing 


stn  2JO 


'=-1 


88.  We  leave  as  an  exercise  to  the  student  the  investi- 
gation of  the  changes  in  sign  and  magnitude  of  cos  ^  as  ^ 
increases  from  0°  to  360°.  The  following  diagram  exhibits  these 
changes. 

cos  go  —  o 


cos  A  negative 
and  increasing 


cosj8o—~1 


cos  A  negative 
and  decreasing 


cos  A  positive 
and  decreasifirg 


cos  o-  i 


cos  A  positive 
and  increasing 


cos  2jo=o 
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89.  To  trace  the  changes  in  sign  and  magnitude  of  tan  A  as 
A  increases  from  0°  to  360°. 

MP 

With  the  figure  of  Art.  86,  tan  A  =  ^^ ,  and  its  changes  will 

therefore  depend  on  those  of  JfP  and  OM. 

When  A  =  0°  3fP=  0,  03/=  r;      .  • .  tan  0° = - = 0. 

r 

In  the  first  quadrant, 

MP  is  positive  and  increasing, 
OM  is  positive  and  decreasing  ; 
.'.  tan  J.  is  positive  and  increasing. 

When  .1  -  90°,  MP = r,  OM^  0 ;    . '.  tan  90° = |^  =  oo . 

In  tJie  second  quadrant^ 

MP  is  positive  and  decreasing, 
OM  is  negative  and  increasing ; 
.*.  tan^  is  negative  and  decreasing. 
When  A  =  180°,  MP=0;     .-.  tan  180°  =  0. 
In  the  third  quadrant, 

MP  is  negative  and  increasing, 
OM  is  negative  and  decreasing ; 
.*.  tan  J.  is  positive  and  increasing. 

When  A  =  270°,  0M=  0 ;     . • .  tan  270°  -  oo . 

In  the  fourth  quadrant, 

MP  is  negative  and  decreasing, 

OM  is  positive  and  increasing ; 
.'.  tan  J.  is  negative  and  decreasing. 
When  A  =  360°,  MP=0;     .  • .  tan  360°  =  0. 

Note.  When  the  numerator  of  a  fraction  changes  continually 
from  a  small  positive  to  a  small  negative  quantity  the  fraction 
changes  sign  by  j)assing  through  the  value  0.  When  the  denomi- 
nator changes  continually  from  a  small  positive  to  a  small  negative 
quantity  the  fraction  changes  sign  by  passing  through  the  value  oo . 
For  instance,  as  A  passes  through  the  value  90°,  OM  changes  from  a 

small  positive  to  a  small  negative  quantity,  hence  -^r^,  that  is  cos^, 

changes  sign  by  passing  through  the  value  0,  while  yyjTj-,  that  is 
tan^,  changes  sign  by  passing  through  the  value  oo . 
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90.     The    results   of  Art.    89   are    shewn   in    the   following 
diagram  : 

tan  gd—Qo 


^£ini8o=o 


tan  A  negative 
and  decreasitvg 


tan  A  positive 
and  increasing 


tan  A  positive 
andJAicreasing 


tan  o^=-o 


tan  A  negative 
ayid  decreasing 


tan  2jo°:=.<:;o 

The  student  will  now  "have  no  difficulty  in  tracing  the 
variations  in  sign  and  magnitude  of  the  other  functions. 

91.  In  Arts.  86  and  89  we  have  seen  that  the  variations 
of  the  .trigonometrical  functions  of  the  angle  XOP  depend  on 
the  position  of  P  as  P  moves  roimd  the  circumference  of  the 
circle.  On  this  account  the  trigonometrical  functions  of  an  angle 
are  called  circular  functions.  This  name  is  one  that  we  shall 
use  frequently. 


EXAMPLES.    IX. 

Trace  the  changes  in  sign  and  magnitude  of 

1.  cot  A  J  between  0°  and  360°. 

2.  cosec  6^  between  0  and  tt. 

3.  cos  6,  between  it  and  Stt. 

4.  tan  J,  between  —90°  and  -270°. 

5.  sec  6,  between  -  and  '-z- . 

2  2 

Find  the  value  of 

6.  cos  0°  sin2  270°  -  2  cos  180°  tan  45°. 

7.  3  sin  0°  sec  1 80°  +  2  cosec  90°  -  cos  360°. 

8.  2  sec2  TT  cos  0  +  3  sin^  —-  -  cosec  - . 

2  2 

9.  tan  IT  cos  — -  +  sec  27r  —  cosec  -r- . 

2  2 
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Note  on  the  old  definitions  of  the  Trigonometrical  Functions, 

Formerly,  Mathematicians  considered  the  trigonometrical  functions 
with  reference  to  the  arc  of  a  given  circle,  and  did  not  regard  them 
as  ratios  but  as  the  lengths  of  certain  straight  lines  drawn  in  relation 
to  this  arc. 


Let  OA  and  OB  be  two  radii  of  a  circle  at  right  angles,  and  let  P 
be  any  point  on  the  circumference.  Draw  PM  and  PN  perpendicular 
to  OA  and  OB  respectively,  and  let  the  tangents  at  A  and  B  meet  OP 
produced  in  T  and  t  respectively. 

The  lines  PM,  AT,  OT,  AM  were  named  respectively  the  sine, 
tangent,  secant,  versed-sine  of  the  arc  AP,  and  PN,  Bt,  Ot,  BN, 
which  are  the  sine,  tangent,  secant,  versed-sine  of  the  complementary 
arc  BP,  were  named  respectively  the  cosine,  cotangent,  cosecant, 
coversed-sine  of  the  arc  AP. 

As  thus  defined  each  trigonometrical  function  of  the  arc  is  equal 
to  the  corresponding  function  of  the  angle,  which  it  subtends  at  the 
centre  of  the  circle,  multiplied  by  the  radius.     Thus 

AT 

—-=  tan PO^;  that  is,  ^r=0.4  x  tanPO^; 

OA 

and  —-  =  seG  BOP  =  coseGPOA;  that  i&,  Ot=  OB  xcoseo  POA. 

Oh 

The  values  of  the  functions  of  the  arc  therefore  depended  on  the 
length  of  the  radius  of  the  circle  as  well  as  on  the  angle  subtended 
by  the  arc  at  the  centre  of  the  circle,  so  that  in  Tables  of  the  functions 
it  was  necessary  to  state  the  magnitude  of  the  radius. 

The  names  of  the  trigonometrical  functions  and  the  abbreviations 
for  them  now  in  use  were  introduced  by  different  Mathematicians 
chiefly  towards  the  end  of  the  sixteenth  and  during  the  seventeenth 
century,  but  were  not  generally  employed  until  their  re-introduction 
by  Euler.  The  development  of  the  science  of  Trigonometry  may  be 
considered  to  date  from  the  publication  in  1748  of  Euler's  Introductio 
in  analysin  Infinitorum. 

The  reader  will  find  some  interesting  information  regarding  the 
progress  of  Trigonometry  in  Ball's  Short  History  of  Mathematics. 
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MISCELLANEOUS  EXAMPLES.    C. 

1.  Draw  the  boundary  lines  of  the  angles  whose  tangent  is 

3 
equal  to  -  -j ,  and  find  the  cosine  of  these  angles. 

2.  Shew  that 

cos  A  (2  sec  A  +  tan  A)  (sec  A- 2  tan  A)  =  2  cos  ^  -  3  tan  A. 

3.  Given  C=90°,  6  =  10-5,  c  =  2l,  solve  the  triangle. 

25 

4.  If  secJ.=  -— ,  and  A  lies  between  180°  and  270°,  find 

cot  A. 

5.  The  latitude  of  Bombay  is  19°  N. :  find  its  distance  from 
the  equator,  taking  the  diameter  of  the  earth  to  be  7920  miles. 

6.  From  the  top  of  a  cliff  200  ft.  high,  the  angles  of  de- 
pression of  two  boats  due  east  of  the  observer  are  34°  30'  and 
18°  40':  find  their  distance  apart,  given 

cot  34°  30'  =  1  -455,         cot  18°  40'  =  2-96. 

7.  If  A  Hes  between  180°  and  270°,  and  3  tan  ^=4,  find  the 
value  of  2  cot  A- 5  cos  J.  -fsin  A. 

8.  Find,  correct  to  three  decimal  places,  the  radius  of  a 
circle  in  which  an  arc  15  inches  long  subtends  at  the  centre  an 
angle  of  71°  36' 3-6". 

9.  Shew  that 

tan^^  cot^^    _  1  -  2  sin^  3  cos^  $ 

l+tan2^     1 +  cot^  ~       sin  ^  cos  ^       * 

10.  The  angle  of  elevation  of  the  top  of  a  tower  is  68°  11', 
and  a  flagstaflF  24  ft.  high  on  the  summit  of  the  tower  subtends 
an  angle  of  2°  10'  at  the  observer's  eye.  Find  the  height  of  the 
tower,  given 

tan  70°  21' =  2-8,        cot  68°  11'  = '4. 


H.  K.  E.  T. 


CHAPTER   X. 

CIRCULAR  FUNCTIONS   OF   CERTAIN  ALLIED  ANGLES. 

92.    Circular  Functions  of  180°  -  A. 

Take    any   straight   line  , 

XOX\  and  let  a  radius  vec- 
tor starting  from  OX  revolve 

until  it  has  traced  the  angle     

A,  taking   up   the  position  x' M'  O  MX 

OP. 

Again,  let  the  radius  vector  starting  from  OX  revolve  through 
180°  into  the  position  OX'  and  then  hack  again  through  an 
angle  A  taking  up  the  final  position  OF.  Thus  XOP'  is  the 
angle  180°  -A. 

From  P  and  P'  draw  PM  and  P'M'  perpendicular  to  XX' ; 
then  by  Euc.  i.  26  the  triangles  0PM  and  OP'M'  are  geometrically 
equal. 

By  definition, 

M'F 

sin  (180°-^)  =  -^^; 

but  M'P'  is  equal  to  MP  in  magnitude  and  is  of  the  same  sign ; 

.'.  sm(180  -^)  =  yTp  =  sm  J. 

Again,  cos  (180°- J.)  =  -yp;r; 

and  OM'  is  equal  to  OM  in  magnitude,  but  is  of  opposite  sign ; 

,,n^o      AS     -OM        OM 
.',  cos(180  -^)=-^^p-= --yp=-cos^. 

M'F      MP         MP 

Also      tan  (180° "  ^)  =  -^^  =  raF=  "  Qjr  -  *^^  ^- 
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93.  In  the  last  article,  for  the  sake  of  simplicity  we  have 
supposed  the  angle  A  to  be  less  than  a  right  angle,  but  all  the 
formulse  of  this  chapter  may  be  shewn  to  be  true  for  angles  of 
any  magnitude.  A  general  proof  of  one  case  is  given  in  Art.  102, 
and  the  same  method  may  be  applied  to  all  the  other  cases. 

94.  If  the  angles  are  expressed  in  radian  measure,  the 
formulse  of  Art.  92  become 

sin  {u-6)  =  sin  6, 

cos  (tt  —  ^)  =  —  cos  6j 

tan  (tt  —  ^)  =  —  tan  6. 

ExaTivple  1.     Find  the  sine  and  cosine  of  120°. 

sin  120°  =  sin  ( 180°  -  60°)  =  sin  60°  =  ^ . 
COS  120°= COS  (180°  -  60°)  =  -  cos  60°  =  -  ^ . 


Example  2.     Find  the  cosine  and  cotangent  of  -s- 

D 

cos-g=cosU-^j^-cos-=-^. 


,57r 
cot-g 


=  cot  f  TT-  |J=  -  cot^=  -^3. 


95.  Definition.  When  the  sum  of  two  angles  is  equal  to 
two  right  angles  each  is  said  to  be  the  supplement  of  the  other 
and  the  angles  are  said  to  be  supplementary.  Thus  if  A  is  any 
angle  its  supplement  is  180°  —  ^. 

96.  The  results  of  Art.  92  are  so  important  in  a  later  part  of 
the  subject  that  it  is  desirable  to  emphasize  them.  We  therefore 
repeat  them  in  a  verbal  form : 

the  sines  of  supplementary  angles  are  equal  in  magnitude  and 
are  of  the  same  sign; 

the  cosines  of  supplementary  angles  are  equal  in  magnitiide  hut 
are  of  opposite  sign; 

the  tangents  of  supplementary  angles  are  equal  in  magnitude 
hut  are  of  opposite  sign. 

6—2 
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97.    Circular  Functions  of  180°+ A. 

Take  any  straight  line  A'' OX' 
and  let  a  radius  vector  starting 
from  OX  revolve  until  it  has 
traced  the  angle  A,  taking  up 
the  position  OP.  X' 

Again,  let  the  radius  vec- 
tor starting  from  OX  revolve 
through  180°  into  the  position 
OX',  and  then  further  through  an  angle  A,  taking  up  the  final 
position  OP'.     Thus  XOF  is  the  angle  180°  +  ^. 

From  P  and  P'  draw  Pifand  P'M'  perpendicular  to  XX'; 
then  OP  and  OP'  are  in  the  same  straight  line,  and  by  Euc.  i.  26 
the  triangles  OPIf  and  OP'M'  are  geometrically  equal. 


By  definition. 


M'P' 

sin  (180°+^)=-^^ 


and  M'P'  is  equal  to  MP  in  magnitude  but  is  of  oj)posite  sign ; 


Again, 


-MP 

.'.  sin  (180°+^)  =  -^ 

cos  (180°  +  ^): 


MP 
OP 


=  —sin  J. 


OM' 
OP' 


and  OM'  is  equal  to  OM  in  magnitude  but  is  of  opposite  sign ; 
.-.  cos(180°+^)  = 


-  03f_     0M_  , 


Also       tan  (180°+^): 


M'P' 


MP     MP 


=  -?r^^  =  \sxi  A. 


OM'      -  OM     OM 

Expressed  in  radian  measure,  the  above  formulae  are  written 

sin(7r  +  ^)= -sin  ^,       cos(7r+^)= -cos^,       tan  (7r  +  ^)=tan  ^^ 

In  these  results  we  may  draw  especial  attention  to  the  fact 
that  an  angle  may  be  increased  or  diminished  by  two  right 
angles  as  often  as  we  please  without  altering  the  value  of  the 
tangent. 


Example.     Find  the  value  of  cot  210°. 

cot  210°  =  cot  (180°  +  30°)  =  cot  30°  =  ^3. 


A 


M  X 
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98.    Circular  Functions  of  90°  + A. 

Take  any  straight  line  XOX\  ,    Y 

and  let  a  radius  vector  starting 
from  OX  revolve  until  it  has 
traced  the  angle  A^  taking  up 
the  position  OP, 

Again,    let  the    radius   vec-  \\-P°° 

tor  starting  from  OX  revolve  \      ^\-7 

through  90°  into  the  position    I       M^^-^^v 

07,  and  then  further  through  X'  MO 

an  angle  A^  taking  up  the  final 

position  OF.     Thus  XOF'  is  the  angle  90°  +  A. 

From  P  and  P'  draw  PM  and  FM'  perpendicular  to  XX' ; 
then  L  M'FO=  l  F0Y=A  =  z  P03L 

By  Euc.  I.  26,  the  triangles  0PM  and  OFM'  are  geometrically 
equal;  hence 

MF'  is  equal  to  OM  in  magnitude  and  is  of  the  same  sign, 

and  OM'  is  equal  to  MP  in  magnitude  but  is  of  opposite  sign. 

By  definition, 

sm(90  +.4)  =  -^^=  _=cos.l; 


cos  (90°  +  ^)  = 
tan  (90° +  -.!)  = 


OM'      -MP 


OF 
M'F 


OP 

OM 


MP 
OP 


—  —  sin  A  ; 


OM'~-MP~     MP~     ^^''^^• 


sin    - 


Expressed  in  radian  measure  the  above  formulas  become 
/^|+(9^=cos^,     cos(^|+^^=  -sin^,     tan  ^|  +  ^j= -cot(9. 


Example  1.     Find  the  value  of  sin  120°. 

sin  120°  =  sin  (90°  +  30°)  =  cos  30° = ^ . 
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Example  2,     Find  the  values  of  tan  (270°  +  A)  and  cos  (  -—  +  ^  j . 


tan  (270°  +  J)  =  tan  (180° +  90°  +  ^)  =  tan  (90° +  .4)=  -cot^; 
cos  (  -|^  +  ^  )  =  cos  (  TT  +  ~  +  ^  j  =  -  cos  d  +  ^  j  =  sin  (9. 


99.    Circular  Functions  of  -A. 

Take  any  straight  line  OX  and 
let  a  radius  vector  starting  from  OX 
revolve  until  it  has  traced  the  angle 
A  J  taking  up  the  position  OP, 

Again,  let  the  radius  vector  start- 
ing from  OX  revolve  in  the  opposite 
direction  until  it  has  traced  the 
angle  J,  taking  up  the  position  OP'. 
Join  PP' ;  then  MP'  is  equal  to  MP 
in  magnitude,  and  the  angles  at  M 
are  right  angles.     [Euc.  i.  4.] 

By  definition, 

MP      -MP 

sm(-J.)  =  ^p-  =  ^^^^=-sm^; 

,      ,,     OM     OM 
cos{-A)  =  -^,  =  ^  =  cosA; 

^      .     ,,    MP'      -MP        ^       , 

It  is  especially  worthy  of  notice  that  ice  may  change  the  sign 
of  an  angle  ivithout  altering  the  value  of  its  cosine. 

Example.    Find  the  values  of 

cosec  (  -  210°)  and  cos  {A  -  270°). 
cosee  (  -  210°)  =  -  cosec  210°  =  -  cosec  ( 180°  +  30°)  =  cosec  30° = 2. 


cos  (4  -  270°)  =  cos  (270°  ~A)  =  cos  (180°  +  90°  -  A) 
=  - cos  (90° -4)= -sin  4. 
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100.  If /(^)  denotes  a  function  of  A  which  is  unaltered  in 
magnitude  and  sign  when  —A  is  written  for  A,  then /(J.)  is  said 
to  be  an  even  function  of  ^.     In  this  case/(  -  A)=f{A). 

If  when  —A  is  written  for  A,  the  sign  oi  f{A)  is  changed 
while  the  magnitude  remains  unaltered,  f{A)  is  said  to  be  an 
odd  function  of  ^,  and  in  this  case/(  -  J.)=  -f{A). 

From  the  last  article  it  will  be  seen  that 

cos  J.  a7id  sec  J.  are  even  functions  of  A^ 
sin  ^,  cosecJ.,  tan^,  q,o\j  A  are  odd  functions  of  A . 


EXAMPLES.    X.a. 

Find  the  numerical  value  of 

1.     cos  135°.  2.    sin  150°.  3.  tan  240°. 

4.     cosec225°.  5.    sin  (-120°).  6.  cot  (-135°). 

7.     cot  315°.  8.    cos  (-240°).  9.  sec  (-300°). 

10.     tan  — -  .  11.    sin  — -  .  12.    sec  —  . 

4  3  3 

13.     cosec  (  -  ^ )  •    14.    cos  (  -  ~T )  •        15.    cot  (  -  ^ 

Express  as  functions  of  A  : 
16.    cos  (270°  +  .!).         17.    cot  (270°-.!).         18.    sin  (^-90°). 
19.     sec  (^-180°).         20.    sin  (270°-^).         21.    cot  (^-90°). 

Express  as  functions  of  6 : 
22.    sin('^-|V  23.    tan(^-7r).  24.    iieof~-S\. 

Express  in  the  simplest  form : 

25.  tan (180°  +  ^ ) sin  (90°  +  ^) sec  (90° -A). 

26.  cos  (90° + ^)  +  sin (180°-^) -sin  (180°  +  ^)- sin  (-^). 

27.  sec  (180°+^) sec  (180° -^)  +  cot  (90°  +  ^)  tan  (180°  +  ^). 
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101.  In  Art.  38  we  have  established  the  relations  which 
subsist  between  the  trigonometrical  ratios  of  90°  —  A  and  those 
of  A,  when  A  is  an  acute  angle.  We  shall  now  give  a  general 
proof  which  is  applicable  whatever  be  the  magnitude  of  J.. 

102.  Circular  Functions  of  90°  -  A  for  any  value  of  A. 


X'M 


X        X' 


Let  a  radius  vector  starting  from  OX  revolve  until  it  has 
traced  the  angle  A,  taking  up  the  position  OP  in  each  of  the  two 
figures. 

Again,  let  the  radius  vector  starting  from  OX  revolve  through 
90°  into  the  position  03^ and  then  back  again  through  an  angled, 
taking  up  the  final  position  OF'  in  each  of  the  two  figures. 

Draw  PM  and  P'3I'  perpendicular  to  XX';  then  whatever 
be  the  value  of  A,  it  will  be  found  that  iOFM'=  i  POM, 
so  that  the  triangles  OMP  and  OM'P'  are  geometrically  equal, 
having  MP  equal  to  OM',  and  OM  equal  to  M'P',  in  magnitude. 

When  P  is  above  XX',  F  is  to  the  right  of  YT, 
and  when  P  is  below  XX',  P'  is  to  the  left  of  YT. 

When  P'  is  above  XX',  P  is  to  the  right  of  YY', 
and  when  P'  is  below  XX',  P  is  to  the  left  of  YT. 

Hence  MP  is  equal  to  OM'  in  magnitude  and  is  always  of 
the  same  sign  as  OM' ; 

and  M'P'  is  equal  to  OM  in  magnitude  and  is  always  of  the 
same  sign  as  OM. 
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By  definition, 

sin  (90  -A)=-^=-^=cosA\ 

,_      ,.      OM'      MP       .      , 
cos  (90  -  A)  =  -^  =  -^  =  ^m  A', 

M'P'     OM 

tan(90°-^)=^  =  ^=cot.4. 

A  general  method  similar  to  the  above  may  be  applied  to  all 
the  other  cases  of  this  chapter. 

103.  Circular  Functions  of  n .  360°  +  A. 

If  n  is  any  integer,  n .  360°  represents  71  complete  revolutions 
of  the  radiiLS  vector,  and  therefore  the  boundary  line  of  the  angle 
n .  360"  +  4  is  coincident  with  that  of  A.  The  value  of  each  func- 
tion of  the  angle  n .  360°  +  A  is  thus  the  same  as  the  value  of  the 
corresponding  function  of  A  both  in  magnitude  and  in  sign. 

104.  Since  the  functions  of  all  coterminal  angles  are  equal, 
there  is  a  recurrence  of  the  values  of  the  functions  each  time  the 
boundary  line  completes  its  revolution  and  comes  round  into  its 
original  position.  This  is  otherwise  expressed  by  saying  that  the 
circular  functions  are  periodic^  and  360°  is  said  to  be  the  amplitude 
of  the  period. 

In  radian  measure,  the  amplitude  of  the  period  is  Stt. 

Note.  In  the  case  of  the  tangent  and  cotangent  the  amplitude  of 
the  period  is  half  that  of  the  other  circular  functions,  being  180°  or 
TT  radians.     [Art.  97.] 

105.  Circular  Functions  of  n .  360°  -  A. 

If  n  is  any  integer,  the  boundary  line  of  n .  360°  —  ^  is  co- 
incident with  that  of  -A.  The  value  of  each  function  of 
n .  360°  —  ^  is  thus  the  same  as  the  value  of  the  corresponding 
function  of  -  A  both  in  magnitude  and  in  sign  ;  hence 

sin  (;i .  360°  -  ^)  =  sin  (  -  ^)  =  -  sin  ^  ; 
cos  {n .  360°  -  A)  =  cos  {-A)  =  cos  A; 
tan  {n .  360°  -  ^) =tan  ( -  ^)  =  -  tan  A. 


90  ELEMENTARY   TRIGONOMETRY.  [CHAP. 

106.  We  can  always  express  the  functions  of  any  angle  in 
terms  of  the  functions  of  some  positive  acute  angle.  In  the 
arrangement  of  the  work  it  is  advisable  to  follow  a  uniform 
plan. 

(1)  If  the  angle  is  negative,  use  the  relations  connecting  the 
functions  of  —  ^  and  Jl.     [Art.  99.] 

Thus  sin(-30°)=-sin30°=-^; 

cos  (-845°)  =  cos  845°. 

(2)  If  the  angle  is  greater  than  360°,  by  taking  off  multiples 
of  360°  the  angle  may  be  replaced  by  a  coterminal  angle  less  than 
360°.     [Art.  103.] 

Thus         tan  735°  =  tan  (2x360° +  15°)  =  tan  15°. 

(3)  If  the  angle  is  still  greater  than  180°,  use  the  relations 
connecting  the  functions  of  180°  + J.  and  A.     [Art.  97.] 

Thus  cot  585°  =  cot  (360°  +  225°)  =  cot  225° 

=  cot(180°  +  45°)=cot45°  =  l. 

(4)  If  the  angle  is  still  greater  than  90°,  use  the  relations 
connecting  the  functions  of  180°  — udL  and  A.     [Art.  92.] 

Thus         cos675°  =  cos(360°  +  315°)  =  cos315° 

=  cos  (180°  + 135°)  =  -  cos  135° 

= -cos  (180° -45°)= cos  45°  =  45- 

Example.  Express  sin  ( -  1190°),  tan  1000°,  cos  ( -  3860°)  as  func- 
tions of  positive  acute  angles. 

sin  (-1190°)=  -sin  1190°=  -sin (3x360°+ 110°)=  -sin  110° 
=  -  sin  (180°  -  70°)  =  -  sin  70°. 
tan  1000°= tan  (2  x  360°  +  280°)  =  tan  280° 
=  tan  (180°  + 100°)  =  tan  100° 
=  tan  (180°  -  80°)  =  -  tan  80°. 

cos  (  -  3860°)  =  cos  3860°  =  cos  (10  x  360°  +  260°)  =  cos  260° 
=  cos  (180°  +  80°)  =  -  cos  80°. 
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107.  From  the  investigations  of  this  chapter  we  see  that  the 
number  of  angles  which  have  the  same  circular  function  is 
unhmited.  Thus  if  tan^  =  l,  6  may  be  any  one  of  the  angles 
coterminal  with  45°  or  225°. 

/3 
Example.     Draw  the  boundary  lines  of  A  when  sin^  =  ^  ,  and 

write  down  all  the  angles  numerically  less  than  360°  which  satisfy 
the  equation. 

V3 


Since  sin  60° : 


,  if  we  draw  OP  making  z  TOP  =  60°,  then  OP 


is  one  position  of  the  boundary  line. 

Again,  sin  60°= sin  (180°  -  60°)  =  sin  120°, 
so  that  another  position  of  the  boundary 
line  will  be  found  by  making  ZOP'  =  120°. 

There  will  be  no  position  of  the  boundary 
line  in  the  third  or  fourth"  quadrant,  since 
in  these  quadrants  the  sine  is  negative. 

Thus  in  one  complete  revolution  OP  and 
OP'  are  the  only  two  positions  of  the  bound- 
ary line  of  the  angle  A. 

Hence  the  positive  angles  are  60°  and  120°; 

and  the  negative  angles  are  -  (360°  - 120°)  and 
is,  -  240°  and  -  300°. 


(360° -60°);   that 


EXAMPLES.    X.  b. 


Find  the  numerical  value  of 


1. 

4. 

7. 
10. 
13. 

16. 
19. 


cos  480°. 
sin  (-870°). 
cosec  ( —  660°). 
cos  4005°. 
sec  2745°. 

IStt 

4    • 

IGtt 
3    ' 


sm 


cot 


2. 

5. 

8. 
11. 
14. 

17. 
20. 


sin  960°. 
sec  900°. 
cot  840°. 
cot  990°. 
cos  2400°. 
2^ 
4    * 


cot 


sec 


3.  cos  ( -  780°). 

6.  tan  ( -  855°). 

9.  cosec  ( -  765°). 

12.  sin  3015°. 

15.  sec  ( -  5895°). 

18.  sec  -r- . 


+1 
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Find  all  the  angles  numerically  less  than  360°  which  satisfy 
the  equations  : 

21.     cos^=^.  22.     sin^=-|. 

2  2 

23.     tan(9=-v/3.  24.     cot^=-l. 

If  A  is  less  than  90°,  prove  geometrically 

25.  sec  (^  -  1 80°)  =  -  sec  ^. 

26.  tan  (270°+^)=- cot  ^. 

27.  cos  (.4 -90°)  =  sin  .1. 

28.  Prove  that 

tan  A  +  tan  (180°  -  A)  +  cot  (90°+.l)  =  tan  (360°  -  A). 

29.  Shew  that 

sin  (180°-^)     cot  (90° -J)    cos  (360° -^)_  .      . 
tan  (180°  +  ^)  •  tan  (90° +.4)  *    "sin  ( -  A)     ~^^"    " 

Express  in  the  simplest  form 

sin(-^)         tan  (90°+^)  cos^ 


sin  (180°  +  ^)  cotyl  sin(90°  +  yl)' 

cosec(180°-.l)       cos  (-.4) 
sec  (180°+^)    •  cos(90°  +  JL)' 

cos  (90°+^)  sec  (-.4)  tan  (180° -vl) 
sec  (360°  +  .4)  sin  (1 80°  +  xt )  cot  (90°  -A)' 

33.  Prove  that  sin  C|  +  (^^  cos  (tt  -  ^)  cot  ('^  +  ^^ 

=  sin(|-^)sin(^-^)cotg  +  , 

IItt 

34.  AVheu  a=— r— ,  find  the  numerical  value  of 

4 

sin^  a  —  cos^  a  +  2  tan  a  —  sec^  a. 


CHAPTER  XI. 

FUNCTIONS   OF    COMPOUND   ANGLES. 

108.  When  an  angle  is  made  up  bj  the  algebraical  sum  of 
two  or  more  angles  it  is  called  a  compound  angle ;  thus  A  +  B, 
A  —  B,  and  A  +  B  —  C  are  compound  angles. 

109.  Hitherto  we  have  only  discussed  the  properties  of  the 
functions  of  single  angles,  such  as  A,  B,  a,  6.  In  the  present 
chapter  we  shall  prove  some  fundamental  properties  relating  to 
the  functions  of  compound  angles.  We  shall  begin  by  finding 
expressions  for  the  sine,  cosine,  and  tangent  of  ^1+^  and  A  —  B 
in  terms  of  the  functions  of  A  and  B. 

It  may  be  useful  to  caution  the  student  against  the  prevalent 
mistake  of  supposing  that  a  function  of  ^4  +^  is  eqvial  to  the  sum 
of  the  corresponding  functions  of  A  and  B,  and  a  function  of 
^  -  ^  to  the  difference  of  the  corresponding  functions. 

Thus  sin  (A  -\-B)  is  not  equal  to  sin  A  +sin  B^ 
and  cos  {A  -  B)  is  not  equal  to  cos  A  —  cos  B. 

A  numerical  instance  will  illustrate  this. 

Thus  if  ^  =  60°,  B  =  30°,  then  A+B= 90°, 
so  that  cos  {A+B)  =  cos  90°  =  0  ; 

but  cos^+cosi?=cos60°  +  cos30°  =  i-f  ^. 

Hence  cos  {A  +  B)  is  not  equal  to  cos  A  +  cos  B. 

In  like  manner,  sin  (J  ■\-A)  is  not  equal  to  sin  ^  +sin  A  ; 
that  is,  sin  2^  is  not  equal  to  2  sin  A. 

Similarly  tan  ZA  is  not  equal  to  3  tan  ^. 
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110.     To  prove  theformulce 

sin  {A+B)= sin  A  cos  B + cos  A  sin  B^ 
cos  {A-^B)  =  cos  A  cos  ^  -  sin  A  sin  5. 

Let     zZOif=  J,  and  lMON=B;  then  lLON=A-\-B. 


In  OiV,  ^Ae  boundary  line  of  the  compound  angle  A+B,  take  any 
point  P,  and  draw  FQ  and  Pi?  perpendicular  to  OL  and  OJf 
respectively;  also  draw  P>S'  and  i? 7^ perpendicular  to  OL  and  PQ 
respectively. 

By  definition, 

RS+PT  ^RS     PT 
OP      ~OP'^OP 

_BS    OR     PT   PR 
~ OR'  OP'^  PR'  OP 

=  sin  A  .  cos  B  +  cos  jTPP  .  sin  B. 
But        z  TPR=90°-  L  TRP=  l  TR0=  l  R0S=A  ; 
.'.  sin  (^4 +5)= sin  ^  cos  ^  + cos  ^  sin  ^. 

OS      TR 


Also        cos  {A+B)  =  y-yp  = 


OP         OP 
OS    OR     TR    PR 


OP 


OR  'OP     PR'  OP 

=  cos  A  .  cos  B  —  sin  TPR  .  sin  B 
=  cos  A  cos  B  —  sin  A  sin  B. 
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111.     To  prove  the  form/uXcB 

sin  {A  —  B)= sin  A  cos  B  —  cos  A  sin  B, 
cos  {A—B)  =  cos  A  cos  B  +  sin  J.  sin  B. 

Let    z  Z(9i/=  ^ ,  and  z  if OiY  =  ^  ;  then  z  ZOi\^=  ^  -  5. 


95. 


In  OJV,  the  boundary  line  of  the  compound  angle  A—B,  take  any 
j)oint  F,  and  draw  P§  and  PR  perpendicular  to  OL  and  OM 
respectively;  also  draw  RS  and  ET  perpendicular  to  OL  and  QP 
respectively. 


By  definition, 


...      J..     PQ     RS-PT     RS 


OP 


OP 


PT 
OP 


_RS^    OR_PT   PR 
"OR 'OP     PR 'OP 

= sin  A  .  cos  B  -  cos  TPR .  sin  B. 

But  z  TPR  =  90°-  L  TRP=  z  MRT=  z  MOL=A  ; 
.'.  sin(^ -.5)=sin  J.  cosJ5— cos  J.  sin5. 

, ,     ^,     OQ     OS+RT     OS     RT 
Also      cos(^-^)=^= — oF^^OP^OP 

_qS    OR     RT  RP 
~  OR'  OP^ RP'  OP 

=  cos  A  .  cos  B  +  sin  TPR .  sin  B 

= cos  A  cos  .5  -f  sin  J^  sin  5. 
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112.  The  expaiisions  of  sin  (^+5)  and  cos  (^+5)  are  fre- 
quently called  the  "Addition  Formulje."  We  shall  sometimes 
refer  to  them  as  the  "J.  +  ^"  and  ".4  -^"  formulae. 

113.  In  the  foregoing  geometrical  proofs  we  have  supposed 
that  the  angles  A,  B,  A+B  are  all  less  than  a  right  angle,  and 
that  J.  —  ^  is  positive.  If  the  angles  are  not  so  restricted  some 
modification  of  the  figures  will  be  required.  It  is  however 
unnecessary  to  consider  these  cases  in  detail,  as  in  Chap.  XXII. 
we  shall  shew  by  the  Method  of  Projections  that  the  Addition 
Formulae  hold  universally.  In  the  meantime  the  student  may 
assume  that  they  are  always  true. 


Example 

1. 

Find  the  value  of  cos  75°. 

cos 

75° 

=  cos  (45° +  30°)  =  cos 

45°  cos  30°- 

-sin  45°  sin  30° 

1      V3       1 
V2'   2       V2" 

1     V3-1 
2~   2^2    ■ 

Exa 

uiple 

2. 

4                         5 
If  sin  A  =-  and  sin  J5  =  -^  ,  find  sin  {A  - 

-B). 

sin  (A-B)  —  sin  A  co 

s  J5~cos^  s 

in  5. 

3 

~5' 

V-i- 

But 

cos  A  =  /y/l  -  sin^^ : 

and  cosB=^l-sm^B  =  ^  1-—=  —  ; 

.    ,,     „,     4    12     3     5      33 

3  12 

Note.     Strictly  speaking  cos^=±^  and  cosJ5  =  ±— ,  so  that 

o  lo 

sin  {A  -  B)  has  four  values.    We  shall  however  suppose  that  in  similar 

cases  only  the  positive  value  of  the  square  root  is  taken. 

114.     To  prove  that  sin  {A  +B)  sin  {A  -  B)  =  sin^  A  -  sin^  B. 
The  first  side 

=  (sin  A  cos  B  +  cos  A  sin  B)  (sin  A  cos  B  -  cos  A  sin  B) 

=  sin^  A  cos^  B  —  cos-  A  sin^  B 

=  sinM  (l-sin2^)-(l-sin2^)sin2^ 

=sdn2^  -  sin^i?. 
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EXAMPLES.    XL  a. 

[The  examples  printed  in  more  prominent  type  are  important^  and 
should  be  regarded  as  standard  forrmdce.j 

Prove  that 
L     sin(^+45°)  =  -^(sin^l+cos^). 

2.  cos(^  +  45°)=-T-(cos^-sm^4). 

3.  2siu(30°-^)  =  cos.l-V3sin.4. 

4  3 

4.  If  cos  ^  =- ,  cos  ^ = - ,  find  sin  {A  +  B)  and  cos  {A  -  B). 

o  o 

3  12 

5.  If  sin  -4 =-,  cos  5=  — )  find  cos  {A  +B)  and  sin  (A  -  B). 

O  xO 

17  5 

6.  If  sec^4=-^,  cosec^  =  -r»  find  sec  (.4+5). 

8  4'  •  ' 

Prove  that 

7.  sin  75°  =  cos  15°=^^. 

8.  sin  15°  =  cos  75° ='^^. 

sin(a+^)     .  ,  .       a 

9.     ^ ^,=tana+tanR 

cos  a  cos  /S 

,.      sin(a  — S)        ,  o        i. 

10.  .    ^    .  ^X  =  cotB-cota. 
smasinjS 

11.  55iO:^]=cot^+taria. 
COS  a  sm  p 

12.  cos  (A + B)  cos  ( A  -  B)  =  cos^  A  -  sin^  B. 

13.  sin  (A + B)  sin  ( A  -  B) = cos^  B  -  cos2  A. 

14.  COS  (45°-^)- sin  (45°+^) =0. 

15.  cos(45°  +  ^)  +  sin(^-45°)  =  0. 

16.  cos  {A-B)-  sin  {A+B)  =  (cos  ^  -  sin  ^ )  (cos  B  -  sin  B). 

17.  cos  {A+B)-\-  sin  {A-B)=^  (cos  ^  +  sin  ^ )  (cos  B  -  sin  B). 

H.  K.  E.  T.  7 
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Prove  the  following  identities :  _ 

18.  2sin(^+45°)sin(^-45°)  =  sinM-cosM. 

19.  2  cos  (7  +  ")  <^^^  (j  — «)=cos2a  — sin^  a. 

20.  2sin(^|+ajcosr^  +  ^j  =  cos(a+/3)  +  sin(a-i3). 

21.  s^QO-y)  I  sin(y-a)  ^  sin(a-3)^^ 
cos/3  cos-y     cos  y  COS  a     cos  a  cos/3 

115.     2^0  expand  tan  (^  +  ^)  m  ^erm^  of  tan  ^  anc?  tan  B. 

,       ,  .      „,  _sin(J.+^)_sin^  cos  5  +  cos  J.  sin  5 
cos  {A  +B)     cos  A  cos  B  -  sin  J.  sin  B ' 

To  express  this  fraction  in  terms  of  tangents,  divide  each  term 
of  numerator  and  denominator  by  cos  A  cos  B ; 

sin -4  .  sin  5 


tan(^+J5)  =  . 


cos  A     cos  B 


1- 


sin  A     sin  B  ' 


tan(^+^)  = 


cos  A  *  cos  B 
tan  ^  +  tan  B 


that  is,  .,«,x.,--  1 --/  — ^    ,        J.      „. 

'  ^  '     1— tan^tan^ 

A  geometrical  proof  of  this  result  is  given  in  Chap.  XXII. 

Similarly,  we  may  prove  that 

,      ,  .      „.      tan  A  —  tan  B 

tan  (A—B)  =  - — ^— ^ . 

^  ^     l+tan^tan5 

Example.    Find  the  value  of  tan  75°. 

tan  45°  + tan  30° 


tan  75°= tan  (45° +  30°)  = 


1- tan  45°  tan  30° 


1  + 


-73 


v/3^^3  +  1 
v/3-1 


(V3  +  1)(V3  +  1)_4  +  2V3 
3-1  2 

=  2  +  ^3. 
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116.  To  expand  cot  {A  -\-B)  in  terms  of  cot  A  and  cot  B. 

,,,,„,     cos(^+^)      cos  J.  cos  j5  —  sin  J.  sin  5 

cot  (A-{-B)=  -. — )-. ~  =  — — -. fz .— . — 5^ . 

sin(J.+^)      sin  J.cos^  +  cos^  sm5 

To  express  this  fraction  in  terms  of  cotangents,  divide  each 
term  of  numerator  and  denominator  by  sin  A  sin  B ; 

cos  A  cos  B 

,  ,  ,      „,     sin  A  sin  B  cot  A  cot  ^  —  1 

.-.    cot(J.+^)=  „  ■     = -r^ 1— r  . 

^  cos^     cos  J.         cot  ^  + cot  ^ 

sin  B     sin  A 

Similarly,  we  may  prove  that 

i(i-B')  _^Q^-^'^Q^-^  +  l 
'      cot  ^  — cot  ^ 

117.  To  find  the  expansion  of  sin  {A  +^+  C)- 
ii\n{A-\-B+C)  =  iim{{A-\-B)-\-C] 

=sin  {A  +B)  cos  C'+cos  {A  +B)  sin  C 

=  (sin  A  cos  B  -\-  cos  A  sin  B)  cos  C 

+  (cos  A  cos  B  —  sin  A  sin  B)  sin  O 

=  sin  A  cos  B  cos  6'+ cos  A  sin  B  cos  (7 

+  cos  A  cos  ^  sin  C  —  sin  ^1  sin  B  sin  (7. 

118.  :7b  find  the  expansion  of  tan  {A+B-\-  C). 

tan  J.  +  tan  ^      ,       ^ 
:+tan  C 


1  —  tan  A  tan  .^ 

tan  J.  +  tan  ^  ^ 

1  —  tan  J.  tan  B ' 

_  tan  A  +  tan  5  +  tan  O—  tan  ^  tan  B  tan  (7 
1  -  tan  A  tan  ^  —  tan  B  tan  C'— tan  (^'  tan  A  ' 

Cor.     If^+^+(7=180°,  thentan(^-f5+(7)  =  0;  hence  the 
numerator  of  the  above  expression  must  be  zero. 

.'.  tan  A  +  tan  54-tan  (7=  tan  A  tan  B  tan  C. 

7—2 
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EXAMPLES.    XI.  b. 

[The  examples  printed  in  more  prominent  type  are  important^  and 
should  he  regarded  as  standard formulceJl 

1.  Find  tan  {A  +  B)  when  tan  -4  =  ^ ,  tan  B=-. 

2.  If  tan  ^  =  I ,  and  5 = 45°,  find  tan  {A  -  B). 

3.  If  cot  ^=^,  cot  5  =  ^,  find  cot  (^+^)  and  tan  (.4 -5). 

7  o 

4.  If  cot  J[ =^ ,  tan  B=^ ,  find  cot  {A  -  B)  and  tan  {A  +B). 

5.  tan(45"+A)  =  Ltt^. 

J"^     ^      cot^  +  I  -J  4- /tt  ,  .\      cot^-1 

7.     «ot(4-^)  =  c-ot^^-  ^-     ^^Hi+^j^cotT+I- 

9.    tanl5°=2-V3.  10.    cotl5°=2+x/3. 

11.  Find  the  expansions  of 

cos  (^ +^+C^  and  sin  (^ -5+ 0). 

12.  Express  tan  (J.  -  ^  —  (7)  in  terms  of  tan  A^  tan  B^  tan  C. 

13.  Express  cot  (^  +5+ C)  in  terms  of  cot  J,  cot  ^,  cot  G. 

119.  Beginners  not  unfrequently  find  a  difficulty  in  tlie  con- 
verse use  of  the  A-\-B  and  A  —  B  formulae ;  that  is,  they  fail  to 
recognise  when  an  expression  is  merely  an  expansion  belonging  to 
one  of  the  standard  forms. 

Example  1.     Simplify  cos  (a  -  /3)  cos  (a  +  /3)  -  sin  (a  -  /3)  sin  (o  +  /S). 

This  expression  is  the  expansion  of  the  cosine  of  the  compound 
angle  (a  +  /3)  +  (a-/3),  and  is  therefore  equal  to  cos  {(a  +  jS)  +  (a-/3}} ; 
that  is,  to  cos  2a. 

-n,  7    n      CI-       XT.  i   tan^  +  tan24 

Example  2.     Shew  that  :j — ^t j-r- — jr^=tan3u4. 

J.  —  tan  ^  ran  ^^ 

By  Art.  115,  the  first  side  is  the  expansion  of  tan  (^  +2.4),  and  is 
therefore  equal  to  tan  3x1. 
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Example  3.     Prove  that  cot  2 A  +  tan  A  =GOsec  2A. 

_,,     ^    ^    .  -,        cos  2A      sin  A      cos  2A  cos  A  +  sin  2A  sin  A 

The  first  side  =    .    ^  .  + = r-^. -. 

sm  2^      cos^  sin2J.cos-4 

__cos  (2.4 -^)  _       cos^ 

~  sin  2^  cos -4  ~  sin  2^  cos  ^ 

1 


sin  2^ 


=  cosec2^. 


Example  4.     Prove  that 

cos  4:9  cos  9  +  sin  49  sin  6  =  cos  2^  cos  9  -  sin  2^  sin  9. 

The  first  side  =  cos  (4^  -9)=  cos  30 = cos  {29  +  9) 
=  cos  29  cos  0  -  sin  29  sin  0. 

EXAMPLES.    XL  c. 

Prove  the  following  identities  : 
L     cos  (^ + 5)  cos  ^+ sin  (J. +  5)  sin  5=008:4. 

2.  sin  3 A  cos  A  —  cos  3 A  sin  4  =  sin  2 A. 

3.  cos  2a  cos  a  +  sin  2a  sin  a  =  cos  a. 

4.  cos(30°  +  .4)GOs(30°-4)-sin(30°  +  4)sin(30°-4)=^. 

5.  sin(60°-yl)cos(30°+.4)  +  cos(60^-4)sin(30°  +  4)  =  l. 

cos  2a       sin  2a 

6. =cos3a. 

sec  a      cosec  a 

tan(a-^)  +  tan^ 
I  •      '^ ; ;; T^n 7^  =  ZBjU  a. 

1  —  tan  (a  —  /3)  tan  /3 

8.     «ot(a+fflcota+l     ^^      _ 
cot  a  — C0t(a  +  /3) 

Q  tan  4 J.  —  tan  3 J.  _  , 

1+ tan  44  tan  3  J. 

10.  cot  ^- cot  2^= cosec  2^. 

11.  1  +  tan  2^  tan  ^  =  sec  2^. 

12.  1 4- cot  2^  cot  ^= cosec  2^  cot  ^. 

13.  sin  26  cos  B + cos  2B  sin  S = sin  4^  cos  6  -  cos  4^  sin  6. 

14.  cos  4a  cos  a  —  sin  4a  sin  a  =  cos  3a  cos  2a  -  sin  3a  sin  2a. 
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Functions  of  Multiple  Angles. 

120.  To  express  sin  2^  in  terms  of  sin  A  and  cos  A . 
sin  2A  =  sin  {A+A)  =  sin  A  cos  A  +  cos  A  sin  A ; 

that  is,  sin  2 A  =2  sin  vl  cos  J.. 

Since  A  may  have  any  value,  this  is  a  perfectly  general  formula 
for  the  sine  of  an  angle  in  terms  of  the  sine  and  cosine  of  the  half 
angle.     Thus  if  2A  be  replaced  by  6,  we  have 

sm  6  =  2  sm  -  cos  - . 
2        2 

Similarly,     sin  4A  =  2  sin  2 A  cos  2 A 

=  4  sin  ^  cos  A  cos  2^. 

121.  To  express  cos  2  J.  z?i  terms  of  cos  ^  awo?  sin  ^. 
cos  2^ =cos  {A  +  J.)  =  cos  A  cos  ^1 —sin  A  sin  A  : 

that  is,  cos2^=cos2  J.  — sin^  J. (1). 

There  are  two  other  useful  forms  in  which  cos  2^1  may  be 
expressed,  one  involving  cos  A  only,  the  other  sin  A  only. 

Thus  from  (1), 

cos  2A  =  cos2  A-{1  -  cos^  A) ; 

that  is,  cos  2 J.  =  2  cos- ^  -  1     (2). 

Again,  from  (1), 

cos  2^  =  (1  -  sin^  ^4)  -  sin^  J  ; 

that  is,  cos  2  J.  =  1  -  2  sin2  J    (3). 

From  formulae  (2)  and  (3),  we  obtain  by  transposition 

l  +  cos2^  =  2cos2^  (4)^ 

and  l-cos2J=2sin2.4  (5). 

By  division,  =— --.=tan2^    (6). 

•^  '  l  +  cos2^ 

Example.    Express  cos  4a  in  terms  of  sin  a. 

From  (3),  cos  4a=  1  -  2  sin22a=  1  -  2  (4  sin^a  cos^a) 
=  1-8  sin^a  (1  -  sin^a) 
=  l-8sin2a  +  8sin4a. 
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122.  The  six  formulae  of  the  last  article  deserve  special 
attention.  They  are  universally  true  so  long  as  one  of  the 
angles  involved  is  double  of  the  other.     For  instance, 

cos  a  =  cos-^  -  —  sm^  - , 
cosa=2  cos^-- 1,  cosa=l -2sin2-, 

A  A 

l+cos^  =  2  cos^-,  l-cos^  =  2sin2-. 

A  2i 

6 
Example.     If  cos  6  =  "28,  find  the  value  of  tan  — . 

^g_l-cosg_l--28_  -72  _  72  _  9  ^ 
^^"2  ~  1  +  coT^  ~  1  +  •28  ~  r28  ~  128  ~  16  ' 

.-.  tan-=±-. 


123.  To  express  tan  2  J.  in  terms  0/ tan  A. 

r.  A     1      ,  A       4N      tan^+tan^ 
tan2^  =  tan(^+^)  =  ^_^^^^^^^^; 

. ,    .  .  .      o  .        2  tan  il 

that  IS,  tan  '±A  =  ~ — 7 — g^j  • 

124.  To  express  sin  2^  and  cos  2  A  in  terms  of  tan  A. 

sin  2^  =  2  sin  ^  cos  J.  =  2 7  cos^  ^  =  2  tan  ^  cos^  A  ; 

cos  J. 

.    g  i  _  2  tan  ^  _    2  tan  A 

"sec^J.       l-ftan^J.* 
Again, 

cos  2A  =  cos2  A  -  sin2  A  =  cos^  A  {I-  tan^  A) ; 

1  -  tanM  _  1  -  tanM 

.  * .    cos  JtJx  — n — '.        —  v~;   7       ty    A  ' 

sec^^         1+tan^J. 

.  c^^.         .^.    A.    1  -  tan2{45°  -  ^)         .     ^  . 

Example.    Shew  that  q — - — 5^7^^ — -{  =  sm2A. 
^  l  +  tan^(45°-^) 

The  first  side  =  cos  2  (45°  -  ^) =cos  (90°  -  24)  =  sin  2A. 
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EXAMPLES.    XL  d. 

\The  examples  printed  in  more  prominent  type  are  important, 
and  should  be  regarded  as  standard  formulce.l 

1.  If  cos  J.  =  ^,  find  cos  2^. 

o 

2 

2.  Find  cos  2 A  when  sin  J.=-. 

5 

3.  If  sin  ^=?    find  sin  24. 

o 

4.  If  tan  ^=^,  find  tan  2^. 

o 


5.     If  tan  ^ = - ,  find  sin  2$  and  cos  26. 


4  a 

6.  If  cos  a=- ,  find  tan  - . 

o  ^ 

7.  Find  tan  A  when  cos  2A  =  "96. 
Prove  the  following  identities  : 

1+C0S2A  1-C0S2A 

,^     1-cosA     .      A  11     1  +  cosA    ^  .A 

10.     — -. — T— =  tan7^.  IL         .^  A    =cot7c-. 
sin  A              2  smA  2 

12.  2  cosec  2a = sec  a  cosec  a. 

13.  tan  a + cot  a = 2  cosec  2a. 

14.  cos^a  — sin^a  =  cos2a.  15.     cot  a  -  tan  a  =  2  cot  2a. 

ir.  a.nA     cot-A-1  T„      cotJ[-tan4 

16.     cot2A=-^s — TTH—'  17.     — .    .  ,  , j  =  cos2X 

2  cot  A  cot  J.  +  tan  A 

_        1  +  C0t2.1  „   .  .Q       C0t2yl+1 

18.     -t; — — — =cosec24.  19.        .o   . — -  =  sec24. 
2  cot 4  cot^  A- I 

-.      1+sec^     „       „^  „-      sec^-1     „   .   ,^ 

20.  ^    =2cos2-.  21.    ^-  =  2sm2-. 


sec^  2*  '        sec(9  2 

-sec2^  _.  ^„     cosec2^- 

5-r-  =  cos  2(9.  23.     ox 

sec2  6  cosec^  6 


„      2-sec2^           ^.                 __      cosec2^-2  .. 

22.     :r-r-  =  cos2(9.  23.     5-^—= cos  2^. 
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Prove  the  following  identities  : 

24.  (sin-rt +cos-^  j  =l  +  sinA. 

25.  f  sin  rt^  -  cos -rt  )  =l-siiiA. 

cos  2a        ,       .._o       V 

26.  .,  .    .    _   =tan  (45  -a). 
l+sin2a 

__         cos  2a  .  / 4,^0       \ 

27.  q r-^r-= cot  (45°  -  a). 

1  —  sm  2a 

28.  sin  8  J.  =  8  sin  J.  cos  A  cos  24  cos  44. 

29.  cos44  =  8cosM-8cos2  4  +  l. 

30.  sin4  =  l-2sin2/'45°-^' 

31.  cos^  f -  — a  j  -  sin^  f -  — a  j=sin2a. 

32.  tan  (45°  +  4)  -  tan  (45°  -A)  =  2  tan  2  A. 

33.  tan  (45°  +  4) +tan  (45° -4)  =  2  sec  24. 

125.    Functions  of  3A. 

sin  34  =  sin  (24  +  4)  =  sin  24  cos  A  +  cos  24  sin  4 
—  2  sin  4  cos^  4  +  (1  -  2  sin^  4)  sin  4 
=  2  sin  4  (1  -  sin2  4)  +  (1  -  2  sin^  4)  sin  4  ; 
=3  sin  4-4  sin^  4. 

Similarly  it  may  be  proved  that 

cos  34  =  4  cos^  4  —  3  cos  4. 

Again,        tan  3A  =  tan  (2A  +  A)  =  ^^Tu^^AuA 

,  .,.  1      r.  A       2  tan  4 

by  putting  tan2^  =  j-^^^, 

we  obtain  on  reduction 

3  tan  4  —  tan^  4 


tan  34  ■■ 


l-3tan2  4 
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These  formulse  are  perfectly  general  and  may  be  applied  to 
cases  of  any  two  angles,  one  of  which  is  three  times  the  other ; 
thus 

cos  6a = 4  cos^  2a  —  3  cos  2a ; 

sin  9^ =3  sin  3^1  -  4  sin^  3 A. 

126.     To  find  the  value  of  sin  18°. 

Let  ^  =  18°,  then  bA  =  90°,  so  that  2A  =  90°  -  3.4. 
.-.  sin  2^=  sin  (90° -3^)= cos 3^; 
.*.  2sin  J.  cos  J.  =  4cos3  J.  — 3  cos  J.. 
Divide  by  cos  A  (which  is  not  equal  to  zero) ; 

.-.  2sin^  =  4cosM-3=4(l-sinM)-3; 
.-.  4sinM+2sin.4-l=0; 

.     ,      -2  +  V4  +  16      -l±x/5 
...  s,n.4  =  --- =  — ^— 

Since  18°  is  an  acute  angle,  we  take  the  positive  sign  ; 

.-.  sin  18°  =  ^^^. 
4 

Example.    Find  cos  18°  and  sin  54°. 


cos 


^80  =  Vl^sSn8"=^l  _6_^.Vi»+V^ 
Since  54°  and  36°  are  complementary,  sin  64°= cos  36°. 

Now    cos36°  =  l-2sinn8°=l-^^^^|^^=^^; 

lb  4 


sin  54' 


>_n/5  +  1 


4 
EXAMPLES.    XLe. 


1.  If  cos  J.  =-,  find  cos  3^. 

o 

3 

2.  Find  sin  3^  when  sin  J.  =  -  . 

5 

3.  Given  tan  ^  =  3,  find  tan  ZA. 
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Prove  the  following  identities : 

.     sin  3 J.      cos  3^     ^  _         ^  „  ,     cot^  ^4-3  cot  A 

4.    — — -. 7-= 2.  5.     cot  3x1=—^ — To-j — i — • 

sm  A       cos  A  3  cot-^  -d  -  1 

^     3cosa  +  cos3a         ,„  _      sinSa  +  sin^a         , 

6.    ^— . ^-^  =  cot3a.  7.      — o ^  =  cota. 

3sma  —  sin3a  cos^ a  —  cos  3a 

Q     cos^  a  —  cos  3a      sin^  a  +  sin  3a 
cos  a  sm  a 

1 
9.     sinl8°+sin30°=sin54°.  10.     cos  36° -sin  18°  =  -. 

11.     cos2  36°  +  sin2l8°  =  ?.  12.     4  sin  18°  cos  36°  =  1. 

4 


127.     The  following  examples  further  illustrate  the  formulae 
proved  in  this  chapter. 

3 
Example  1 .     Shew  that  cos^  a  +  sin^  a  =  1  -  ^  sin^  2a. 

The  first  side  =  (cos^  a  +  sin^  a)  (cos^  a  +  sin"*  a  -  cos^  a  sin^  a) 

=  (cos2a  +  sin-a)2-3  cos^asin^a 

3 

=  1  -  2  (4  cos- a  sin^  a) 

=  1--;  sin22a. 
4 

Example  2.    Prove  that ; : — -= sec 2^ -tan 2 J. 

cos  A  +  sm  A 

-,,       .  1  .    .  1  1  sin  2^      1  -  sin  24 

The  right  side  = ^^ ^.  = — -  , 

cos  2A     cos  2 A        cos  24 

and  since  cos24  =  cos-4 -sin24  =  (cos4  +  sin4)(cos4-sin4),  this 
suggests  that  we  should  multiply  the  numerator  and  denominator  of 
the  left  side  by  cos  A  -  sin  A ;  thus 

the  first  side=^"^^^-^^"^^^"^^^-^^^^) 
(cos  A  +  sm  A)  (cos  A  -  sin  4) 

_eos24  +  sin24 -2cos4  sin4 
~  cos^^-sin^J. 

1  -  sin  24  n  A       ^        c^A 

= — -— =see24  -tan 24. 

cos  24 
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Example  3.     Shew  that  - — jr-^ — r -, -— — --:  =cot  2 A. 

tan  SA  -  tan  A      cot  SA  -  cot  A 

The  first  side=« 


sin  BA      sin  A      cos  3^      cos  A 


cos  84     cos  4      sin  34      sin  4 
cos  SA  cos  A  sin  6 A  sin  A 


sin  3A  cos  A  -  cos  SA  sin  4      cos  34  sin  A  -  sin  34  cos  4 

_  cos  34  cos  4  +  sin  34  sin  4 
~  sin  34  cos  4  -  cos  34  sin  4 

cos  (34  -  4)      cos  24        ,  «  , 

=  .    ,Q. 7v^   ■    ^.=cot24. 

sm  (34  -  4)      sm  24 

Note.  This  example  has  been  given  to  emphasize  the  fact  that  in 
identities  involving  the  functions  of  24  and  34  it  is  sometimes  best 
not  to  substitute  their  equivalents  in  terms  of  functions  of  4. 
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Prove  the  following  identities  : 

1.  tan  24  —  sec  4  sin  A  =  tan  A  sec  24. 

2.  tan  24  +  cos  A  cosec  A  =  cot  A  sec  24. 

„     l-cos2^+sin2^     ^       . 

3.  :; ?r;i -. — ^TT,  =  tan  6. 

l+cos2^+sm2^ 

1+COS^  +  COS-  ': 

4.  =cot- . 

ij  9  - 

sin  6  +  sin  5      , 

5.  cos^  a  -  sin^  a= cos  2a  ( 1  -  ^  sin^  2a  j . 

6.  4(cos6^  +  sin6^)  =  l+3cos2  2^. 

_     cos3a+sin3a     ,   ,  „    .    „ 

7. -— =  1  +  2  sm  2a. 

cos  a  —  sm  a 

-  cos  3a  —  sin  3a     ,      ^    .     ^ 

8.    : =  l-2sm2a. 

cos  a  +  sm  a 

-  cosa  +  sina     ,       ^  «  " 

9,    -. — = tan  2a + sec  2a. 

cos  a  —  sm  a 
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10. 


Prove  the  following  identities  : 

cot  a  -  1  _  1  —  sin  2a 
cot  a  + 1         cos  2a 


A  A 

1+tan-  -         cot-  +  l 


1  +  sin^  2  cos<9  2 


cos^         ,     ^      ^'  *     l-sin(9  ,6     ^ 

1  -  tan  -  cot  -x—y 

13.  sec  A  -  tan  A  =  tan  (  45°  —  - 

14.  tan^+sec^=cotf45°--y 

l-sm^  \4      2/ 

16.     (2 cos  ^  +  1)  (2  cos .4-1)  =  2  cos 2^1 -Hi. 

sin  2^         cos^        ,      A 
1 Y —  tan 

l  +  cos2^'l+cos^  2* 

sin  2^      1  -  cos  ^     .      J. 

18.  = ^-7. ^— =  tan-  . 

1  —  cos  2  J.      cos  J.  2 

19.  4  sin^  a  cos  3a  +  4  cos'  a  sin  3a = 3  sin  4a. 

\Put  4  sin^  a  =  3  sin  a  -  sin  3a  and  4  eos^  a  =  3  cos  a  +  cos  3a.] 

20.  cos'  a  cos  3a + sin'  a  sin  3a  =  cos'  2a. 

21.  4  (cos'  20°  +  cos'  40°)  =  3  (cos  20° + cos  40°). 

22.  4  (cos' 10°+ sin' 20°)  =  3  (cos  10°  + sin  20°). 

23.  tan  3.1  -  tan  2 A  -  tan  A  =  tan  ZA  tan  2 A  tan  A . 

[  Use  tan  3 A  =  tan  {2A  +A).] 

rt.  cot  6  tan  ^ 

ii4. \- =  1 . 

cot  ^  -  cot  3^     tan  ^- tan  3^ 

*    tan  3^+ tan  6  ~  cot  3^  + cot  0~^^ 


CHAPTER   XII. 

TRANSFORMATION   OF   PRODUCTS   AND   SUMS. 

Transformation  of  products  into  sums  or  differences. 

128.  In  the  last  chapter  we  have  proved  that 

sin  A  cos  B + cos  A  sin  B = sin  {A  +  B), 
and  sin  A  cos  B  —  cos  A  sin  B = sin  {A  —  B). 

.    By  addition, 

2sinAcosB  =  &in{A  +  B)  +  sin{A-B)  (1); 

by  subtraction 

2cos^sin^=sin(^+i?)-sin(^-^)  (2). 

These  formulae  enable  us  to  express  the  product  of  a  sine  and 
cosine  as  the  sum  or  difi'erence  of  two  sines. 

Again,       cos  A  cos  B  —  sin  A  sin  B = cos  {A  +  B), 
and  cos  J.  cos  ^4- sin  J.  sin  ^  =  cos  (^4  —  ^). 

By  addition, 

2  cos  A  cos  B=cos  {A+B)  +  cos  {A  -  B) (3) ; 

by  subtraction, 

2  sin  ^  sin  5= cos  (^-^)- cos  (.4+^) (4). 

These  formulae  enable  us  to  express 

(i)     the  product  of  two  cosines  as  the  sum  of  two  cosines ; 
(ii)     the  product  of  two   sines  as   the  difference   of  two 
cosines. 

129.  In  each  of  the  four  formulae  of  the  previous  article  it 
should  be  noticed  that  on  the  left  side  we  have  any  two  angles 
A  and  B,  and  on  the  right  side  the  sum  and  difference  of  these 
angles. 
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For  practical  purposes  the  foUowing  verbal  statements  of  the 
results  are  more  useful. 

2  sin  A  cos  B = sin  (sum) + sin  {difference) ; 
2  cos  A  sin  J5=sin  {sum)  —  sin  {difference) ; 
2  cos  A  cos  B = cos  {sum)  +  cos  {difference) ; 
2  sin  A  sin  ^=cos  {diference)  —  co^  {sum). 

N.B.     In  the  last  of  these  formulae,  the  difference  precedes 
the  sum. 

Example  1.     2  sin  lA  cos  44  =  sin  [sum)  +  sin  {difference) 

=  sin  114  + sin  34. 

Example  2.     2  cos  30  sin  6d  =  sin  (30  +  66)  -  sin  (30  -  60) 

=  sin  90 -sin  (-30) 
=  sin90  +  sin30. 

34        54      1  (        /34      54\  fSA     5A\} 

Example  3.     cos  —  cos  —  =  -  jcos  f  _  +  —  j  +  cos  (  —  -  -j  \\ 

— -  {cos4^  +  cos( -4)} 

—  ^  (cos  44  + cos  .4). 

Example  4.     2  sin  75°  sin  15°  =  cos  (75°  - 15°)  -  cos  (75°  + 15°) 

=  cos  60° -cos  90° 

=^« 

1 
~2' 

130.     After  a  little  practice  the  student  will  be  able  to  omit 
some  of  the  steps  and  find  the  equivalent  very  rapidly. 

Example  1.     2  cos  (  7  +  ^  )  cos  f  -  -  0  j  =  cos  ^  +  cos  20  =  cos  20. 
Example  2.     sin  (a  -  2^)  cos  (a  +  2jS)  =  -  {sin  2a  +  sin  ( -  4/3) } 

=  -  (sin  2a  -  sin  4^). 

a 
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i 

EXAMPLES.    XII.  a. 

Express  in  the  form  of  a  sum  or  difference 


1. 

2  sin  3d  cos  0. 

3. 

2  cos  7J-Cos5^ 

5. 

2  cos  56  sin  46. 

7. 

2  sin  9^  sin  36. 

9. 

2  cos  2a  cos  11a. 

11. 

sin  4a  cos  7a. 

13. 

A    .    3A 

cos  2  sin  2  . 

15. 

2^        5^ 
2  cos  —  cos  — . 
o           o 

2. 

2  cos  66  sin  3^. 

4. 

2  sin  3 A  sin  2  A. 

6. 

2  sin  4^  cos  8^. 

8. 

2  cos  9^  sin  76. 

10. 

2  sin  5a  sin  10a. 

12. 

sin  3a  sin  a. 

14. 

.    6A        7A 

sm  2"  cos  2   • 

16. 

.    6   .    36 
sin  -7  sm  — - . 
4         4 

18. 

2  sin  3a  sin  (a  4 

17.  2  cos  2/3  cos  (a  -  /S). 

19.  2  sin  (2^. +  <^)  cos  (^-20). 

20.  2cos(3^+<^)sin(^-2(/)). 

21.  cos(60°  +  a)sin(60°-a). 


Transformation  of  sums  or  differences  into  products. 

131.     Since    sin  {A+B)  =  sin  yl  cos  ^ + cos  A  sin  B, 

and  sin  {A  —  B)^  sin  ^  cos  B  -  cos  ^  sin  ^ ; 

by  addition, 

sin(^+^)+sin(^-5)  =  2sin^cos5  (1); 

by  subtraction, 

sin(^+^)-sin(^-^)  =  2cos^sin5  (2). 

Again,       cos  {A+B)  =  cos  J.  cos  ^  -  sin  A  sin  B, 
and  cos(^-5)  =  cos^  cos-S  +  sin^sin^. 

By  addition, 

cos(^+^)  +  cos(^-^)  =  2cos^cos5 (3); 

by  subtraction, 

cos(^+5)-cos(^— ^)=  -2sin^sini> 

=  2sin^  sin(-5) (4). 
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Let                    A-]-B=C,   and  A-B=D; 
then  A  =  — - — ,   and   ij  =  — 

By  substituting  for  A  and  B  in  the  formulse  (1),  (2),  (3),  (4), 
we  obtain 

sm  6  +  sin  Z*  =  2  sm  — - —  cos   -r — , 
9  2 

am  (7  -  sm  i>= 2  cos  — - —  sm  — - —  , 
2  2 

cos  C  +  COS  Z>  =  2  cos ^r —  COS  — - —  , 

COS  (7—  cos  />  =  2  sm  ^r —  sm  — ^r —  . 
2  2 

132.     In  practice,  it  is  more  convenient  to  quote  the  formu- 
lae we  have  just  obtained  verbally  as  follows  : 

sum  of  two  sines  =  2  sin  {half -sum)  cos  {half-difference) ; 

difference  of  two  sines  =  2  cos  {half -sum)  sin  {half-difference) ; 

sum  of  two  cosines  =  2  cos  {half -sum)  cos  {half-difference) ; 

difference  of  two  cosines 

=  2  sin  {half-sum)  sin  {half-difference  reversed) 

^ 

Example  1.     sm  14^  +  sm  6^  =  2  sm —  cos — 

=2  sin  10^  cos  4^. 

.       .    „.     «        94  +  7^    .    ^A-IA 
Example  2.     sm  9^  -  sm  7^  =  2  cos ^ —  sm  — ^ — 

=  2  cos  8^  sin^. 

^A         f     lA 
•  Example  3.     cos  A  +  cos  8^  =  2  cos  -^  cos  (  -  -9- 

94         74 

=  2  cos  -^  cos  -jr-  . 

Example  4.    cos  70°  -  cos  10°  =  2  sin  40°  sin  ( -  30°) 

=  -  2  sin  40°  sin  30°  =  -  sin  40°. 
H.  K.  E.  T.  8 
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EXAMPLES. 

X 

II.  b. 

Express  in  the  form  of  a 

product 

1.     sin  8^+ sin  4^. 

2. 

sin  6B  -  sin  6. 

3.     cos  7^  + cos  3^. 

4. 

cos  9^  — cos  11^. 

5.     sin  7a  —  sin  5a. 

6. 

cos  3a  +  cos  8a. 

7.     sin  3a + sin  13a. 

8. 

cos  5a— cos  a. 

9.     cos  2x4+ cos  9^. 

10. 

sin  3  J.  — sin  11  A. 

11.     cos  10°  -  cos  50°. 

12. 

sin  70°  + sin  50°. 

Prove  that 

cos  a -cos  3a     ^      ^              _.       sin  2a  +  sin  3a         , 
13.     —. — i^ ■■ — =  tan  2a.  14.     ^ —  =  cot 


a 
sin  3a -sin a      "'^^  ""'     cos 2a  — cos 3a     ~""2' 


cos 4^ -cos  (9     ,5(9  -_      cos 2^ -cos  12(9     ,       _, 

15.     -^-^ r-— .  =  tan— .         16.       •     .ozi  .    •    oa  =  ^^^^^- 

sm  6  -  sm  4:6  2  sm  12^  +  sm  26 

17.  sin  (60° +  . 4)  -  sin  (60°-^)  =  sin  ^. 

18.  cos  (30°  -  xl )  +  cos  (30°  +  ^ )  =  ^/3  cos  A . 

19.  cos  f  ^+aj-cos  ( --aj= -s/2sina. 

cos  (2a  -  3^)  + cos  3/3  _^^^^ 
sin  (2a- 3^)+ sin  3/3 

cos(^-30)-cos(3^  +  0)^ 

sin(3^  +  (^)  +  sm(^-3(^)  ^   ^  ^^ 

sin(a+^)-sin4/3^^^^a-3/3 
'     cos(a  +  /3)  +  cos4/3  2      ' 

133.  The  eight  formulae  proved  in  this  chapter  are  of  the 
utmost  importance  and  very  httle  further  progress  can  be  made 
until  they  have  been  thoroughly  learnt.  In  the  first  group,  the 
transformation  is  from  products  to  sums  and  differences  ;  in  the 
second  group,  there  is  the  converse  transformation  from  sums 
and  differences  to  products. 

Many  examples  admit  of  solution  by  applying  either  of  these 
transformations,  but  it  is  absolutely  necessary  that  the  student 
should  master  all  the  formulae  and  apply  them  with  equal 
readiness. 
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134.     The  following  examples  should  be  studied  with  gi'eat 
care. 

Example  1.     Prove  that 

sin  5A  +  sin  2^  -  sin  A  —  sin  2A  (2  cos  SA  + 1). 
The  first  side = (sin  5 A  -  sin  A)  +  sin  2 A 

=  2  cos  3 A  sin  2A  +  sin  2A 

=  sin  2A  (2  cos  SA  + 1). 

Example  2.     Prove  that 

cos  2d  cos  6  -  sin  4:6  sin  6  =  cos  3^  cos  26. 

The  first  side  =  -  (cos  3^  +  cos  6)-^  (cos  S6  -  cos  56) 

—  ^  (cos  ^  + cos  5^) 

=  COS  3^  COS  20. 

Example  3.     Find  the  value  of 

COS  20°  +  COS  100°  +  COS  140°. 
The  expression = cos  20°  +  (cos  100°  +  cos  140°) 
=  cos  20°  +  2  COS  120°  cos  20° 


(-» 


=cos20°+2(  --1  cos 20° 
= cos  20° -cos  20° =0. 

Example  4.     Express  as  the  product  of  four  sines 

sin  ()S  +  7  -  a)  +  sin  (7  +  a  -  j3)  +  sin  (a  +  /3  -  7)  -  sin  (a  +  /3  +  7). 
The  expression  =  2  sin  7  cos  (j8  -  a)  +  2  cos  (a + ^)  sin  ( -  7) 

=  2  sin  7  {cos  (/3  -  a)  -  cos  (a  +  /3) } 

=  2  sin  7  (2  sin  /S  sin  a) 

=  4  sin  a  sin  /3  sin  7. 

Example  5.    Express  4  cos  a  cos  /3  cos  7  as  the  sum  of  four  cosines. 
The  expression = 2  cos  a  {cos  (/S  +  7)  +  cos  (/S  -  7) } 

=  2  cos  a  cos  (^  +  7)  +  2  cos  a  cos  (j3-  7) 
=cos  (a +/S  +  7)  +  cos  (a  -  /3  -  7)  +  cos  (a  +  j3  -  7)  +  cos  (a  -  jS  +  7) 
=  cos  (a+^-f  7) +  C0S  (j8  +  7  -  a) +COS  (7  + a  - 18)  +  cos  (a  +  j3  - 7). 

8—2 
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Example  6.     Prove  that  sin^Sa;  -  sm2  3a;  =  sin  8x  sin  2x. 

First  solution. 

amP5x  -  sin^Sa;  =  (sin  ox  +  sin  3a;)  (sin  5x  -  sin  3a;) 
=  (2  sin  4a;  cos  a;)  (2  cos  4a;  sin  a;) 
=  (2  sin  4a;  cos  4a;)  (2  sin  x  cos  x) 
=  sin  8a;  sin  2a;. 

Second  solution. 

sin  8a;  sin  2a; = -  (cos  6a;  -  cos  10a;) 

=  5  {1  -  2  sin23a;  -  (1  -  2  sin25a;)} 

=  sin2  5a;-sin2  3.r. 
Third  solution. 
By  using  the  formula  of  Art.  114  we  have  at  once 

sin^  5a;  -  sin^  3a;  =  sin  (5a;  +  3a;)  sin  (5a;  -  3a;)  =  sin  8a;  sin  2a;. 

EXAMPLES.    XII.  c. 

Prove  the  following  identities  : 

1.  cos  3 J.  -f  sin  2  J.  -  sin  4,A  =  cos  3^1  (1  -  2  sin  A). 

2.  sin  3^  -  sin  (9  -  sin  5^ = sin  3^  ( 1  -  2  cos  2^). 

3.  cos  ^ + cos  2^  +  cos  be  =  cos  2<9  (1 + 2  cos  3^}. 

.         .  .     _  •     «        J    •     o  3a 

4.  sina-sm  2a  +  sin  3a=4sm-cos  a  cos  -r-. 

2  2 

.     ^  •     w  •     -./^        M    '     ,r  *ici         3a 

5.  sm  3a  +  sm  la + sm  10a  =  4  sin  5a  cos  —  cos  — . 

6.  sin  J. +  2  sin  3^  + sin  5^  =  4  sin  3^  cos^^. 

sin  2a  +  sin  5a  —  sin  a     ^      ^ 

7. IT =  tan  2a. 

cos  2a  +  cos  5a + cos  a 

-      sina4-sin2a+sin4a4-sin  5a     ,       _ 

o.     z ^  =  tan  oa. 

cosa+cos2a+ cos  4a + cos  5a 

Q     cos7^  +  cos3^  — cos5^  — cos^_  - 

sin  7^  -  sin  3^  —  sin  5^  +  sin  ^  ~ 

10.     cos  3 A  sin  2yl  —  cos  4 J.  sin  A = cos  2 A  sin  A . 
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Prove  the  following  identities  ; 

11.  cos  5 A  cos  2 A  -  cos  4:A  cos  3^  =  —  sin  2 A  sin  A. 

12.  sin  46  cos  0  —  sin  3d  cos  2d  =  sin  $  cos  26. 

13.  cos  5° -sin  25°  =  sin 35°. 

[C/se8in25^=cos65°.] 

14.  sin  65°  +  cos  65° = ^2  cos  20°. 

15.  cos  80°  +  cos  40°  -  cos  20° = 0. 

16.  sin  78°  -  sin  18°  +  cos  132° =0. 

17.  sin^  5 A  —  sin^  2 A  =  sin  *7A  sin  3A. 

18.  cos  2  A  cos  6 A  =cos2  — sin^  -— . 

2  2 

19.  sin(a+j3+y)+sin(a  — /3-y)+sin(a+^-y) 

4-sin(a  — /3  +  y)  =  4sin  a  cos /3 cosy. 

20.  cos  (/S  +  y-  a)-COs('y  +  a-/3)+cos  (a  +  jS-y) 

—  cos  (a+/3  +  y)=4  sin  a  cos  )3  sin  y. 

21.  sin  2a + sin  2/3  +  sin  2y  -  sin  2  (a + /3 + y) 

=4  sin  i/^  +  y)  sin  (y +a)  sin  (a+/3), 

22.  cosa+cos/34-cosy  +  cos(a  +  /3  +  y) 

.  /3+y         y  +  a         a-f/3 

=  4  cos  — —-  cos  ^ —  cos  ~-~ . 

AAA 

23.  4  sin  ^  sin  (60°  +  ^)  sin  (60°  -  ^)  =  sin  3.4. 

24.  4  cos  <9  cos  ( ^  +  ^  j  cos  \^-6\  =  cos  3^. 

25.  cos(9  +  cosry-<9j+cosry  +  ^j  =  0. 

26.  cos2^  +  cos2(60°  +  .4)  +  cos2(60°-^)=|. 

[Pwt  2eo8M  =  l  +  cos2A] 

27.  sin2.4+sin2(120°  +  ^l)  +  sin2(120'-^)  =  |. 

28.  cos  20°  cos  40°  cos  80°  =  ^ . 

o 

29.  sin  20°  sin  40°  sin  80°  =  3^3- 

o 
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135.  Many  interesting  identities  can  be  established  connect- 
ing the  functions  of  the  three  angles  A,  B,  C,  which  satisfy  the 
relation  A  +  B  +  C=180°.  In  proving  these  it  will  be  necessary 
to  keep  clearly  in  view  the  properties  of  complementary  and 
supplementary  angles.     [Arts.  39  and  96.] 

From  the  given  relation,  the  sum  of  any  two  of  the  angles  is 
the  supplement  of  the  third ;  thus 

sin  {B-\-0)= sin  A,  cos  {A  +  B)  =  -  cos  C, 

tan(C+^)= -tan^,         cos  B ^  ~ cos (C + A), 

sin  (7=  sin  {A  +  B),  cotA  =  -  cot  {B + C). 

Again,  -^  +  -^  + — =90°,  so  that  each  half  angle  is  the  comple- 

AAA 

ment  of  the  sum  of  the  other  two ;  thus 

A-^B      .    C       .    C+A  B     ^     B+C        M 

cos— 2 — =sin-,     sm— 2— =cos-,    tan— ^=  cot -^j 

C      .    A+B       .    A  B+G     ^     B        ^C+A 

cos-=sm-^— ,     sm  — =cos-^— ,    tan-  =  cot-^^. 

Example  1.     IiA  +  B  +  G= 180°,  prove  that 

sin  2A  +  sin  2B  +  sin  2C  =  4  sin  A  sin  B  sin  C. 

The  first  side  =  2  sin  {A  +  B)  cos  {A-B)  +  2  sin  C  cos  G 
=  2  sin  0  cos  (^  -  £)  +  2  sin  (7  cos  G 
=  2  sin  C  {cos  {A-B)  +  cos  C] 
-2sixLG{Goa{A-B)-GOs{A+B)] 
=  2  sin  C  X  2  sin  -4  sin  B 
= 4  sin  j4  sin  B  sin  C. 

Example  2.     IfA+B+G==  180°,  prove  that 

tan  ^  +  tan  5  +  tan  (7 = tan  ^  tan  £  tan  (7. 

Since  A  +  B  is  the  supplement  of  C,  we  have 

tan  {A+B)=  -  tan  G ; 

tan  A  +  tan  B  .      ^ 

.•    =  —  tan  G ; 

1  -  tan  A  tan  B 

whence  by  multiplying  up  and  rearranging, 

tan^+tanB  +tan  C  =  tan^  tan  Stan  C. 
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Example  3.     liA  +  B  +  C=z  180°,  prove  that 

A  Ti  C 

COS  A  +  cos  B  +  cos  C  =  1  +  4  sin—  sin  —  sin  —  . 

^         Z         d 

The  first  side  =  2  cos  — - —  cos  — - — |-  cos  C 

^    .     G        A-B     ^      .    . „C 
=  2  sm  —  cos  — X —  +  1-2  sm^  — 

,     ^    .    C  /       A-B       .    C 
=  1  +  2  sm  —  (  cos  — 2 sm  — 

^     ^   .    G  f       A-B  A+B\ 

=  1+2  sin—  (cos— ^ °°^~2 — / 

,     ^   .    G  ( ^   .    A    .    B 
=  1  +  2  sm  —  (  2  sin  —  sin  ^ 

,     ,    .    A    .    B    .    G 

=  1  +  4  sm  —  sin  —  sm  —  . 


EXAMPLES.     XII.  d. 

If  .4 +5+ (7=  180°,  prove  that 

1.  sin  ^A  -  sin  2-S + sin  2(7=  4  cos  A  sin  B  cos  C. 

2.  sin  2  J.  -  sin  '2B  —  sin  2C=  —  4  sin  ^4  cos  B  cos  C. 

3.  sinA+smB4-smC=4cos-rt- cos  n  cos  rt- 

4.  sm  A  +  sm  B  —  sm  6  =  4  sm  —  sm  —  cos  — . 

2         2         2 

5.  cos  A  —  cos  j5+ cos  6'=4  cos  —  sin  —  cos  ^  -  1. 

ji         Ji         ji 

sin  5  +  sin  C- sin  J.     ^      B^      G 

6.  -. — -. .     „  . — -r  — ^  =  tan  —  tan  - . 

sm^+sin5+smC/  2         2 

„     ^     B^      C  ,  .      C.      A  ,  .      A.      B    - 

7.  tan^tan^  +  tan^- tan  y  +  tan  ^^tan^  — 1- 

^^.     ^      A+B         ,G  ,,,       .       ,      A+B^      G     ,, 

[Use  tan  — % —  =  cot -^  ,  a/ta  tnerefore  tan  — ^r —  tan  —  =  1. J 
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lfA+B  +  C=  180°,  prove  that  -^ 

1+cos  J.-cos^  +  cosC    ,      B     ^C 

8.  -^ -, T, ry= ■tan  —  cot  - . 

1  +  cos  A  +  cos  B  -  cos  C  2         2 

9.  cos  2A  +  cos  2B  +  cos  2(7+  4  cos  ^  cos  J5  cos  C+ 1  =  0. 

10.  cot  BcotC+  cot  6'  cot  ^  +  cot  ^  cot  J5 = 1 . 

11.  (cot  ^  + cot  Cf)  (cot  C+cot  A)  (cot  J.  +  cot  B) 

=  cosec  A  cosec  B  cosec  C. 

12.  cos^  J.  +  cos2^  +  cos2(7+2cos  J.  cos5cosC=l. 

[Use  2cos2^  =  l  +  cos24.] 

13.  siii2  -  +  sin2  -  +  sm2  -  =  1  -  2  sm  -  sm  -  sm  - . 

14.  cos2  2 A  +  cos2  2B  +  cos^  2C=  1  +  2  cos  2A  cos  2B  cos  2^ 

cot  5  +  cot  G      cot  (7+  cot  A      cot  ^  +  cot  B  _ 
ianB+tsinC     tanC+tan^l      tanJ.  +  tan5 


16. 


tan.4+tan^  +  tan(7       ^an-tan-tan- 


(sin  A + sin  ^  +  sin  (7)^     2  cos  A  cos  ^  cos  C " 


136.  The  following  examples  further  illustrate  the  formulae 
proved  in  this  and  the  preceding  chapter. 

4  cos  24 
Example  1.    Prove  that  cot  {A  + 15°)  -  tan  {A  - 15°)  =      .    ^  .  ,  .,  . 

The  first  side  =  ""^  j^  +  ]^^  -  '^^^^=^, 
sm  {A  + 15°)     cos  {A  - 15°) 

_  cos  (A  + 15°)  cos  (4  - 15°)  -  sin  (A  + 15°)  sin  {A  - 15°) 
sin  {A  + 15°)  cos  {A  -  15°) 

cos  {(4 +  15°) +  (4 -15°)} 
~  sin  {A  + 15°)  cos  {A  - 15°) 

_  2  cos  24  _        2  cos  2A 

"■  2  sin  (4  + 15°)  cos  {A  - 15°)  ~  sin  2A  +  sin  30° 

4  cos  2  A 

~2  sin 24  +  1  '. 

Note.  In  dealing  with  expressions  which  involve  numerical  angles 
it  is  usually  advisable  to  effect  some  simplification  before  substituting 
the  known  values  of  the  functions  of  the  angles,  especially  if  these 
contain  surds. 
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Example  2.    Prove  that 

A           B            G     ,        ir-A        T-B        w-O 
cos  —  +  COS  —  +  COS  -pr  =  4:  COS  — -. —  cos 7—  COS  — -. — . 

2            2            2                  4               4  4 

The  second  side = 2  cos  — j—    cos  - — —^ +  cos — j — 

TT-A        TT  +  A     „        ir-A        B-G 

=  2  cos  — ,  -   cos  — H  2  cos  — z —  cos  — z — 

4  4  4  4 


/       TT  ^\     o        B  +  G       B-G 

=  I  cos  -+  cos  TT  J  +  2  cos  — , —  cos  — i — 
\       2  2/  4  4 


A  B  G 

=  cos  —  +  cos  —  +  cos  -  , 


EXAMPLES.    XII.  e. 

Prove  the  following  identities  : 

1.     cos  (a  +  /3)  sin  (a  -  /3)  +  cos  O + y)  sin  O  -  y) 

+  COS  (y + S)  sin  (y  -  S)  +  cos  {8+ a)  sin  (S  -  a) =0. 

2      sin(/3-y)  ^  sin(y-a)  ^  sin(a-^)^^ 
sinjSsiny     sin  y  sin  a     sin  a  sin /3 

_      sin  a  +  sin /3  + sin  (a +i3)         ^a      .3 

3.  —. ; ^ ; 7 ^=  cot  --  cot  ^  . 

sina+sm/3-sm  (a+/3)  2        2 

4.  sin  a  cos  (/3 + y )  —  sin  /3  cos  (a + y)  =  cos  y  sin  (a  -  /3). 

5.  cos  a  cos  (/3 + y )  —  cos  /3  cos  (a + y )  =  sin  y  sin  (a  —  /3). 

6.  (cos  ^4  —  sin  .4)  (cos  2 A  —  sin  2A)  =  cos  J.  —  sin  ZA. 

7.  If  tan  d  =  -  y  prove  that  a  cos  2^  +  6  sin  2^  =  a. 

[See  Art.  124.] 

a      T>         +1.  ^     •    o  <  ,        o  <     (l+tan^)2-2tanM 

8.  Prove  that  sm  2 A  +  cos  2 A  =  ^ — r—o—r • 

l  +  tan^^ 

rt      T.         ^1    X     •     ^  ^     4tan^  (l-tan^^lj 

9.  Prove  that  sin  4^1  = — ;     ^  ,,„ — ^ . 

(l+tan2^)2 

10.     liA+B= 45°,  prove  that 

(1  +  tan  A)  a  +tan  5)=2. 
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Prove  the  following  identities  :  ^_ 

A  COS  2_4 

11.     cot(15°-J)+tan(15°  +  J)  =  j-2^.^23- 

13.  tan(4+30»)ta„(4-30")  =  j-p^^;5j^. 

14.  (2  COS  .4  + 1)  (2  cos  ^  -  1)  (2  cos  2^  - 1)  =  2  cos  4^  + 1. 

15.  tanO-'y)+tan(y  — a)  +  tan(a-j3) 

=  tan  (/3  —  y)  tan  (y  -  a)  tan  (a  -  /3). 

16.  sin(/3-y)  +  sin(y-a)  +  sin(a-^) 

.    ^  — y    .    y  — a    .     a-/3 
+  4  sin  —77-^  sm  ^-7^—  sin  — — ^ = 0. 

2  2  2 

17.  cos2  0  -  y)  +  C0s2  (y  -  a)  +  cos2  (a  -  /3) 

=  1  +  2  cos  {j3  —  y)  cos  (y  -  a)  cos  (a  —  /3). 

18.  cos2  a+cos2  /3  -  2  cos  a  cos  /3  cos  (a  +  /3) =sin2  (a+^). 

19.  sin2  a + sin2  /3 + 2  sin  a  sin  ^  cos  (a  +  /3) = sin^  (a + j3). 

20.  cos  12°  +  cos  60° + cos  84°  =  cos  24°  +  cos  48°. 
liA  +  B-\-C=  180°,  shew  that 

A  B  ^        C    ,       B+G       C+A       A+B 

21.  cos  —  +COS  — +cos-  =  4cos  cos — 7— cos — —— . 

A  B  C       ,  TT  +  A  TT-B  TT  +  C 

22.  cos  —  -  cos  —  +  COS  - =4  cos  — - —  cos  — —-  cos  — — . 

.      A  .       B  ,       G       ,         ,      .      TT-A      .      TT-B     .      TT-G 

23.  sm  —  +  sin  77  +  sin  -=  1  +4  sm  -— —  sm  — - —  sm  — -—  . 

2  2  2  4  4  4 

If  a+/3+y  =  ^,  shew  that 

_.      sin  2a + sin  2/3  + sin  2y         ,         ,^ 

24.  -. — . t: ; — -/-=cotacot/3. 

sm  2a  +  sm  2/3  —  sm  2y 

25.  tan  y3  tan  y  +  tan  y  tan  a +tan  a  tan  /3  =  1.  * 


CHAPTER   XIII. 

RELATIONS   BETWEEN   THE   SIDES   AND   ANGLES   OF 
A    TRIANGLE. 


137.     In  any  triangle  the  sides  are  'proportional  to  the  sines  of 
the  opposite  angles;  that  is^ 

sin  A     sin  B     sin  C 
(1)    Let  the  triangle  ABC  be  acute-angled. 

From  A  draw  AD  perpendicular  to 
the  opposite  side ;  then 

AD=AB&inABD=G  sin  B, 

and      ^i)=.^(7sin^C'i)  =  6sinC'; 
.-.  6  sin  (7=  c  sin  ^, 

h  c 


that  is, 


sin  B     sin  G ' 


(2)    Let  the  triangle  ABC  have  an  obtuse  angle  B 

Draw  AD   perpendicular  to    CB 
produced;  then 

AD=AC  &m  ACD=h&inC, 

and      AD  =  ABsinABD 

=c  sin  (180°  -B)  =  c  sin  B ; 
.•.  h  sin(7=csin^; 

h  c 


that  is, 


sin^     sinC 


In  like  manner  it  may  be  proved  that  either  of  these  ratios 
is  equal  to  — 


sin  A ' 


Thus 


a 


sin  A      sin  B     sin  G ' 
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138.     To  find  an  expression  for  one  side  of  a  triangle  in  terms 
of  the  other  two  sides  and  the  included  angle. 

(1)  Let   ABG  be  an  acute-angled 
triangle. 

Draw  BD  perpendicular  to  AC; 
then  by  Euc.  ii.  13, 

AB^=BC^+GA^-2AC.CD', 
.-.  c'^=a^  +  h'^—2h,aco&G 
=  a^  +  62  _  2a6  cos  C. 

(2)  Let  the  triangle  ABC  have  an  obtuse  angle  C. 

Draw  BD  perpendicular  to   AC 
produced ;  then  by  Euc.  ii.  12, 

AB'^=BG^+CA'^  +  2AC.  CD; 
.-.  c^  =  a^  +  b^  +  2b.  a  cos  BCD 

=  a^  +  b^+2ab  cos  (180°  -  C) 
=  a^  +  b'^  —  2ab  cos  G. 
Hence  in  each  case,  c^=a^  +  b^  — 2ab  cos  G. 
Similarly  it  may  be  shewn  that 

a^=b^-{-c^  —  2bccosA, 
and  b^==G^  +  a^  —  2ca  cos  B. 


139.     From  the  formulae  of  the  last  article,  we  obtain 

52  +  c2-a2  „      c2  +  a2_62  «2  +  52_c2 

cos^l= -^ — — :     cosB  = ;: :      COS  6  = 


26c 


2ca 


2ab 


These  results  enable  us  to  find  the  cosines  of  the  angles  when 
the  numerical  values  of  the  sides  are  given. 

140.     To  express  one  side  of  a  triangle  in  t&rms  of  the  adjacent 
angles  and  the  other  two  sides, 

(1)     Let   ABG  be   an  acute-angled 
triangle. 


Draw  AD  perpendicular  to  BC\  then 
BG=BD+GD 

=AB  cos  ABD+ AG  cos  ACD; 

that  is,        a  =  c  cos  B-\-b  cos  G. 
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(2)     Let  the  triangle  ABC  have  an  obtuse  angle  C. 
Draw  AD  perpendicular   to   BC 
produced;  then 

BC=BD-CD 

=AB  coH  ABB -AC  cos  ACD;  ^- 

.-.  a=c cos B-b cos {180° -C) 
=c  cos  B-\-  b  cos  C 

Thus  in  each  case    a=b  cos  (7+  c  cos  B. 

Similarly  it  may  be  shewn  that 

b=c  cos  A +a  cos  C,  and  c=acosB  +  bcos  A. 

Note.  The  formula  we  have  proved  in  this  chapter  are  quite 
general  and  may  be  regarded  as  the  fundamental  relations  subsisting 
between  the  sides  and  angles  of  a  triangle.  The  modified  forms 
which  they  assume  in  the  case  of  right-angled  triangles  have  already 
been  considered  in  Chap.  V. ;  it  will  therefore  be  unnecessary  in  the 
present  chapter  to  make  any  direct  reference  to  right-angled  triangles. 

141.  The  sets  of  formulae  in  Arts.  137,  138,  and  140  have 
been  established  independently  of  one  another ;  they  are  how- 
ever not  independent,  for  from  any  one  set  the  other  two  may 
be  derived  by  the  help  of  the  relation  A+B  +  C=18(f. 

For  instance,  suppose  we  have  proved  as  in  Art.  137  that 
a  b  c 

sin  A      sin  B     sin  C ' 

then  since  sin  A  =  sm{B+C)  =  sin  B  cos  C+ sin  C cos  B  ; 

sin  5  sin  (7        „ 

..   1  =  ——-,  cos  C+    .     ,  cos  B ; 
smA  sin  A 

.  • .    1  =  -  cos  C  -] —  cos  B ; 
a  a 

.'.  a=b  cos  C+c  cos  B. 

Similarly,  we  may  prove  that 

b=c  cos  A +a  cos  C,  Sind  c= a  cos B  +  b  cos  A. 

Multiplying  these  last  three  equations  by  a,  b,  —c  respec- 
tively and  adding,  we  have 

a^  -f  6^  —  c^  =  2ab  cos  C ; 

.-.  c^-=a^  +  b^--2ab  cos  C. 

Similarly  the  other  relations  of  Art.  138  may  be  deduced. 
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Solution  of  Triangles. 

142.  When  any  three  parts  of  a  triangle  are  given,  provided 
that  one  at  least  of  these  is  a  side,  the  relations  we  have  proved 
enable  us  to  find  the  numerical  values  of  the  unknown  parts. 
For  from  any  equation  which  connects  four  quantities  three  of 
which  are  known  the  fourth  may  be  found.  Thus  if  c,  a,  B  are 
given,  we  can  find  h  from  the  formula 

Z)2 = c^  +  a^  —  2ca  cos  ^ ; 
and  if  B,  C,  h  are  given,  we  find  c  from  the  formula 

c  h 

sin  G     sin  B ' 

"We  may  remark  that  if  the  three  angles  alone  are  given,  the 
formula 

a  h  c 

sin  A      sin  B     sin  C 

enables  us  to  find  the  ratios  of  the  sides  but  not  their  actual 
lengtJis,  and  thus  the  triangle  cannot  be  completely  solved.  In 
such  a  case  there  may  be  an  infinite  number  of  equiangular 
triangles  all  satisfying  the  data  of  the  question.  [See  Euc.  vi.  4.] 

143.  Case  I.  To  solve  a  triangle  having  given  the  three 
sides. 

The  angles  A  and  B  may  be  found  from  the  formula? 

,       &2_j_g2_^2  C2_j.^2_52 

then  the  angle  Cis  known  from  the  equation  6'=  180°  —  ^  —B. 

Example  1.     If  a  =  7,  &  =  5,  c=8,  find  the  angles  A  and  B,  having 

given  that  cos  38°  ll'  =  r-r  • 
14 


cos 

A-. 

62  +  c2- 

a^ 

52  +  82- 

.72 

40 

1 

2bc 

2x5x 

8 

2 

X  5x 

8 

~2' 

• 

'.  ^  =  60 

0 

B: 

C^  +  0?- 

2ca 

.62_ 

82+72- 
2x8x 

•52 
7 

88 

11 

2 

x8x 

7 

14' 

/. 

JB  =  38° 

11'. 

XIII.]  SOLUTION   OF   TRIANGLES.  127 

Example  2.     Find  the  greatest  angle  of  the  triangle  whose  side 
are  6,  13,  11,  having  given  that  cos  84°  47'  =  r-T  • 

Let  a  =  6,  6  =  13,  c  =  ll.     Since  the  greatest  angle  is  opposite  to 
the  greatest  side,  the  required  angle  is  B. 

,    ,  ^     c2  +  a2-&2      112  +  62-132  -12 

And        cos  B  = 


2ca       ~    2x11x6    ~2xllx6' 

.'.  cosB=-i=-cos84°4r; 

.-.  £  =  180° -84°  47' =  95°  13'. 
Thus  the  required  angle  is  95°  13'. 

144.    Case  II.     To  solve  a  tnaiigle  having  given  two  sides  and 
the  included  angle. 

Let  Z>,  c,  A  be  given ;  then  a  can  be  found  from  the  formula 
a^  =  62  -j.  c2  _  25c  cos  A. 

We  may  now  obtain  B  from  either  of  the  formulae 

„    c2+a2_52  5sin.l 

cosi;= ;; ,  or  smi>  = ; 

2c(X  a 

then  G  is  knov^n  from  the  equation  C=  180°  —  A  —  B. 

Example.     If  a  =  3,  &  =  7,  C  =  98°13',  solve  the  triangle,  having 
given  cos  81°  47'  =  = . 

c2  =  a2  + 62  _2a&  cos  C 
=  9  +  49-2x3x7cos98°13'. 

But  98°  13'  is  the  supplement  of  81°  47'; 

.'.  c2  =  58  +  (2  X  3  X  7  cos  81°  47') 

=  58  +  f2x3x7xi^=58  +  6  =  64J 

.-.  c  =  8. 
c2  +  a2-62     64  +  9-49  24  1 


COSJB: 


2ca    ~ ~    2x8x3    ~2x8x3~2' 
.-.  5  =  60°. 
C  =  180°  -  60°  -  98°  13'  =  21°  47'. 


128  ELEMENTARY  TRIGONOMETRY.  [CHAP. 

145.     Case  III.     To  solve  a  triangle  having  given  two  angles 
and  a  side. 

Let  J5,  r",  a  be  given. 

The  angle  A  is  found  from  A  — 180°  — B—  C;  and  the  sides  b 
and  c  from 

,     a  sin  B         "       a  sin  C 
0  =  ^. — J-  and  c=—. — j- . 
sm  A  sin  A 

Example.    If  ^  =  105°,  C=60°,  &=4,  solve  the  triangle. 

5  =  180° -105° -60° =15°. 

_6sina_4sin60°_4^3    _2_n/2^ _ _4x/6_ 
■■  ^~  sin£  ~  sin  15°  "T' ' ^B-l~ ^S-1 

.-.  c  =  6^/2  +  2^6. 

_  6  sm  4  _  4  sin  105°  _  4  sin  75° 
*~  sin  5  ~    sin  15°         sin  15° 

_       V3  +  1       2^2    _4(V3  +  1). 
-''''   2^2   \/3-l"    n/3-1    ' 
.-.  a=4  (2  +  ^/3). 

EXAMPLES.    XIIL  a. 

L  If  a=15,  6  =  7,  c=13,  find  C 

2.  Ifa=7,  6-3,  c=5,  find^.  ^ 

3.  If  a  =  5,  6  =  5  a/S,  c  =  5,  find  the  angles. 

4.  Ifa=25,  6  =  31,  c=7V2,  find  A 

5.  The  sides  of  a  triangle  are  2,  2|,  3J,  find  the  greatest  angle. 

6.  Solve  the  triangle  when  a=x/3  +  I,  6  =  2,  c=a/6. 

7.  Solve  the  triangle  when  a=^J%  6=2,  c=x/3  — 1. 

I— 

8.  If  a=8,  6  =  5,  c=^/19,findC;  given  cos  28° 56'=^  . 

o 

9.  If  the  sides  are  as  4  :  7  :  5,  find  the  greatest  angle ; 

given  cos  78°  27'=^. 


i 
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10.  If  a  =  2,  5=^3  +  1,  (7=60°,  find  c. 

11.  Given  a  =  3,  c=5,  ^  =  120°,  find  h.  ' 

12.  Given  6  =  7,  c  =  6,  J.  =  75°  31',  find  a;  given  cos  75°  31' =  -25. 

13.  If  6  =  8,  c  =  1 1,  ^  =  93°  35',  find  a ;  given  cos  86°  25'  =  -0625. 

23 

14.  If  a  =  7,  c  =  3,  i?  =  123°  12',  find  6;  given  cos  56°  48'  =  —. 

15.  Solve  the  triangle  when  a  =  2  JQ,  c = 6  —  2  sj^^  B  =  75°. 

16.  Solve  the  triangle  when  A  =  72°,  6  =  2,  c  =  ^5  + 1. 

17.  Given^  =  75°,  5=30°,  6  =  V8,  solve  the  triangle. 

18.  If  5  =  60°,  C=15°,  6=^/6,  solve  the  triangle. 

19.  If  ^  =  45°,  B  =  105°,  c  =  V2,  solve  the  triangle. 

20.  Given  A  =  45°,  B  =  60°,  shew  that  c  :  a  =  ^3  + 1  :  2. 

21.  If  (7=120",  c  =  2^3,  a =2,  find  &. 

22.  If5=60°,a  =  3,  6  =  3^3,  find  c. 

23.  Given  (a+6+c)(6+c-a)  =  36c,  find  A. 

24.  Find  the  angles  of  the  triangle  whose  sides  are 

3  +  v/3,    2V3,    V6. 

25.  Find  the  angles  of  the  triangle  whose  sides  are 

V3  +  1      x/3-1     V3 
2^2  '      2^2   '      2   *. 

26.  Two  sides  of  a  triangle  are  — rr jz^  and    .^       ._ ,  and  the 

y6— v/2  v6+v2 

included  angle  is  60° :  solve  the  triangle. 

146.  When  an  angle  of  a  triangle  is  obtained  through  the 
medium  of  the  sine  there  may  be  ambiguity,  for  the  sines  of 
supplementary  angles  are  equal  in  magnitude  and  are  of  the 
same  sign,  so  that  there  are  two  angles  less  than  180°  which 
have  the  same  sine.  When  an  angle  is  obtained  through  the 
medium  of  the  cosine  there  is  no  ambiguity,  for  there  is  only 
one  angle .  less  than  180°  whose  cosine  is  equal  to  a  given 
quantity. 

'      Thus  if  sin  ^=^,  then  J.  =  30°  or  150°; 

if  cos4=^,  then.>l  =  60°. 

H.  K.  E.  T.  9 
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Example.     If  (7=60°,  &  =  2^3,  c  =  3^2,  find  ^.  ^ 

T.         XI     •        i.  .     „     6  sin  C 

From  the  equation        sin  jB  = , 

c 

,  .    P     2^3      ^3       1 

wehave  sm5  =  3^.^  =  -^; 

.-.  5  =  45°  or  135°. 

The  value  J5  =  135°  is  inadmissible,  for  in  this  case  the  sum  of 
B  and  G  would  be  greater  than  180°. 

Thus  ^  =  180° -60° -45°  =  75°. 

147.     Case  IV.     To  solve  a  triangle  having  given  two  sides  and 
an  angle  opposite  to  one  of  them. 

Let  a,  6,  A  be  given ;  then  B  is  to  be  found  from  the  equation 

sin  B  =  -  sin^. 
a 

(i)     If  a<6sin  J.,  then >1,  so  that  sin^>l,  which 

is  impossible.     Thus  there  is  no  solution. 

(ii)     Ifa=&sin^, 
has  only  the  value  90°. 

(iii)    If  a  >  6  sin  A ,  then <  1,  and  two  values  for  £  may 

be  found  from  sin  B= .     These  values  are  supplementary, 

so  that  one  angle  is  acute,  the  other  obtuse. 

(1)  If  a<b,  then  A<B,  and  therefore  B  may  either  be  acute 
or  obtuse,  so  that  both  values  are  admissible.  This  is  known  as 
the  ambiguous  case. 

(2)  If  «  =  6,  then  A=B;  and  if  a >  6,  then  A>B',  in  either 
case  B  cannot  be  obtuse,  and  therefore  only  the  smaller  value  of 
B  is  admissible. 

When  B  is  found,   C  is  determined  from  C=180°  —  A-B. 

CI  QT  yi    / 

Finally,  c  may  be  found  from  the  equation  c=— ^ — -j-- 

From  the  foregoing  investigation  it  appears  that  the  only  case 
in  which  an  ambiguous  solution  can  arise  is  when  the  smaller  of 
the  two  given  sides  is  opposite  to  the  given  angle. 


(ii)     If  a=&sin^,  then =1,  so  that  sinjB  =  l,  and  B 
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148.     To  discicss  the  Amhigiious  Case  geometrically. 

Let  a,  6,  A  be  the  given  parts.  Take  a  line  AX  unlimited 
towards  X ;  make  /  X2  (7  equal  to  A,  and  J.  C'  equal  to  h.  Draw 
CD  perpendicular  to  AX,  then  CD=hB\nA. 

With  centre  C  and  radius  equal  to  a  describe  a  circle. 


(i)  If  a  <  6  sin  A^  the  circle  will 
not  meet  AX',  thus  no  triangle 
can  be  constructed  with  the  given 
parts. 


(ii)  If  a  =  5sin^,  the  circle  will 
touch  AX  at  D ;  thus  there  is  a 
right-angled  triangle  with  the  given 
parts. 


(iii)  If  a  >  6  sin  J.,  the  circle 
will  cut  ^X  in  two  points  B^,  B^. 

(1)  These  points  will  be  both 
on  the  same  side  of  A^  when  a<b, 
in  which  case  there  are  two  so- 
lutions, namely  the  triangles 

AB^C,    AB^C. 
This  is  the  Ambiguous  Case. 

(2)  The  points  B^^,  B^  will  be  on  opposite  sides  of  A  when 
a>h. 

In  this  case  there  is  only  one 
solution,  for  the  angle  CAB^  is 
the  supplement  of  the  given  angle^ 
and  thus  the  triangle  AB^C  does 
not  satisfy  the  data. 

(3)  If  a  =  h,  the  point  B2 
coincides  with  A,  so  that  there 
is  only  one  solution. 


9—2 
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Example.     Given  5  =  45°,  c=^12,  h=^j8,  solve  the  triangle. 
w    -u  ■    ^     csinS      2^3     1       ^/3 

.-.  (7  =  60°  or  120°, 

and  since  b<:c,  both  these  values  are  admissible.     The  two  triangles 
which  satisfy  the  data  are  shewn  in  the  figure. 

Denote  the  sides  BG-^,  BC^hj  a-^^  a^,  and  the  angles  BAG^^,  BAG^ 
lay  A-^,  A^res^Qciviely. 


A 


B 

•      (i)    IntheA^^Cj,         /.4i  =  75°; 

(ii)   Inthe  A^BC.,  lA^^=U°\ 

hence  .      &sin^,_2V2    ^3-1,, .,,3     ,. 

Hence  a^-- _-^  _-^.  ^-^  =  ^^(^8-1). 

v/2 

j'C=60°,  or  120°; 
Thus  the  complete  J  ^  _  750    qj.  j^^o  . 
solution  is  I  '  ' 

(a=v/6  +  N/2,  or  ^6-^2. 

EXAMPLES.    XIII.  b. 

1.  Given  «=1,  6  =  V3,  J.  =  30°,  solve  the  triangle. 

2.  Given  6  =  3^^2,  0=2^/3,  C=45°,  solve  the  triangle. 

3.  If  6'=  60°,  a=2,  c=V6,  solve  the  triangle. 
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4.  If  J.  =  30°,  a  =  2,  c= 5,  solve  the  triangle. 

5.  liB  =  30°,  6  =  V6,  c  =  2  ^3,  solve  the  triangle. 

6.  liB= 60°,  6  =  3  V2,  c = 3  +  V3,  solve  the  triangle. 

7.  If  a  =  3  +  V3,  c = 3  -  V3,  C=  15°,  solve  the  triangle. 

8.  If  ^  =  18°,  a = 4,  &  =  4  +  ;v/80,  solve  the  triangle.      , 

9.  If  5=135°,  a  =  3V2,  &  =  2  J3,  solve  the  triangle.  . 

149.  Many  relations  connecting  the  sides  and  angles  of  a 
triangle  may  be  proved  "by  means  of  the  formulce  we  have 
established. 

A  B  —  C 

Example  1.     Prove  that  {b  -  c)  cos  -e  =  ci  sin  — ^ — . 

Let  ^■=- 


sin  A      sin  B      sin  C  ' 
then  a  =  A;sin^,     h=ksvQ.B,     c^fcsinC; 

A  A 

.:  (b  -  c)  cos  ^r  =  ^  (sin  B  -  sin  C)  cos  — 

_,   ^     B+C    .    B-G       A 
=  2k  cos  — ^r —  sni  — ^-—  cos  — 

^,    .    A        A    .    B-G 
=  2k  sm  —  cos  —  sm  — ^r— 

B-G 


—  k  Bin.  A  sin 


2 

B-G 


=asm 

Example  2.     If  acos^—  +ccos2—  =       ,  shew  that  the  sides   of 

the  triangle  are  in  a.  p. 

G  A 

Since  2acos2  — +  2c  cos^— =  3&, 

2,  a 

:.  a(l  +  cosC)  +  c{l  +  cos^)  =  3&, 

.•.  a  +  c  + (a  cos  C  +  ccos^)  =  3&, 

.-.  a  +  c  +  &  =  3&, 

.-.  a  +  c  =  2&. 

Thus  the  sides  rt,  i,  c  are  in  A.  p. 
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Example  3.     Prove  that 

(62  _  c2)  cot  ^  +  (c2  -  a2)  cot  J5  +  (a'  -  h^)  cot  C = 0. 


Let 


k  = 


sin  A      sin  B     sin  G 


;  then 


the  first  side 


cos^ 
sin^ 


+ 


^ } 


=  ;c2  |(sin2B-sin2C) 

=  ft2  |sin(B  +  C)sin(B-C)^^+ + I.   [Art.  114], 

Bnt  sin  {B  +  C)  =  sin  A,  and  cos  ^  =  -  cos  (B  +  G); 

the  first  side 

=  -/c2{sin(S-C7)cos{£  +  (7)  + + } 

1.2 

=  _      {(sin  2B  -  sin  2G)  +  (sin  2C  -  sin  2A)  +  (sin  2A  -  sin  2B)} 
=0. 


EXAMPLES.    XIII.  c. 

Prove  the  following  identities  : 

1.  a  (sin  ^  -  sin  C)  +  6  (sin  (7-  sin  J.)  +  c  (sin  A  -  sin  B)=0. 

2.  2  {be  cos  A +  ca  cos  B+ab  cos  C)  =  a^  +  b^  +  c^. 

3.  a{b  cosC—c  cos  B)  =  b^—c^. 

4.  (64-c)cos  J.  +  (c  +  a)cos^  +  (a  +  6)cos  C=a  +  b+c. 

(  C  A\ 

5.  2  (  a  sin^  — +csin2  —  j=c  +  a  — 6. 


cos  B  _c  —  b  cos  J. 
cos  (7      6  —  c  cos  A  ' 

8.     (b  +  c)  sm  —  =  a  cos  — - — . 

A  A 


7.     tan  A  ■■ 


a  sin  (7 
6  — a  cos  C 


9. 


a-\-b   .  „(7     cosJ.  +  cos5 


sm^  -  =  • 


c  2  2 

10.     asin(5-(7)  +  6sin(C-^)+csin(^-J5)=0. 

sin(^-^)     a2_j2  ^^     csin(^-5)_a2_62 


II 


sin(^+^) 


=  — „-  .         12. 


6  sin  ((7— J.)     c' 


a-, 
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[All  articles  and  examples  marked  with  an  asterisk  mmj  he 
omitted  on  the  first  reading  of  the  subject.] 

*150.  The  ambiguous  case  may  also  be  discussed  hj  first 
finding  the  third  side. 

As  before,  let  a,  6,  A  be  given,  then 

,     b^-\-c^  —  a^ 

.*.   c^  —  2bcosA.c  +  h^  —  a^  =  0. 

By  solving  this  quadratic  equation  in  c,  we  obtain 

c=bcosA  +  *Jb'^  cos^  A  +  a^  —  b^ 

=  b  cos  A  +  V«^  —  ^^  sin2  A. 

(i)  When  a<b  sin  A,  the  quantity  under  the  radical  is 
negative,  and  the  values  of  c  are  impossible ;  so  that  there  is 
no  solution. 

(ii)  "When  a=6  sin  J.,  the  quantity  under  the  radical  is  zero, 
and  c  =  b  cos  A.  Since  sin  ^  <  1,  it  follows  that  a<b,  and  there- 
fore A<B.  Hence  the  triangle  is  impossible  unless  the  given 
angle  A  is  acute,  in  which  case  c  is  positive  and  there  is  one 
solution. 

(iii)    When  a>b  sin  Ay  there  are  three  cases  to  consider. 

(1)  Suppose  a  <b,  then  A<B,  and  as  before  the  triangle  is 
impossible  unless  A  is  acute.     In  this  case  b  cos  A  is  positive. 

Also  ^/a^  —  b^  sin^  A   is   real   and   <  ^/b^  —  b^  sin^  A  ; 

that  is  V^^  —  ^^  sin^  A<b  cos  A  ; 

hence  both  values  of  c  are  real  and  positive,  so  that  there  are 
two  solutions. 


(2)  Suppose   a>b,  then    V«^  -  b^  sin2  A  >  ^b^  -  b^  sin^  A ; 

that  is  ^/a^  —  W sin^  A>b  cos  A  ; 

hence  one  value  of  c  is  positive  and  one  value  is  negative, 
whether  A  is  acute  or  obtuse,  and  in  each  case  there  is  only 
one  solution. 

(3)  Suppose  a = 5,  then  '\/a^  —  b^  sin^  A  =  b  cos  A ; 

.'.  c=2bcos  A  or  0  ; 

hence  there  is  only  one  solution  when  A  is  acute,  and  when  A  is 
obtuse  the  triangle  is  impossible. 
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L.>  Example.    If  b,  <;,  B  are  given,  and  if  6<:c,  shew  that 

(a-i  -  a^f'  +  (tti  +  a^Y  t&n^B  =  4&2 
:^vhere  a^^a^  are  tlie  two  values  of  the  third  side. 

From  the  formula        cos  .6=         , 

2ca 

we  have  a^ - 2c cob B  .a  +  e^-lr  =  0. 

But  the  roots  of  this  equation  are  a^  and  ac^\  hence  by  the  theory  of 
quadratic  equations 

.  a-^  + a.2=i2c  COB B  and  a^aj  =  c^ -  6^- 

.'.  (ai-a2)-  =  (ai  +  ao)^-4aja2 

=4c2cos25-4(c2-&2). 

.;.  K-«2)^+(«i  +  «2)^tan2J5=4c2cos2£-,4(c2-&2)+4c2cos2£tan2£ 

=4c2(cos2B  +  sin2£)-4c2  +  4&2 
=  4c2-4c2  +  4&2 
/  ■  =462. 

^EXAMPLES.    Xra.  d. 

1.  In  a  triangle  in  which  each  base  angle  is  double  of  the 
third  angle  the  base  is  2  :  solve  the  triangle. 

2.  If  5=45°,  (7=75°,  and  the  perpendicular  from  A  on  BO 
is. 3,  solve  the  triangle. 

3.  If  a = 2,  6  =  4  -  2  v'3,  c = 3  ^2  -  V^,  solve  the  triangle. 

4.  If  ul  =  1 8°,  6  -  a  =  2,  a& =4,  find  the  other  angles. 

;.;  ■-  5.  Given  5=30°,  c=150,  &=50;v/3,  shew  that  of  the  two 
triangles  which  satisfy  the  data  one  will  be  isosceles  and  the 
other  right-angled. 

Find  the  third  side  in  the  greater  of  these  triangles.     "Would 
the  solution  be  ambiguous  if  the  data  had  been  5=30°,  c=150, 

Q.     If  ^=36°,  a =4,  and  the  perpendicular  from  (7  upon  AB 
is  a/5  —  1,  find  the  other  angles. 

7.     If  the  angles  adjacent  to  the  base  of  a  triangle  are  22|° 
and  112^°,  shew  that  the  altitude  is  half  the  base. 

'■  8.     If  a=2b  and  A  =  3B,  find  the  angles  and  express  c  in 
terms  of  a. 
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9.     The  sides  of  a  triangle  are  2^+3,  x^  +  3x+'S,  :v^  +  2x: 
shew  that  the  greatest  angle  is  120°. 

Shew  that  in  any  triangle 

-i«      /7       \        ^       /        Ti  i\         •    A  —  B  A-\-B 

10.     (6  -  a)  cos  C  +  G  (cos  n  —  cos  A)  —  c  sm  — - —  cosec  — - — . 


11.     asin  (  — +^  )=^  (&  +  c)  sin 


12.     sin(^5  +  -jcos-  =  ^— cos-cos-^. 

1 +  CQS  (A-B)  cos  G  _a^  +  b^ 
I -\-cos  (A -C)  cos B~a^  +  c^' 

14.  If  c*  -  2  (a2  +  62)  c2  +  a4  +  ^2^,2 + £4  _  q,  prove  that  C  is  60° 
or  120°. 

15.  If  a,  b,  A  are  given,  and  if  Cj,  c^  are  the  values  of  the 
third  side  in  the  ambiguous  case,  prove  that  if  c-^>c.^, 

(1)  Ci  —  C2=2acosB^. 

(2)  C03.-i^  =  ^. 

(3)  Ci2 -j- C2^  -  2c^c,2  cos  2 A  =  4a2  cos^  A. 

(4)  sm  — i— — ^  sm  -^^-^ — ^  =  cos  A  cos  i?i. 

16.  If  J.  =  45°,  and  c^,  C2  be  the  two  values  of  the  ambiguous 
side,  shew  that 

cos  B^CB2==^Y^- 

17.  If  cos  J. +  2  cos  C  :  cos  J. +2  cos  ^= sin  J5  :  sin  C,  prove 
that  the  triangle  is  either  isosceles  or  right-angled. 


18.     If  a,  6,  c  are  in  A.  P.,  shew  that 
A         .B 
2'   ^"*2 


^^         ^^         .^  1      • 

cot  — ,   cot  - ,   cot  —  are  also  m  A.  p. 


19.     Shew  that 

a^siJi{B-C)     b'^sm{C-A)     c^sin{A-B)^^ 
sin  ^+ sin  C       sin  (7+ sin  ^      sin  J.  +  sin  ^ 
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MISCELLANEOUS  EXAMPLES.    D. 

1.  Prove  that  (1 )  tan  2^  cot  ^  - 1  =  sec  26  ; 

(2)  sin  a  —  cot  6  cos  a  =  —  cosec  6  cos  (a  +  6). 

2.  If  a  =  48,  6  =  35,  C=60°,  find  c. 

8  15 

3.  If  cosa  =  Y7  ^^^  ^°^i^~T7»  ^^^ 

tan  (a +^)  and  cosec  (a +/3). 

4.  If  a  =  ST  5  fiiid  the  value  of  -; — - — ; — -. — zrr  • 

21'  sin2a  +  sinl4a 

5.  Prove  that  sin  6  (cos  26  +  cos  A6  +  cos  6^)  =  sin  3^  cos  4^. 

6.  If6  =  x/2,  c=V3  +  l,  ^  =  45°,  solve  the  triangle. 

7.  Prove  that 

(1)   2sin2  36°  =  V5sinl8°;     (2)   4sin  36°  cos  18°=V5. 

«      -r.  J.1    J.  sin  3a     cos  3a     , 

8.  Prove  that    -. 1 =4  cos  2a. 

sm  a        cos  a 

9.  If  6=c=2,  a=V6  — \/2,  solve  the  triangle. 

10.  Shew  that 

(1 )  cos  2a  —  cot  3a  sin  2a  =  tan  a  (sin  2a  +  cot  3a  cos  2a). 

o 

(2)  COSa  +  cos2a4-cos3a  =  4cosaCOS-  COS  — —  1. 

11.  In  any  triangle,  prove  that 

(1)     62  sin  2(7+ c2  sin  25= 26c  sin  ^; 

a^m.n{B~C)     62  sin  ((7-^)     c^&m{A-B) 
^  '  sin  A  sin  B  sin  G 

12.  If  Ay  B,  C,  B  are  the  angles  of  a  quadrilateral,  prove 
that 

tan ^  +  tan 5 + tan  (7+ tan i)     ,        i,       n.      ^.       t^ 

■ — r— i 7S r-?^ r^r = tan  A  tan  i?  tan  C  tan  Z>. 

cot  A  +  cot  ij  +  cot  6  +  cot  x> 

[  ?7se  tan  (^  +  £)  =  tan  (360°  -  C  -  D).] 


CHAPTER  XIV. 

LOGAKITHMS. 

151.  Definition.  The  logarithm  of  any  number  to  a  given 
base  is  the  index  of  the  power  to  which  the  base  must  be  raised 
in  order  to  equal  the  given  number.  Thus  if  a^=N,  x  is  called 
the  logarithm  of  N  to  the  base  a. 

Example  1.     Since  3*= 81,  the  logarithm  of  81  to  base  3  is  4. 

Example  2.     Since  10i  =  10,  102  =  100,  103  =  1000, 

the  natural  numbers  1,  2,  3,...  are  respectively  the  logarithms  of  10, 
100,  1000, to  base  10. 

Example  3.    Find  the  logarithm  of  '008  to  base  25. 
Let  X  be  the  required  logarithm ;  then  by  definition, 

that  is,  (52)^=5-3,  or  52»'= 5-3; 

whence,  by  equating  indices,  2a;=  -  3,  and  x=  - 1*5. 

152.  The  logarithm  of  JV  to  base  a  is  usually  written  log^  iV, 
so  that  the  same  meaning  is  expressed  by  the  two  equations 

From  these  equations  it  is  evident  that  a^o&a-^=iV. 

Example.    Find  the  value  of  log  .^i '00001. 
Let  log  .01  -00001  =  X ;  then  ( -Ol)*  =  -00001 ; 


(io^)  - 


1  11 

100000  '  °^  102=«  ~  105  • 


.'.  2a;=5,  and  a;  =  2-5. 

153.     When  it  is  understood  that  a  particular  system  of  log- 
arithms is  in  use,  the  suffix  denoting  the  base  is  omitted. 
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Thus  in  arithmetical  calculations  in  which  10  is  the  base,  we 
usually  write  log  2,  log  3, instead  of  log^^o^?  logio^j 

Logarithms  to  the  base  10  are  known  as  Common  Log- 
arithms ;  this  system  was  first  introduced  in  1615  by  Briggs, 
a  contemporary  of  Napier  the  inventor  of  Logarithms. 

Before  discussing  the  properties  of  common  logarithms  we 
shall  prove  some  general  propositions  which  are  true  for  all 
logarithms  independently  of  any  particular  base. 

154.  The  logarithm  of  1  is  0. 

For  a^  —  1  for  all  values  of  a ;  therefore  log  1  =  0,  whatever  the 
base  may  be. 

155.  Thelogamthm  of  the  hose  itself  is  1. 
For  «!  =  a ;  therefore  log^  a  =  1. 

156.  To  find  the  logarithm  of  a  product. 

Let  MN  be  the  j)roduct ;  let  a  be  the  base  of  the  system, 
and  suppose 

so  that  ■  a^=J/,  ay=]Sf. 

Thus  the  product    J/iV  =  a=«  x  a^' = a^  +  2' ; 

whence,  by  definition,   \ogaMN~x-{-y 

^log„if+log„iV. 

Similarly,  log^  J/'i\^P=log«  Jf+log,ji\^+log^P; 
and  so  on  for  any  number  of  factors. 

Example.    log42=log(2  x  3  x7)  =  log  2  +  log3  +  log7. 

157.  To  find  the  logarithm  of  a  fraction. 

M 
Let  -^  be  the  fraction,  and  suppose 

:r=logaJ/,        y=logaiV; 

so  that  a===i/;  ay=N. 

M     a^ 
Thus  the  freiction  ^  =  —  =  a«-i' ; 

N     a^ 

whence,  by  definition,   log^ --y-= x-y 

=  log„if-log«iV. 
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15 
Example.  log  (2^)  =  log  —  =  log  15  -  log  7 

=  log  (3  X  5)  -  log  7  =  log  3  +  log  5  -  log  7. 

158.  To  find  the  logarithm,  of  a  number  raised  to  any  power ^ 
integral  or  fraxitional. 

Let  loga  (J/^)  be  required,  and  suppose 

jr=loga  J/,  so  that  a^=M  \ 

then  i/^  =  (a=*^)^  =  aP^; 

whence,  by  definition,       log^  ( J/^)  =  'px ; 

that  is,  loga  {MP)  =p  log^  M. 

\      1 
Similarly,  log^  (J/^)  =  -  log^  M. 

159.  It  follows  from  the  results  we  have  proved  that 

(1)  the  logarithm  of  a  product  is  equal  to  the  sum  of  the 
logarithms  of  its  factors ; 

(2)  the  logarithm  of  a  fraction  is  equal  to  the  logarithm 
of  the  numerator  diminished  by  the  logarithm  of  the  de- 
nominator ; 

(3)  the  logarithm  of  the  ^th  power  of  a  number  is  p  times 
the  logarithm  of  the  number ; 

(4)  the  logarithm  of  the  Hh  root  of  a  number  is  -  of  the 
logarithm  of  the  mmaber. 

Thus  by  the  use  of  logarithms  the  operations  of  multipli- 
cation and  division  may  be  replaced  by  those  of  addition  and 
subtraction ;  the  operations  of  involution  and  evolution  by  those 
of  multiplication  and  division. 

a^  Jh 
Example.     Express  log  —~  in  terms  of  log  a,  log  &,  log  c. 

The  expression  =  log  (a^  ^&)  -  log  4/c^ 

2 

=  log  a^ -f  log  ;.y &  -  -  log  c 

1  2 

=  51oga-f--log6--logc. 
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160.  From  the  equation  10="=^^,  it  is  evident  that  common 
logarithms  will  not  in  general  be  integral,  and  that  they  will  not 
always  be  positive. 

For  instance  8154  >103  and  <104; 

.  • .  log  3154  =  3 +  a  fraction. 
Again,  '06 >  10-2  and  <10-i; 

.  • .  log  '06  =  —  2  +  a  fraction. 

161.  Definition.  The  integral  part  of  a  logarithm  is  called 
the  characteristic,  and  the  decimal  part  is  called  the  mantissa. 

The  characteristic  of  the  logarithm  of  any  number  to  the 
base  10  can  be  found  by  inspection,  as  we  shall  now  shew. 

162.  To  determine  the  characteristic  of  the  logarithm  of  any 
number  greater  than  unity. 

It  is  clear  that  a  number  with  two  digits  in  its  integral  part 
lies  between  10^  and  10^;  a  number  with  three  digits  in  its 
integral  part  lies  between  10^  and  10^ ;  and  so  on.  Hence  a 
number  with  n  digits  in  its  integral  part  lies  between  \0^~^ 
and  10". 

Let  iV  be  a  number  whose  integral  part  contains  n  digits ; 
then 

AT" "1  n(n-l)-|-a  fraction  , 

. • .  log  N—  {n-\)  +  a,  fraction. 

Hence  the  characteristic  is  ^i  —  1 ;  that  is,  the  characteristic  of 
the  logarithm  of  a  number  greater  than  unity  is  less  by  one  than 
the  number  of  digits  in  its  integral  part,  and  is  positive. 

163.  To  determine  the  characteristic  of  the  logarithm  of  a 
decimal  fraction. 

A  decimal  with  one  cipher  immediately  after  the  decimal 
point,  such  as  "0324,  being  greater  than  '01  and  less  than  "1,  lies 
between  IQ-^  and  10-^;  a  number  with  two  ciphers  after  the 
decimal  point  lies  between  10 -^  and  IQ-^-  and  so  on.  Hence 
a  decimal  fraction  with  n  ciphers  immediately  after  the  decimal 
point  lies  between  10-("  +  i)  and  lO"**. 

Let  /)  be  a  decimal  beginning  with  n  ciphers ;  then 

T)=z\()~ («+l)-fa fraction  . 

.• .  log  Z)=-(n  +  l)  +  a  fraction. 
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Hence  the  characteristic  is  —(n+1);  that  is,  the  characteristic 
of  the  logarith^n  of  a  decimal  fraction  is  greater  hy  unity  than  the 
number  of  ciphers  immediately  after  the  decimal  point  and  is 
negative. 

164.  The  logarithms  to  base  10  of  all  integers  from  1  to 
200000  have  been  found  and  tabulated ;  in  most  Tables  they 
are  given  to  seven  places  of  decimals. 

The  base  10  is  chosen  on  account  of  two  great  advantages. 

(1)  From  the  results  already  proved  it  is  evident  that  the 
characteristics  can  be  written  down  by  inspection,  so  that  only 
the  mantissas  have  to  be  registered  in  the  Tables. 

(2)  The  mantissse  are  the  same  for  the  logarithms  of  all 
numbers  which  have  the  same  signij&cant  digits  ;  so  that  it  is 
sufl&cient  to  tabulate  the  mantissas  of  the  logarithms  of  integers. 

This  proposition  we  proceed  to  prove. 

165.  Let  N  be  any  number,  then  since  multiplying  or  dividing 
by  a  power  of  10  merely  alters  the  position  of  the  decimal  point 
without  changing  the  sequence  of  figures,  it  follows  that  ^x  10^, 
and  iY-^lO^,  where  p  and  q  are  any  integers,  are  numbers  whose 
significant  digits  are  the  same  as  those  of  N. 

Now  log  {Nx  10^) =log  N+p  log  10 

=\ogN+p (1). 

Again,  log(iV^-^10«)  =  logiy-2'loglO 

=logiV-^ (2). 

In  (1)  an  integer  is  added  to  logiV,  and  in  (2)  an  integer  is 
subtracted  from  log  N ;  that  is,  the  mantissa  or  decimal  portion 
of  the  logarithm  remains  unaltered. 

In  this  and  the  three  preceding  articles  the  mantissas  have 
been  supposed  positive.  In  order  to  secure  the  advantages  of 
Briggs'  system,  we  arrange  our  work  so  as  always  to  heep  the 
mantissa  positive,  so  that  when  the  mantissa  of  any  logarithm 
has  been  taken  from  the  Tables  the  characteristic  is  prefixed 
with  its  appropriate  sign,  according  to  the  rules  already  given. 

166.  In  the  case  of  a  negative  logarithm  the  minus  sign  is 
written  over  the  characteristic,  and  not  before  it,  to  indicate  that 
the  characteristic  alone  is  negative,  and  not  the  whole  expression. 
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Thus  4-30103,  the  logarithm  of  '0002,  is  equivalent  to  -  4  +  -30103, 
and  must  be  distinguished  from  —  4-30103,  an  expression  in  'which 
both  the  integer  and  the  decimal  are  negative.  In  working  with 
negative  logarithms  an  arithmetical  artifice  will  sometimes  be 
necessary  in  order  to  make  the  mantissa  positive.  For  instance, 
a  result  such  as  —  3-69897,  in  which  the  whole  expression  is 
negative,  may  be  transformed  by  subtracting  1  from  the  integral 
part  and  adding  1  to  the  decimal  part.     Thus 

-3-69897=  -  4  + (1-  -69897)  =  4-30103. 

Example  1.     Eequired  the  logarithms  of  '0002432. 

In  the  Tables  we  find  that  3859636  is  the  mantissa  of  log  2432 
(the  decimal  point  as  well  as  the  characteristic  being  omitted) ;  and, 
by  Art.  163,  the  characteristic  of  the  logarithm  of  the  given  number 
is  -  4 ; 

.-.  log -0002432=  4-3859636. 
Example  2.    Find  the  cube  root  of  "0007,  having  given 

log  7  =  -8450980,     log  887904  =  5-9483660. 
Let  X  be  the  required  cube  root ;  then 

log  a;  =  I  log  (-0007)  =^(4-8450980)=:  J  (6  +2-8450980); 
o  o  o 

that  is,  log  X  =  2-9483660 ; 

but  log  887904=  5-9483660; 

/.  a; =-0887904. 

167.  The  logarithm  of  5  and  its  powers  can  easily  be  obtained 
from  log  2  ;  for 

log  5 =log  Y=log  10  -  log  2  =  1  -  log  2. 

Example.  Find  the  value  of  the  logarithm  of  the  reciprocal  of 
324  4/125,  having  given  log  2  =  -3010300,  log  3  =  -4771213. 

Since  log-=  -log a,  the  required  value 


=  -  log  (3244/125)  =  -  log  (22  x  3^  x  5* ) 
=  -(2log2  +  41og3  +  |log5) 


=  -  2-9299272 
=  3-0700728. 


2]og2=  *(50'20600 
4  log  3=1  •9084852 

—  log  5=  -4193820 

2-9299272 


XIV.]  LOGARITHMS.  145 

EXAMPLES.    XIV.  a. 

1.       Find  the  logarithms  respectively 
of  the  numbers       1024,     81,    -125,      '01,    '3,    100, 
to  the  bases  2,    ^3,        4,    -001,    'i,     '01. 

2.  Find  the  values  of 

logs  16,     log8i243,     log.oilO,     log^g  343^7. 

3.  Find  the  numbers  whose  logarithms  respectively 
to  the  bases     49,    -25,     -03,        1,     -64,    100,        '1, 

are  2,       ^,    -2,    -1,     -^,    1-5,      -4. 

4.  Find  the  respective  characteristics 

of  the  logarithms  of    325,    1603,    2400,    10000,    19, 
to  the  bases  3,       11,  7,  9,   21. 

5.  Write  down  the  characteristics  of  the  common  logarithms 
of  3-26,    523-1,    -03,    1'5,    '0002,   3000-1,    '1. 

6.  The  mantissa  of  log  64439  is  -8091488,  write  down  the 
logarithms  of  -64439,  6443900,  -00064439. 

7.  The   logarithm   of    32-5   is    1-5118834,   write    down   the 
numbers  whose  logarithms  are 

•5118834,    2-5118834,    4-5118834. 

[  When  required  the  following  logarithms  may  he  used 
log  2  =  -3010300,    log  3  =  -4771213,    log  7  =  -8450980.] 

Find  the  value  of 

8.     log  768.  9.  log  2352.  10.  log  35-28. 

11.     log\/6804.  12.  log  4^-00162.  13.  log -0217. 

14.     log  cos  60°.  15.  Iogsin3  60°.  16.  log\/sec45°. 

Find  the  numerical  value  of 

ir,      ^1      15     ,       25      ^,      4 

17.     21og--log^  +  31og-. 

H.  K.  E.  T.  10 
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18.  Evaluate  16  log  —  -  4  log  —  -  7  log  — . 

19.  Find  the  seventh  root  of  7, 

given  log  1-320469  =  -1207283. 

20.  Find  the  cube  root  of  -00001764, 

given  log  260315  =  5-4154995. 

21.  Given  log  3571  =  3-5527899,  find  the  logarithm  of 

3-571  X  -03571  x  \/3571. 

22.  Given  log  1 1  =  1  '041 3927,  find  the  logarithm  of 

(-00011)^  X  (1-21)2  X  (13-31)*-M2100000. 

23.  Find  the  number  of  digits  in  the  integral  parts  of 

'2i\300  /126\^^'^'' 


/2i\300  /i26\i 

V20J       ^^^    V125J 


24.     How  many  positive  integers  have  characteristic  3  when 
the  base  is  7  ? 

168.     Suppose  that  we  have  a  table  of  logarithms  of  numbers 
to  base  a  and  require  to  find  the  logarithms  to  base  h. 

Let  N  be  one  of  the  numbers,  then  log^  N  is  required. 

Let  hy=N^  so  that  y=\o%^N. 

.-.    loga(6^)=log^iV^; 

that  is,  -  y  log„  h  =  log^  N; 

or  log5i\^=j— ^xlog^iV^ (1). 

Now  since  N  and  h  are  given,  log^iY  and  log^ft  are  known 
from  the  Tables,  and  thus  log^  N  may  be  found. 

Hence  it  appears  that  to  transform  logarithms  from  base  a 

to  base  6  we  have  only  to  multiply  them  all  by  = ^ ;  this  is  a 

constant  quantity  and  is  given  by  the  Tables  ;  it  is  known  as 
the  modulus. 
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If  in  equation  (1)  we  put  a  for  N,  we  obtain 

logft  a=. J-  X  loga  a=T T  ; 

log„6       *"       loga& 

.-.    log5axlog«6  =  l. 

169.     The  following  examples  further  illustrate  the  great  use 
of  logarithms  in  arithmetical  work. 

Example  1.     Given  log  2  =  -3010300  and  log  4844544  =  6-6852530, 
find  the  value  of  (6-4)tVx  (^^256)3-5-^80. 

Let  X  be  the  value  of  the  expression ;  then 

1  ,      64     3  ,       256       1  .      ^. 
log  ^  =  Jo  log  j^  +  ^  log  ^Q- 2  log  SO 

=  i{log26_l)  +  |(log28-3)-^{log2=^  +  l) 

=  (5  +  ^)log2-2i^ 

=  1-5051500  +  -0301030  -  2-85. 

log  a; =i'- 6852530. 

log  4844544  =  6-6852530, 

.-.  a;  =-04844544. 


Thus 
But 


Example  2.  Find  how  many  ciphers  there  are  between  the  decimal 
point  and  the  first  significant  digit  in  (-0504)i0;   having  given 

log  2  =-301,  log  3  =  -477,  log  7  =  '845. 


Denote  the  expression  by  E ;  then 

504 
logE  =  101og^-^ 

=  10  (log  504 -4) 
=  10  {log  (23x32x7) -4} 
=  10{31og2  +  21og3  +  log7-4) 
=  10  (2  -702  -  4)  =  10  (2-702) 
=  20 +  7 -02  =  13-02, 
Thus  the  number  of  ciphers  is  12.     [Art.  163.] 


3  log  2=   -903 

2  log  3=   -954 

log  7=   -845 

2-702 


10—2 
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Exponential  equations. 

170.     If  in  an  equation  tlie  unknown  quantity  appears  as  an 
exponent,  the  solution  may  be  effected  by  the  help  of  logarithms. 

Example  1.     Solve  the  equation  8^~^*  =  12'*-"*,  having  given 
log  2  =  -30103,  and  log  3  =  -47712. 

From  the  given  equation,  by  taking  logarithms,  we  have 

(5  -  3a;)  log  8  =  (4  -  2x)  log  12 ; 

.-.  3  (5 -3a;)  log  2 

=  (4-2a;)(21og2  +  log3); 

.-.  151og2-81og2-41og3 

=  x  (9  log  2  -  4  log  2  -  2  log  3) ; 

_  7  log  2  -  4  log  3  _  49873 
•'•  "^  ""  5  log  2  -  2  log  3  ~  -55091 ' 
Thus  a;  =-36  nearly. 


7  log  2 =2-10721 

4  log  3=1-90848 

-19873 

5  log  2=1-50515 
2  log  3=  -95424 

•55091 


55091  )  198730  (  86 
165273 
334570 


Example  2.    Given  log  2  =  -30103,  solve  the  simultaneous  equations 
2«.52'=1,       5^1.  22/  =  2. 

Take  logarithms  of  the  given  equations ; 

.-.  a;log2  +  i/log5  =  0,         (a;  + 1)  log  5  +  ?/ log  2  =  log  2. 

For  shortness,  put  log  2  =  a,  log  5  =  6. 
Thus  ax  +  by  =  0, 

and  b{x  +  l)  +  ay  =  a,  or  hx  +  ay  =  a-b. 

By  eliminating  y,     x  [a^ -h^)=  -b{a-h), 

b  log  5  log  5  ,  „  nr.r.r.r, 

•■•  ^= T  =  -^ — 7^^^ — i=  " rA  a  =  - log  5=  -  -69897. 

a  +  b        log2  +  log5        loglO 

And  2/=-^  =  ^log5  =  a  =  log2=-30103. 

0       o 
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EXAMPLES.    XIV.  b. 

[  Whe7i  required  the  values  of  log  2,  log  3,  log  7  giveti  on  p.  145 
may  he  used.] 

Find  the  value  of 

("147  Y  '?'75\f 
,'        '    )   ,  given  log  9-076226  =-9579053. 
IzD  X  lb  / 

2.  \^^  X  Vl08  ^  (^^1008  X  v^486), 

given  log  301824=5-4797536. 

3.  (1080)4  X  (-24)^x810, 

given  log  2467266  =  6-3922160. 
Calculate  to  two  decimal  places  the  values  of 

4.  Iog2o800.  5.     log3  49.  6.     Iogi25  4000. 

7.  Find  how  many  ciphers  there  are  before  the  first  signifi- 
cant digits  in 

(-00378)^"    and    (-0259)^0. 

8.  To  what  base  is  3  the  logarithm  of  11000  ? 

given  log  11  =  1-0413927   and  log  222398  =  5-3471309. 

Solve  to  two  decimal  places  the  equations  : 
9.     2»:-i=5.  10.     3^-^  =  7.  11.     51-^=6^-3, 

12.  5=«=2-J'  and  52  +  ^=22-^. 

13.  2='=3y  and  2^  +  1  =  3^-1. 

14.  Given   log  28  =  a,  log  21  =  5,   log25  =  c,    find   log  27   and 
log  224  in  terms  of  a,  b,  c. 

15.  Given  log  242  =  a,  log  80 =6,  log45  =  c,  find  log  36  and 
log  66  in  terms  of  a,  b,  c. 
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MISCELLANEOUS  EXAMPLES.    E. 

1.  Prove  that 

cos (30° +^) cos  (30° -A)- cos (60°  +  ^) cos (60° -A)=^. 

2.  1{A  +  B  +  C= 180°,  shew  that 

sin  2^ +sin  25  + sin  2(7     ^    .    A    .    B   .     C 

■ — ; — J— — . — ^- — -. — y^~  =  8  sm  —  sm  -  sm  - . 

sm^+sm^  +  sinC  222 

3.  If  a  =  2,  c  =  v/2,  5=15°,  solve  the  triangle. 

4.  Shew  that  cos  a + tan  —  sin  a  =  cot  —  sin  a  —  cos  a. 

5.  If  b  cos  A  =  a  cos  B,  shew  that  the  triangle  is  isosceles. 

6.  Prove  that 

(1)  sin  6  (sin  3(9  + sin  5^  + sin  7^  + sin  9^)  =  sin  66  sin4^ ; 

,^.      sin  a  +  sin  3a  +  sin  5a  +  sin  7a 

(2)  — ;; rr-  =  tan  4a. 

^  '     cos  a + cos  3a  +  cos  5a  +  cos  7a 

rr      en         j^i    x  ^os  3a  .  sin  3a     ^      ^  ^ 

7.  Shew  that   -. 1 =  2  cot  2a. 

sm  a        cos  a 

8.  If  6=a  (v/3  -  1),  (7=  30°,-  find  A  and  B. 

n      ci,       4.1.  +  4.       4  4tana-4tan3a 

9.  Shew  that  tan  4a  =  - — —, — ;; -, — t—  . 

l-6tan2a+tan*a 

10.  In  a  triangle,  shew  that 

(1)  a^cos2B  +  b^cos2A  =  a^  +  b^  — 4:ab  sin  A  sin  B  ; 

(A  B  C\ 

(2)  4  (  be  cos^  ^  +  c<^  cos^  l^  +  ^^  ^0^^  o  )  =  {tt  +  b  +  cf. 

11.  If  ci4  +  54_,_c4==2c2(a2  +  &2)^  prove  that  (7=45°  or  135°. 

[S'oZ'ye  as  a  quadratic  in  c^.] 

12.  If  in  a  triangle  cos  3^+ cos  35+ cos  3  (7=1,  shew  that 
one  angle  must  be  120°. 
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THE  USE  OF  LOGARITHMIC  TABLES. 

171.  We  shall  now  explain  the  use  of  logarithmic  Tables  to 
which  reference  has  been  made  in  the  previous  chapter. 

In  a  book  of  Tables  there  will  usually  be  found  the  mantissce 
of  the  logarithms  of  all  integers  from  1  to  100000;  the  charac- 
teristics can  be  written  down  by  inspection  and  are  therefore 
omitted.     [Art.  162.] 

The  logarithm  of  any  number  consisting  of  not  more  than 
5  significant  digits  can  be  obtained  directly  from  these  Tables. 
For  instance,  suppose  the  logarithm  of  3.36  "34  is  required. 
Opposite  to  33634  we  find  the  figures  5267785;  this,  with  the 
decimal  point  prefixed,  is  the  mantissa  for  the  logarithms  of  all 
numbers  whose  significant  digits  are  the  same  as  33634.  We 
have  therefore  only  to  prefix  the  characteristic  2,  and  we  obtain 

log  336-34  =  2 -5267785. 

Similarly,  log  33634  =  4-5267785, 

and  log -0033634  =  3-5267785. 

172.  Suppose  now  that  we  required  log  33634-392. 

Since  this  number  contains  more  than  5  significant  digits  it 
cannot  be  obtained  directly  from  the  tables ;  but  it  lies  between 
the  two  consecutive  numbers  33634  and  33635,  and  therefore  its 
logarithm  lies  between  the  logarithms  of  these  two  numbers. 
If  we  pass  from  33634  to  33635,  making  an  increase  of  1  in  the 
number,  the  corresponding  increase  in  the  logarithm  as  obtained 
from  the  tables  is  '0000129.  If  now  we  pass  from  33634  to 
33634-392,  making  an  increase  of  '392  in  the  number,  the  in- 
crease in  the  logarithm  will  be  -392  x  -0000129,  provided  that  the 
increase  in  the  logarithm  is  proportional  to  the  increase  in  the 
number. 
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Similarly,  log  33651  =  4^5269980, 

and  log  33652  =  4-5270109, 

the  transition  in  the  mantissse  from  526...  to  527...  being  shewn 
by  the  bar  drawn  over  0109.  This  bar  is  repeated  over  each  of 
the  subsequent  logarithms  as  far  as  the  end  of  the  line,  and  in 
the  next  line  the  mantissas  begin  with  527. 

Example.    Find  log  33634-392. 

From  the  Tables,       log  33635  =  4  -5267914 
log  33634  =  4-5267785 

difference  for  1  =  ^0000129 

Now  by  the  Eule  of  Proportional  Parts, 
log  33634^392  will  be  greater  than  log  33634 
by  "392  times  the  difference  for  1 ;  hence  to 
7  places  of  decimals,  we  have 

log  33634        =  4^5267785 

proportional  difference  for  -392=   ^0000051 

.•.  log  33634^392  =  4^5267836 

In  practice,  the  difference  for  1  is  usually  quoted  without  the 
ciphers;  if  therefore  we  treat  the  difference  129  as  a  tvliole  number, 
on  multiplying  by  '392  we  obtain  the  product  50^568,  and  we  take 
the  digits  given  by  its  integral  part  (51  approximately)  as  the  propor- 
tional increase  for  '392. 

175.  The  method  of  calculating  the  proportional  difference 
for  '392  which  we  have  explained  is  that  which  must  be  adopted 
when  we  have  nothing  given  but  the  logarithms  of  two  con- 
secutive numbers  between  which  lies  the  number  whose  logarithm 
we  are  seeking. 

But  when  the  Tables  are  used  the  calculation  is  facilitated 
by  means  of  the  proportional  differences  standing  in  the  column 
to  the  right.     This  gives  the  differences  for  tenths  of  unity. 

The  difference  for  "392  is  obtained  as  follows. 
•392  X  129  =  ('^  +  i5o  +  1^)  ^  129  =  39 -f-11-6-1- •26  =  50-86. 

The  difference  for  9  quoted  in  the  margin  (really  9  tenths)  is 
116,  and  therefore  the  difference  for  9  hundredths  is  11*6;  and 
similarly  the  difference  for  2  thousandths  is  -26. 
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In  practical  work,  the  following  arrangement  is  adopted. 

log  33634        =4-5267785 
add  for  3  39 

9  116 

2  26 


.-.    log  33634-392  =  4-5267836 


176.  The  following  example  is  solved  more  concisely  as  a 
model  for  the  student.  In  the  column  on  the  left  we  work  from 
the  data  of  the  question  ;  in  the  column  on  the  right  we  obtain 
the  logarithm  by  the  use  of  the  Tables  independently  of  the  two 
given  logarithms. 

Example.     Find  log  33  "656208,  having  given 

log  33656  =  4-5270625  and  log  38657  =  4-5270754. 


log  33-657  = 
log  33-656  = 

diff.  for  -001  = 


1-5270754 
1-5270625 

129 

208 

1032 
2^80^ 
diff.  for  -000208=  26  832 

log  33-656       =1-5270625 
log  33-656208  =  1-527065^ 


From  the  Tables,  we  have 

log  33-656       =1-5270625 

add  for  2  26 

0  0 

103 

log  33-656208  =  1-5270652 


177.     The  Rule  of  Proportional  Parts  also  enables  us  to  find 
the  number  corresponding  to  a  given  logarithm. 

Example  1.    Find  the  number  whose  logarithm  is  2*5274023,  having 
given  log  3-3683  =  -5274108  and  log  3 -3682  =  -5273979. 

Let  X  be  the  required  number ;  then 

log  X  =  2-5274023  log  -033683  =  2'5274108 


log -033682  =2 -5273979 


diff.= 


44 


log  -033682  =  2-5273979 
diff.  for  -000001=  l29 


hence  x  lies  between  -033682  and  -033683, 

44 
and  is  greater  than  -033682  by  -—  x  -000001, 

that  is  by  -00000034. 

.-.  a;  = -03368234. 


129  )  440  (  34 
387 
530 
516 
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In  working  from  the  Tables,  we  proceed  as  follows, 
log  a;  =.2*5274023 


log 

•033682     = 

2*5273979 
44 

8 

89 
50 

4 

52 

a;  = 

•03868234. 

We  are  saved  the  trouble  of  the  division,  as  the  multiples  of  129 
which  occur  during  the  work  are  given  in  the  approximate  forms  39 
and  52  in  the  difference  column  opposite  to  the  numbers  3  and  4. 

Example  2.     Find  the  fifth  root  of  •0025612,  having  given 
log  2-5612  =  •4084435,  log  8-0317  =  -4816862,  log  3 -0318  =  -4817005. 


Let  a;  =  (-0025612) 6;  then 

log  a;  =  i  log  (-0025612)  =  ^  (3*4084435) 


(5 +2  •4084435); 


=  1*4816887. 

log  a;  =1*4816887 

log -30317  =1*4816862 

diff.=  25 

25 


log  •30318=1*4817005 

log -30317  =1*4816862 

diff.  for  -00001=  l43 


proportional  increase  =-—  x  -00001  = -00000175. 
14o 


Thus 


a;  =-30317175. 


143  )  250  (  175 
143^ 
1070 
1001 


690 
715 


EXAMPLES.    XV.  a. 

1.  Find  the  value  of  log  4951634,  given  that 

log  49516=4-6947456,     log  49517  =4-6947543. 

2.  Find  log  3-4713026,  having  given  that 

log  347*13  =  2-5404921,     log  34714  =  4-5405047. 

3.  Find  log  2849614,  having  given  that 

log  2-8496  =  -4547839,     log  2-8497  =  *4547991. 
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4.  Find  log57'63325,  having  given  that 

log  576-33  =  2-7606712,     log  5763-4  =  3-7606788. 

5.  Given  log  60814  =  4*7840036,  diflf.  for  1  =  72,  find 

log  6081465. 

6.  Find  the  number  whose  logarithm  is  4-7461735,  given 

log  55740  =  4-7461670,     log  55741  =  4-7461748. 

7.  Find  the  number  whose  logarithm  is  2-8283676,  given 

log  6-7354  =  -8283634,     log  67355  =  4-8283698. 

8.  Find  the  number  whose  logarithm  is  2-0288435,  given 

log  1068-6  =  3-0288152,     log  1-0687  =  -0288558. 

9.  Find  the  number  whose  logarithm  is  3-9184377,  given 

log  8-2877  =  -9184340,     log  8287-8  =  3-9184392. 

10.  Given  log  253-19  =  2-4034465,  diff.  for  1  =  172,  find  the 
number  whose  logarithm  is  1  -4034508. 

11.  Given  log  2-0313  =  -3077741,     log  2*0314  = '3077954, 
and  logl-4271  = -1544544, 

find  the  seventh  root  of  142-71. 

12.  Find  the  eighth  root  of  13-89492,  given 

log  13894=4-1428273,     log  138-95  =  2-1428586. 

13.  Find  the  value  of  ^242447,  given 

log  2-4244  =  -3846043,  difi".  for  1  =  179. 

14.  Find  the  twentieth  root  of  2069138,  given 

log  20691  =  4-3157815,  difi".  for  1  =  210. 

Tables  of  Natural  and  Logaritlxmic  Functions. 

178.  Tables  have  been  constructed  giving  the  values  of  the 
trigonometrical  functions  of  all  angles  between  0°  and  90°  at 
intervals  of  10".  These  are  called  the  Tables  of  natural  sines, 
cosines,  tangents,...  In  the  smaller  Tables,  such  as  Chambers', 
the  interval  is  1'. 

The  logarithms  of  the  functions  have  also  been  calculated. 
Since  many  of  the  trigonometrical  functions  are  less  than  unity 
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their  logarithms  are  negative,  and  as  the  characteristics  are 
not  always  evident  on  inspection  they  cannot  be  omitted.  To 
avoid  the  inconvenience  of  printing  the  bars  over  the  character- 
istics, the  logarithms  are  all  increased  by  10  and  are  then 
registered  under  the  name  of  tabular  logarithmic  sines, 
cosines,... 

The  notation  used  is  L  cos  A^  L  tan  Q  ;  thus 

L  sin  A  =  log  sin  A  + 10. 
For  instance, 

Z  sin  45°  =  10+ log  sin  45°  =  10+ log -^ 
=  10  -  ^  log  2  =  9-8494850. 

179.  With  certain  exceptions  that  need  not  be  here  noticed, 
the  rule  of  proportional  parts  holds  for  the  natural  sines,  co- 
sines,... of  all  angles,  and  also  for  their  logarithmic  sines, 
cosines,....  In  applying  this  rule  it  must  be  remembered  that  as 
the  angle  increases  from  0°  to  90°  the  functions  sine,  tangent, 
secant  increase,  while  the  co-functions  cosine,  cotangent,  cosecant 
decrease. 

Example  1.    Find  the  value  of  sin  29°  37' 42". 

From  the  Tables,  sin  29°  38'  =  -4944476 

sin  29°  37'- -4941948 

diff.  for  60"=        2528 

42 
.-.  propi  increase  for  42"=  ^  x  2528  =        1770 

bO 

sin  29°  37' =  '4941948 

.-.  sin  29°  37' 42"= -4943718. 

Example  2.     Find  the  angle  whose  cosine  is  -7280843. 
Let  A  be  the  required  angle ;  then  from  the  Tables, 

cos  43°  16'  = -7281716  cos  43°  16'= -7281716 

cos  43°  17'  = -7279722  cos^  =-7280843 

diff.  for  60"  1994  prop'  part  873 

I  fin 

But  cos  A  is  less  than  cos  43°  16' ; 


hence  A  must  be  greater  than  43°  16' 

87  S 
by  jw^.  X  60",  that  is  by  26"  nearly. 

Thus  the  angle  is  43°  16'  26". 


1994  )  52380  (  26 
3988 

12500 
11964 
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180.  In  order  to  illustrate  the  use  of  the  tabular  logarithmic 
functions  we  give  the  following  extract  from  the  table  of  log- 
arithmic sines,  cosines,..,  in  Chambers'  Mathematical  Tables. 

27  Deg. 


56 

57 
58 
59 
60 


Sine   Diff.   Cosec. 


9-6570468 
9-6572946 
9-6575423 
9-6577898 
9-6580371 


9-6706576 
9-6708958 
9-6711338 
9-6713716 
9-6716093 


2478 
2477 
2475 
2473 


2382 
2380 
2378 
2377 


10-3429532 
10-3427054 
10-3424577 
10-3422102 
10-3419629 


10-3293424 
10-3291042 
10-3288662 
10-3286284 
10-3283907 


Cosine   Diff.   Secant 


Secant       D. 


10-0501191 
10-0501835 
10-0502479 
10-0503124 
10-0503770 


10-0537968 
10-0538638 
10-0539308 
10-0539979 
10-0540651 


Cosec. 


644 
644 
645 
646 


670 
670 
671 
672 

D. 


Cosine 

/ 

9-9498809 

60 

9-9498165 

59 

9-9497521 

58 

9-9496876 

57 

9-9496230 

56 

9-9462032 

4 

9-9461362 

3 

9-9460692 

2 

9-9460021 

1 

9-9459349 

0 

Sine 

/ 

62  Deg. 


181.  We  have  quoted  here  the  logarithmic  sines,  cosecants, 
secants,  and  cosines  of  the  angles  difiering  bj  1'  between  27°  0' 
and  27°  4',  and  also  between  27°  56'  and  27°  60'.  The  same 
extract  gives  the  logarithmic  functions  of  the  complements  of 
these  angles,  namely  those  between  62°  0'  and  62°  4',  and  those 
between  62°  56'  and  62°  60'. 

The  column  of  minutes  for  27°  is  given  on  the  left  and 
increases  downwards,  the  column  for  62°  is  on  the  right  and 
increases  upwards. 

The  names  of  the  functions  printed  at  the  top  refer  to  the 
angle  27°,  the  names  printed  at  the  foot  refer  to  the  angle  62°. 
Thus 


Z  cos  27°  3' =  9-9496876, 
X  sin  62°  2' =  9 -9460692, 


L  cosec  27°  58'  =  10-3288662, 
Z  cos  62°  59' =  9-6572946. 


The  first  difference  column  gives  the  differences  in  the  log- 
arithms of  the  sines  and  cosecants,  the  second  difference  column 
gives  the  differences  in  the  logarithms  of  the  cosines  and  secants, 
each  difference  corresponding  to  a  difference  of  1'  in  the  angle. 
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Example  1.     Find  L  cos  62°  57'  12". 

From  the  Tables,  L  cos  62°  57'  =  9  -6577898 

L  cos  62°  58' =  9 -6575423 

diff.  for  60"  2475 

12 
.-.  proportional  decrease  for  12"  =  777-x  2475  =  495. 

60  " 

X  cos  60  57' =  9-6577898 

Subtract  for  12"  495 

.-.  L  cos  62°  57'  12"=  9-6577403 

Example  2.     Given  L  sec  27°  39' =  10-0526648,  diff.  for  10"  =  110, 
find  A  when  L  sec  ^  =  10-0527253. 

Xsec^  =10-0527253 

L  sec  27°  39' =  10-0526648 

diff.  605 

.-.  proportional  increase  =  ^—r  x  10"  =  55". 

Thus  ^  =  27°  39' 55". 


EXAMPLES.    XV.  b. 

1.  Find  sin  38°  3'  35",  having  given  that 

sin  38°  4'  =  -6165780,     sin  38°  3'  =  '6163489. 

2.  Find  tan  38°  24'  37-5",  having  given  that 

tan  38°  25'  =  -7930640,     tan  38°  24'  =  -7925902. 

3.  Find  cosec  55°  21'  28",  having  given  that 
cosec55°  22' =  1-2153535,     cosec  55°  21'  =  1-2155978. 

4.  Find  the  angle  whose  secant  is  2-1809460,  given 

sec  62°  43' =  2-1815435,     sec  62°  42' =  2-1803139. 

5.  Find  the  angle  whose  cosine  is  -8600931,  given 

cos  30°  41'  =  -8600007,     cos  30°  40'  =  -8601491. 

6.  Find  the  angle  whose  cotangent  is  -8766003,  given 

cot  48°  46'  =  -8764620,     cot  48°  45'  =  -8769765. 

7.  Find  L  sin  44°  17'  33",  given 

X  sin  44°  18' =  9-8441137,     Z  sin  44°  17' =  9 -8439842. 
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8.  Find  L  cot  36°  26'  16",  given 

L  cot  36°  27'  =  10-1315840,     L  cot  36°  26'  =  101318483. 

9.  Find  L  cos  55°  30'  24",  given 

Xcos  55°  31' =9-7529442,     L  cos  55°  30' =  9-7531280. 

10.  Find  the  angle  whose  tabular  logarithmic  sine  is 
9*8440018,  using  the  data  of  example  7. 

11.  Find  the  angle  whose  tabular  logarithmic  cosine  is 
9*7530075,  using  the  data  of  example  9. 

12.  Given  L  tan  24°  50'  =  9*6653662,  diff.  for  1'  =  3313,  find 

Xtan24°50'52*5". 

13.  Given  L  cosec  40°  5'  =  10*1911808,  diflf.  for  1'  =  1502,  find 

Zcosec40°4'  17*5". 

182.  Considerable  practice  in  the  use  of  logarithmic  Tables 
will  be  required  before  the  quickness  and  accuracy  necessary  in 
all  practical  calculations  can  be  attained.  Experience  shews 
that  mistakes  frequently  arise  from  incorrect  quotation  from  the 
Tables,  and  from  clumsy  arrangement.  The  student  is  reminded 
that  care  in  taking  out  the  logarithms  from  the  Tables  is  of  the 
first  importance,  and  that  in  the  course  of  the  work  he  should 
learn  to  leave  out  all  needless  steps,  making  his  solutions  as 
concise  as  possible  consistent  with  accuracy. 

Example  1.    Divide  6*6425693  by  -3873007. 

1-5880475 

7 


From  the  Tables, 

log  6*6425   =  -8223316 
6        40 
9         5 
3 

9 
20 

log  -38730 
0 

7 

log  -3873007 

log  6*6425693=  -8223362 
log  -3873007  =  1-5880483 

By  subtraction,  we  obtain  1-2342879 

From  the  Tables,  log  17*150     =  1-2342641 

238 
9  229 


90 
3  76 


Thus  the  quotient  is  17*15093. 
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Example  2.    The  hypotenuse  of  a  right-angled  triangle  is  3-14102i 
and  one  side  is  2-593167;  find  the  other  side. 


Let  c  be  the  hypotenuse,  a  the  given  side,  and  x  the  side  required ; 
then 

x^  =  c^  -  a^=  {c+  a)  (c  ~  a) ; 

.\  2  log  a;=log  {c  +  a)+  log  (c  -  a). 


From  the  Tables,  log  5-7341  =   -7584653 

9  68 

1 

log -54785  =17386ea7 

7      55 

By  addition, 


•4971394 


Dividing  by  2,  we  have 


logx 

=  •2485697 

log  1-7724 

=  •2485617 

80 

3 

74 

60 

2 

49 

Thus  the  required  side  is  1^772432. 


c=3-141024 

a  =  2-593167 

c+a  =  5-73-il91 

c-a=   'SiTSoS 


EXAMPLES.    XV.  c. 

[In   this   exercise   the   logarithms    are   to   be   taken  from   the 
Tables.] 

1.  Multiply  300-2618  by  •0078915194. 

2.  Find  the  product  of  235-6783  and  357-8438. 

3.  Find  the  continued  product  of 

153-2419,  2-8632503,  and  -07583646. 

4.  Divide  1-0304051  by  27-093524. 

5.  Divide  357-8364  by  -00318973. 

6.  Find  x  from  the  equation 

-0178345:^  =  21-85632. 

7.  Find  the  value  of 

3-78956  X -0536872-f -0072916. 

H.  K.  E.  T.  11 
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8.  Find  the  cube  of -83410039. 

9.  Find  the  fifth  root  of  15063-018. 

10.  Evaluate  v'384-731  and  a/ 15-7324. 

11.  Find  the  product  of  the  square  root  of  1034-3963  and  the 
cube  root  of  353246. 

12.  Subtract  the  square  of  -7503269  from  the   square   of 
1-035627. 

X3,     Find  the  value  of 

(34-7326)^  X  \/2-53894 
\/4-39682 

Example  3.    Find  a  third  proportional  to  the  cube  of  -3172564 
and  the  cube  root  of  23-32873. 

Let  X  be  the  required  third  proportional ;  then 

(-3172564)3  :  (23-32873)^=  (23-32873)^  :  x; 

whence  a;  =  (23-32873)3 -=-(-3172564)3; 

.-.  log  a; r=  I  log  23-32873  -  3  log  -3172564. 


From  the  Tables, 

log  -31725     =  1-5014016 

6  82 

4  5 


1*5014103 
3^ 

2-5042311 


By  subtraction,    log  x 

log  255-67 


log  23-328     =1-3678775 

7  130 

3  5 


1-3678910|6 
2 

3  I  2-7357821 

-9119274 

2-5042311 


=  2-4076963 

=  2-4076798 

165 

153 


120 
.119 


Thus  the  third  proportional  is  255-6797. 
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14.  Find  a  mean  proportional  between 

•0037258169  and  -56301078. 

15.  Find  a  third  proportional  to  the  square  of  '43607528  and 
the  square  root  of  -03751786. 

16.  Find  a  fourth  proportional  to 

56712-43,  29-302564,  -33025107. 

17.  Find  the  geometric  mean  between 

(-035689)^  and  (2-879432)t. 

18.  Find  a  fourth  proportional  to 

V^32-7812,     ^357-814,     'J/7836-43. 

19.  Find  the  value  of 

sin  27°  13'  12"  x  cos  46°  2'  15". 

20.  Find  the  value  of 

cot  97°  14'  16"  X  sec  112°  13'  5". 

21.  Evaluate 

sin  20°  13'  20"  x  cot  47°  53'  15"  x  sec  42°  15'  30". 

22.  Find  the  value  of  ah  sin  C,  when 

a=324-1368,     6  =  417-2431,     0=113°  14' 16". 

23.  If  a  -.  6  =  sin  J.  :  sin  B,  find  a,  given 

6  =  378-25,     ^  =  35°  15' 33",     5  =  119°  14' 18". 

24.  Find  the  smallest  values  of  6  which  satisfy  the  equations 
(1)     tan3(9  =  -5-;         (2)    3  sin2  ^+2sin  ^=1. 

25.  Find  x  from  the  equation 

^x  sec  28°  17'  25"  =  sin  23°  18'  5"  x  cot  38°  15'  13". 

26.  Find  ^  from  the  equation 

sin^  ^=cos2  a^ot  j3, 
where  a  =  32°  47'  and  /3  =  41°  19'. 
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CHAPTER  XVI. 

SOLUTION   OF  TRIANGLES   WITH  LOGARITHMS. 

183.  The  examples  on  the  solution  of  triangles  in  Chap.  XIII. 
furnish  a  useful  exercise  on  the  formulae  connecting  the  sides 
and  angle  of  a  triangle  ;  but  in  practical  work  much  of  the 
labour  of  arithmetical  calculation  is  avoided  by  the  use  of 
logarithms. 

We  shall  now  shew  how  the  formulae  of  Chap.  XIII.  may 
be  used  or  adapted  for  use  in  connection  with  logarithmic 
Tables. 

184.  To  find  the  functions  of  the  half-angles  in  terms  of  the 
sides. 

We  have     2  sin^  —  =  1  -  cos  ^ 


Let 
then 
and 


2  sin^ 


26c 

26c-62-c2  +  a2     a2- 

-(62- 

-2bc+c^) 

26c 

26c 

a^-(J)-cf     {a  +  h- 

c)(a- 

-6+c) 

2bc 

26c 

a  +  h+c=2s; 

a-{-b-c  =  2s-2c=2{s-c), 

a_6+c=2s-26  =  2(s-6) 

.. 

,A    A{s-c){s-b)_2{s- 

b){s- 

-«). 

2  26c  bo 


.    A          /{s-b){s-c) 
■•    «^^2  =  V 6c 
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A                           b^+c^  —  a^ 
Again,     2  cos^  —  =  1  +  cos  A  =  l-\ i 

{b  +  cf-a^     {b+G+a){b  +  c-a)  ^ 
~        26c        ~  26c  ' 

^A      4s  (s- a)      2s  {s- a) 

.-.    2cos2— = — )^ -'= r ; 

2  26c  6c 


=  x/ 


A  /s(s  —  a) 

cos      —      ' 


2       V       6c 


Also    tan  —  =  sin  —  -f-  cos  — 
2  2  2 


=y 


(s-6)(5-c)^      6c 


6c  s{s  —  a)^ 


tan  —  = 


v^ 


A_      /(s-b){s-c) 


2       V       s{s-a) 

185.     Similarly  it  may  be  proved  that 

B 

2-\ 


sin  -  .  .  /(^ZM^.^         3i,  O         /t:a)is-b) 
ca         '  2      V  a6 


B 

cos-  = 


Aj^-6)  C_     /s{s-c), 

V       ca      '  '''''^2-V   ~^^^6~^ 


B_      /is-c){s-a)  C_      /(s-a){s-b) 

In  each  of  these  formulae  the  positive  value  of  the  square 
root  must  be  taken,  for  each  half  angle  is  less  than  90°,  so  that 
all  its  functions  are  positive. 

186.     To  find  sin  J.  in  terinis  of  the  sides. 
sm  J.  =  2  sm  —  cos  — 

=2    /(iz^)if_-if)  X  ^(^~^) . 

V  6c  6c      ' 

.*.    sin  J.  =  v- Vs  («  —  a)  (s  —  6)  (5  -  c). 

We  may  also  obtain  this  formula  in  another  way  which  is 
instructive. 
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We  have 

siu2  A  =  l—  cos2  A  =  {1  +  cos  A)  (1  -  cos  ^1) 

V  26c      ;V  26c 

^(6+c)2-a2     ct2-(6-c)2 
26c        ^        26c 

_(6+c  +  a)(6  +  c-a)  (a  +  6-c)  (a-6-f  c) 
4Pc2 

_  16g(g-a)(g-6)(g-c) 

4Pc2  ' 

2 

.-.    sin^4  =  Y-\/«(s-a)(s— 6)(s-c). 

The  positive  value  of  the  square  root  must  be  taken,  since 
the  sine  of  an  angle  of  any  triangle  is  always  positive. 


EXAMPLES.    XVI.  a. 

Prove  the  following  formulae  in  any  triangle  : 

1.     bcos^^+acos^  —  =s.  2.    stan  — tan— =5-1^. 

vers^     a(a+c-6)  ,         A  ^       .  ^B 

3.     0=7-77-^ r.  4.     6sm^  — +asm^  — =  5-c. 

vers^     6(6  +  c-a)  2  2 

A  B  C 

5.  («  -  a)  tan  — = (s  -  6)  tan  —  =  (5  -  c)  tan  - . 

AAA 

6.  Find  the  value  of  tan  — ,  when  a=lO,  6=17,  c  =  21. 

A 

c 

7.  Find  cot-,  when  a  =  13,  6  =  14,  c  =  15. 

8.  Prove  that 

1       2^      1       2^1       „(7      s2 

-  COS^  TT  +  T  COS^  TT  +  -  COS-*—  =  -^-  . 

a         26  2c         2a6c 

9.  Prove  that 

6-c       „A  ,  c-a      ^B  ,  a-6       ^C    ^ 

COS''  —  H J —  COS'*  —  H —  COS-^  -:::  =  0. 

a  2         6  2         c  2 
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187.     To  solve  a  triangle  when  the  three  sides  are  given. 
From  the  formula 


v^ 


A_     /(,-«(.-.) 


2      V       s{s-a)     ' 

A      1 

log  tan  -  =  -  {log  (5 -  6)  +  log  {s-c)- log s  -  log  (s  -  a)]  j 

whence  —  may  be  obtained  by  the  help  of  the  Tables. 

Similarly  B  can  be  found  from  the  formula  for  tan—,  and 

then  C from  the  equation  (7=  180°  —  A-B. 

In  the  above  solution,  we  shall  require  to  look  out  from  the 
tables  four  logarithms  only,  namely  those  of  s,  s  —  a,  s  —  b,  s  —  c; 
whereas  if  we  were  to  solve  from  the  sine  or  cosine  formulae  we 
should  require  six  logarithms  ;  for 


A 
cos- 


=  /-^a.acosfV^. 


SO  that  we  should  have  to  look  out  the  logarithms  of  the  siv 
quantities  s,  s—a,  s-b,  a,  b,  c. 

If  therefore  all  the  angles  have  to  be  found  by  the  use  of  the 
tables  it  is  best  to  solve  from  the  tangent  formulae ;  but  if  one 
angle  only  is  required  it  is  immaterial  whether  the  sine,  cosine, 
or  tangent  formula  is  used. 

In  cases  where  a  solution  has  to  be  obtained  from  certain 
given  logarithms,  the  choice  of  formulae  must  depend  on  the 
data. 

Note.  We  shall  always  find  the  angles  to  the  nearest  second,  so 
that,  on  account  of  the  multiplication  by  2,  the  half-angles  should  be 
found  to  the  nearest  tenth  of  a  second. 

188.  In  Art.  178  we  have  mentioned  that  10  is  added  to  each 
of  the  logarithmic  functions  before  they  are  registered  as  tabular 
logarithms  ;  but  this  device  is  introduced  only  as  a  convenience 
for  the  purposes  of  tabulation,  and  in  practice  it  will  be  found 
that  the  work  is  more  expeditious  if  the  tabular  logarithms  are 
not  used.  The  10  should  be  subtracted  mentally  in  copying 
down  the  logarithms.     Thus  we  should  write 

log  sin  64°  15'=  1  '9546793,    log  cot  18°  35'  =  -4733850, 

and  in  the  arrangement  of  the  work  care  must  be  taken  to  keep 
the  mantissae  positive. 
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Example  1.  The  sides  of  a  triangle  are  35,  49,  63;  find  the 
greatest  angle;  given  log  2  =  -3010300,  log 3  =  -4771213, 

L  cos  47°  53' =  9-8264910,  diff.  for  60"=  1397. 

Since  the  angles  of  a  triangle  depend  only  on  the  ratios  of  the 
sides  and  not  on  their  actual  magnitudes,  we  may  substitute  for  the 
sides  any  lengths  proportional  to  them.  Thus  in  the  present  case 
we  may  take  a  =  5,  6  =  7,  c  =  9;  then  C  is  the  greatest  angle,  and 


cos 


C_       /s  {s-c)_       /21      3      J__      /9_ 
2~  V   ~~^b~^~  V    2   ''2''5x7~V20' 


Thus 


logcos^  =  J(21og3-log2-l). 


log  cos  ^  =  1-8266063 

log  cos  47°  53' =1-8264910 

diff.  ll53 

1153 
.-.  proportional  decrease  =  :r-^^  x  60"  =  49*5" ; 

.-.^  =  47°  52' 10-5". 
Thus  the  greatest  angle  is  95°  44'  21". 


2  log  3=   -9542426 
1  •3010300 

2 )  1-0532126 

r'8266063 


1153 

60_ 

1397  )  69180  (  49-5 
5588 

13300 
12573 


7270 


Example  2.     If  a  =  283,  6  =  317,  c  =  428,  find  all  the  angles. 

A^      /{s-b)(s-c)_      I 
2       V       s(s-a\  V 


tan' 


197  X  86 


514  X  231 ' 


log  tan  4  =  5  (log  197  +  log  86  -  log  514  -  log  231). 


From  the  Tables, 

log  197  =  2-2944662 
log    86  =  1-9344985 

4^28"9647 
5-0745751 

2 )  1-1543896 

log  tan  4  =  1*5771948 

log  tan  20°  41' =1-5 769585 
diff.  2363 


283 
317 

428 

2  )  10i!8 


log  514  =  2-7109631 

log  231  =  2-3636120 

5-0745751 


514 =S 
231 =s- a 
197=5-6 
86=5- c 
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But  diff.  for  60"  is  3822, 

,   .  2363 

.-.  prop',  increase  =  ^g22 


X  60"  =  37-1"; 


...  ±  =  20°  4:1' 37-1"  and  ^  =  41°  23' 14". 

,      B  /{s-c){s-a)  I 

Agam,        tan-=^      ^^^_^^      =  ^J  \ 

log  tan  ^  =  J  (log  86  +  log  231  -  log  514  -  log  197). 


2363 
60 

3822  )  141780  (  ST'l 
11466 

27120 
26754 


3660 


86  X  231 
514x197 


log   86  =  1-9344985 
log  231  =  2-3636120 

4-2981105 
5-0054293 

2  )  1-2926812 

log  tan  1  =  1-6463406 

log  tan  23°  53'  =  1-6461988 
diff.  iilS 


log  514  =  2-7109631 
log  197  =  22944662 

5-0054293 


But  diff.  for  60"  is  3412 ; 

,    .  1418 

.*.  prop',  increase  = 


3412 


X  60"  =  24-9". 


■  2 


=  23°  53' 24-9"  and  5  =  47°  46' 50". 


Thus  ^=41°  23' 14",  5  =  47°  46' 50",  C  =  90°  49' 56". 


1418 

60 

3412  )  85080  (  24-9 

6824 

16840 

13648 

31920 


EXAMPLES.    XVI.  b. 

1.  The  sides  of  a  triangle  are  5,  8,  11 ;   find  the  greatest 
angle  ;  given  log  7  =  '8450980, 

L  sin  56°  47'  =  9'9225205,     L  sin  56°  48'  =  9-9226032. 

2.  If  a=40,  6  =  51,  c=43,  find  A  ;  given 

X  tan  24°  44'  13"  =  9-6634464, 
log  1 28  =  2-1072100,     log  603  =  2-7803173. 

3.  The  sides  a,  6,  c  are  as  4  :  5  :  6,  find  B ;  given  log  2, 

L  cos  27°  53'  =  9-9464040,     difi".  for  1'  =  669. 
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4.     Find  the  gi'eatest  angle  of  the  triangle  in  which  the  sides 
are  5,  6,  7;  given  log  6  =  '7781513, 

X  cos  39°  14' =  9-8890644,     difif.  for  l'  =  1032. 

•  5.     If  a  =  3,  5  =  1-75,  c  =  2-75,  find  C ;  given  log2, 

Xtan  32°  18' =  9-8008365,     diff.  for  l'=2796. 

6.  If  the  sides  are  24,  22,  14,  find  the  least  angle;  given 

Z  tan  17°  33' =  9-500042,     difil  for  l'  =  439. 

7.  Find  the  greatest  angle  when  the  sides  are  4,  10,  11; 
given  log  2,  log  3, 

L  cos  46°  47'  =  9-8355378,     difi'.  for  1'  =  1345. 

8.  If  a  :  6  :  c=15  :  13  :  14,  find  the  angles  ; 
given  log  2,  log  3,  log  7, 

L  tan  26°  33'  =  9-6986847,     diff.  for  1'  =  3159, 
L  tan  29°  44' =  9-7567587,     diff.  for  l'  =  2933. 

9.  If  a  :  6  :  c  =  3  :  4  :  2,  find  the  angles  ;  given  log  2,  log  3, 

X  tan  14°  28'=  9-4116146,     difi".  for  10"  =  870, 
L  tan  52°  14' =  10-1 108395,     diff".  for  10" =435. 

189.     To  solve  a  tHangle  having  given  two  sides  and  the  in- 
cluded angle. 

Let  the  given  parts  be  6,  c,  J.,  and  let 
T_smB     sin  (7 


then 


h  G     ' 

sin  B  —  sin  G     kb  —  he     h  —  c 


sin^+sin(7     kb+kc     b+c* 

^       B+C  .    B-C 

2  cos -^  sin  ^-     ^_^ 

•    „   .     B+C       B-C     b+c' 
2  sin  — - —  cos  ■ 


tan 


2  2 

B-C 


.      B+C     b+c' 
tan  — — — 
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B-C     b-G^     B+C     b-c     ^A 
.-.    tan — - —  =  ,— — tan — s^  =  itt"  ^^^  "H" » 
2         6  +  c  2         b+c        2' 

since  — - —  =  90  ~  —  . 
2  2 

B—  G  A 

.'.    logtan  — - —  =  log(6-c)-log(6  +  c)+logcot 


2' 


JBrom  which  equation  we  can  find 


B-0 


Also  — - —  =  90°  -  — ,  and  is  therefore  known. 

By  addition  and  subtraction  we  obtain  B  and  C. 

_,         , .  .  b  sin  ^4 

rrom  the  equation        a= — . — jj-, 
^  sm^ 

log  a =log  6  -I- log  sin  A  -  log  sin  B  ; 

whence  a  may  be  found. 

Example  1.    If  the  sides  a  and  b  are  in  the  ratio  of  7  to  3,  and 
the  included  angle  C  is  60°,  find  A  and  B ;  given 

log  2  =  -3010300,     log  3  =  -4771213, 
L  tan  34°  42' =  9-8403776,  diff.  for  1'= 2699. 


^      4-JB     a-b      .C      7-3  4 

tan -2-=-^ cot -  =  ^3 cot 30  =^^^S; 


10 


-.  Iogtan^-2^  =  21og2-l+-log3; 

,-.  log  tan  ^^  =  1-8406207 

log  tan  34°  42'=  1-8403776 
diff.  2431 

2431 


prop',  increase = 
A-B 


And 


2 

A+B 


:90= 


By  addition, 
and  by  subtraction, 


x60"  =  54"; 
2699 

=  34°  42' 54". 

^  =  94°  42' 54" 
5  =  25°  17' 6". 


2  log  2=  •6020600 
I  log  3  =  -2385607 


•8406207 


2431 
60 

2699  )  145860  (  54 
13495 

10910 
10796 
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Example  2.    If  a  =  681,  c  =  243,  5  =  50°  42',  solve  the  triangle,  by 
the  use  of  Tables. 

.      A-C     a-c     ^B      438     ,„^„„,, 
*^^-^=^c^°*2=924^°*2^^1' 


A—  G 
:.  log  tan  —^  =  log  438  -  log  924 

+  log  cot  25°  21' 

.-.  log  tan  ^^=-0002383 

log  tan  45° =-0000000 
diff.  2383 

And  difi.  for  68"  is  2527 ; 
/.  propi.  increase  =  — —  x60"=57"; 


A-c 


=  45°0'57". 


Also  4±^=90°-|-  =  64°39'. 


log  438  =  2-6414741 
log  cot  25°  21'=   -3244362 

2-9659103 
log  924=2-9656720 

•0002383 


2383 
60 


2527  )  142980  (  56-6 
12635 

16630 
15162 

14680 


By  addition, 
and  by  subtraction, 


4  =  109°  39' 57", 
G=   19°  38' 3". 


,      .  -     c  sin  B 

.-.  log  6  =  log  c  +  log  sin  JB  -  log  sin  C 
=  log  243  +  log  sin  50°  42' 

-  log  sin  19°  38'  3" 

.-.  log  &  =  2-7479012 
log  559-63  =2-7479010 


.-.  5=559-63. 
Thus  ^  =  109° 39' 57",  C=19°38'3",  &  =  559-63. 


log  sin  19°  38'  =  1  '5263387 
^x3540=  177 


log  sm  19°  38'  3"  =  1  '5263564 

log  243  =  2-3856063 

log  sin  50°  42'=  1-8886513 

2-2742576 

log  sin  19°  38'  3"  =  1-5263564 

2-7479012 


190.     From  the  formula 


,      B-C     b-c        A 
tan  — - —  =  = —  cot  —  , 
2         b+c        2' 
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it  will  be  seen  that  if  6,  c,  and  B—  C  are  known  A  can  be  found  ; 
that  is,  the  triangle  can  be  solved  when  the  given  parts  are  two 
sides  and  the  dift'erence  of  the  angles  opposite  to  them. 


EXAMPLES.    XVI.  c. 

1 .  If  a  =  9,  6  =  6,  (7=  60°,  find  ^  and  ^ ;  given  log  2,  log  3, 
i  tan  19°  6' =  9-5394287,     X  tan  19°  7' =  9-5398371. 

2.  If  a  =  1,  c  =  9,  5  =  65°,  find  A  and  C ;  given  log  2, 

Z cot 32°  30'=  10-1958127, 

X  tan  51°  28' =  10-0988763,     diff.  for  l'  =  2592. 

3.  If  I7a=1b,  C=  60°,  find  ^  and  i5  ;  given  log 2,  log 3, 

L  tan  35°  49'  =  9-8583357,     diff.  for  10"  =  2662. 

4.  If  6 = 27,  c  =  23,  .4  =  44°  30',  find  X  and  C ;  given  log  2, 

Z  cot  22°  15'  =  10-3881591, 

Ztanll°    3'=  9-2906713,     diff.  for  1'  =  6711. 

5.  Ifc  =  210,  «  =  110,  Z=34°42'30",  find  Cand^; 
given  log  2, 

Zcot  17°  21' 15"  =  10-5051500. 

6.  Two  sides  of  a  triangle  are  as  5  :  3  and  include  an  angle 
of  60°  30' :  find  the  other  angles  ;  given  log  2, 

Z  cot  30°  15' =  10-23420, 

Z  tan  23°  13'=  9-63240,     diff.  for  1'  =  35. 

7.  If  a  =  327,  c  =  256,  ^  =  56°  28',  find  ^  and  (7;  given 

log  7-1  =  -8512583,     log  5-83  =  '7656686, 
Z  tan  61°  46'= 10-2700705, 
Ztanl2°  46'=   9-3552267,     diff.  for  l'  =  5859. 

8.  If  6  =  4c,  A  =  65°,  find  B  and  G ;  given  log  2,  log  3, 

Z  tan  57°  30' =  10-1958127, 

Z  tan  43°  18'=   9-9742133,     diff.  for  1'  =  2531. 

9.  If  a  =  23031,  &  =  7677,  (7=30°  10'  5",  find  A  and  B  ; 
given  log  2, 

Ztanl5°    5'  =  9-4305727,     diff.  for  10"  =  838, 

^     Z  cot  61°  41' =  9-7314436,     diff.  for  10"  =  504. 
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191.     To  solve  a  triangle  having  given  two  angles  and  a  side. 

Let  the  given  parts  be  denoted  by  B,  C,  a ;  then  the  third 
angle  A  is  found  from  the  equation  A  — 180°  —  B  —  G^ 

a&mB 


and 


5= 


sin  J.    ' 

.'.    log5=loga-f-logsin^-logsin J.; 
whence  h  may  be  found. 

Similarly,  c  may  be  obtained  from  the  equation 
log  c= log  a -{-log  sin  (7— log  sin  ^. 

Example.     If  6  =  1000,  ^=45°,  C  =  68°  17' 40",  find  the  least  side, 
having  given 

log  2  =  -3010300,  log  7-6986  =  -8864118,  di£f.  for  1  =  57, 
L  sin  66°  42'= 9-9630538,  diff.  for  1'= 544. 

B  =  180°  -  45°  -  68°  17'  40"  =  66°  42'  20". 

&  sin  A       1000  sin  45° 


The  least  side=a= 


sinB       sin  66°  42' 20"' 


.-.  log  a=  3  +  log  -75  -  log  sin  66°  42'  20' 

=  3  -  ^  log  2  -  log  sin  66°  42' 20" 
=  3 --1135869 


log  sin  66° 42'=  1-9630538 
20 


60 


X  544  = 


181 


5  log  2=   -1505150 
•1135869 


/.  log  a =2-8864131 

log  769-86  =  2-8864118 

diff.  13 

13 

.-.  prop^  increase=^=*22. 


Thus  the  least  side  is  769-8622. 


EXAMPLES.    XVI.  d. 

1.     If  5=60°  15',  (7=54°  30',  a=100,  find  c  ;  given 

L  sin  54°  30' =  9-9106860,     log  8-9646162  =  '9525317, 
Z  sin  65°  15' =  9-9581 543. 
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2.  If  ^  =  55°,  ^ = 65°,  c  =  270,  find  a  ;  given  log  2,  log  3, 

log  25538 =4-4071869,     L  sin  55°  =  9-9133645, 
log  25539  =  4-4072039. 

3.  If  ^=45°  41',  (7=62°  5',  6  =  100,  find  c  ;  given 

log  9-2788  =  -96749,     L  sin  62°  5'  =  9-94627, 
X  sin  72°  14' =  9-97878. 

4.  If  i?=70°30',  (7=78°  10',  a  =  102,  find  6  and  c  ;   given 
log  2= -301,  log  1-02  =  -009,  log  1-85  =  -267,  log  1-92  =  -283, 

L  sin  70°  30'  =  9-974,     L  sin  78°  10'  =  9-990, 
X  sin  31°  20' =  9-716. 

5.  If  «  =  123,  ^  =  29°  17',  (7=135°,  find  c  ;  given  log2, 

log  123  =  2-0899051,  Z  sin  15°  43' =  9*4327777, 
log  3211  =3-5066403,     i)=135. 

6.  If  ^  =  44°,  (7=70°,  6  =  1006-62,  find  a  and  c  ;  given 

Z  sin  44°  =  9-8417713,  log  100662  =5-0028656, 
Z  sin  66°  =  9-9607302,  log  103543  =5-0151212, 
Z  sin  70°  =  9-9729858,     log  7654321  =  6-8839067. 

7.  Ifa=1652,  5=26°30',  (7=47°  15',  find6andc; 
Z sin  73°  45' =  9-9822938,     log  1-652   =-2180100, 

Z  sin  26°  30'  =  9-6495274,     log  7-6780  =  -8852481,     D  =  57, 
Zsin  47°  15' =  9-8658868,     log  1-2636  = -1016096,     i)  =  344. 

192.  To  solve  a  triangle  when  two  sides  and  the  angle  opposite 
to  one  of  them  are  given. 

Let  a,  6,  A  be  given.     Then  from  sin  ^=-  sin  A^  we  have 

log  sin  5 = log  6  —  log  a -I- log  sin  ^  ; 

whence  B  may  be  found ; 

then  C  is  fovmd  from  the  equation  C=  180°  —  A  —  B. 

.      .  a  sin  (7 

Agam,  c=—. — -.-, 

.-.    log  c = log  a + log  sin  (7 -log  sin  ^. 

If  a<6,  and  A  is  acute  the  solution  is  ambiguous  and  there 
will  be  two  values  of  B  supplementary  to  each  other,  and  also 
two  values  of  C  and  c.     [Art.  147.] 
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Examjple.    If  &  =  63,  c  =  36,  C=29°  23'  15",  find  B ;  given 
log  2  =  -3010300,  log  7  =  -8450980. 
L  sin  29°  23'= 9-6907721,  diff.  for  1'  =  2243, 
L  sin  59°  10'= 9-9338222,  difE.  for  l'  =  755. 


.    ^     b    .    ^     63    . 
sin B  =-  sin  (7  =777^  sm  (7 
c  Ob 


=^  sin  29°  23' 15"; 


.-.  logsinJB=log7-21og2 

+  log  sin  29°  23' 15"; 

.-.  log  sin  5  =  1-9338662 

log  sin  59°  10'  =  1-9338222 

diff.  440 

440 
.*.  prop^  increase  ==^  X  60"  =  85"; 

.-.  J5  =  59°10'35". 

Also  since  c  <  6  there  is  another  value 
of  B  supplementary  to  the  above, 
namely  JB  =  120°  49' 25". 


log  sin  29°  23' =  1-6907721 
15 


60 


x2243  = 


561 


log  7=  -8450980 

•5359262 

2  log  2  =  -6020600 

1-9338662 


440 
60 


755  )  26400  (  35 
2265 
3750 
3775 


EXAMPLES.    XVI.  e. 

1.  If  a  =  145,  6  =  178,  B=4V  10',  find  ^;  given 

log  178  =  2-2504200,  L  sin  41°  10' =  9-8183919, 

log  145  =  2-1613680,     L  sin  32°  25'  35"  =  9-7293399. 

2.  If  ^  =  26°  26',  6  =  127,  a  =  85,  find  B  ;  given 

log  1-27  =  '1038037,  Xsin  26°  26' =  9-6485124, 

log  8-5   =-9294189,     Z  sin  41°  41'  28"  =  9*8228972. 

3.  If  c= 5,  6  =  4,  C=45°,  find  ^  and  ^  ;  given  log  2, 

Z  sin  34°  26' =  9-7525750,     Z  sin  34°  27' =  9-7525761. 

4.  If  a  =  1 405,  b  =  1 706,  A  =  40°,  find  B  ;  given 

log  1-405  =  -1476763,     log  1706  =  -2319790, 

Z  sin  40"°  =  9-8080675,     Z  sin  51°  18' =9 "8923342, 
diff.  for  1'=  1012. 
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5.  If  ^=112°  4',  6  =  573,  c=394,  find  A  and  C;  given 

log  573  =  2-7581546,     log  394  =  2'5954962, 

L  sin  39°  35'  =  9-8042757,     diff.  for  60"  =  1527, 
Z  cos  22°  4' =  9-9669614. 

6.  If  6  =  8-4,  c=12,  ^  =  37°  36',  find  A  ;  given 

log  7  =  -8450980,     L  sin  37°  36'  =  9-7854332, 
X  sin  60°  39' =  9-9403381,     difi".  for  1'  =  711. 

7.  Supposing  the  data  for  the  solution  of  a  triangle  to  be  as 
in  the  three  following  cases,  point  out  whether  the  solution  will 
be  ambiguous  or  not,  and  find  the  third  side  in  the  obtuse  angled 
triangle  in  the  ambiguous  case  : 

(i)  ^  =  30°,  a=  125  feet,  c  =  250feet, 

(ii)  ^  =  30°,  a  =  200  feet,  c  =  250  feet, 

(iii)  ^  =  30°,  a  =  200  feet,  c  =  125  feet. 

Given  log  2, 

log  6-0389  =  -7809578,     L  sin  38°  41'  =  9-7958800, 
log  6-0390  = -7809650,     Zsin8°    41'  =  9  1789001. 

193.  Some  formulae  which  are  not  primarily  suitable  for 
working  with  logarithms  may  be  adapted  to  such  work  by 
various  artifices. 

194.  To  adapt  the  formula  &  —  ci^-\-  IP-  to  logarithnic  compu- 
tation. 


We  have 


(-S)- 


Since  an  angle  can  always  be  found  whose  tangent  is  equal 

to  a  given  numerical  quantity,  we  may  put  -=tan^,  and  thus 

obtain 

c2  =  (x2  ( 1  +  tan^  6)  =  cjfi  sec^  B  ; 

.  - .    c  =  a  sec  6  ; 

.'.    log  c  =  log  a -f  log  sec  ^. 

The  angle  6  is  called  a  subsidiary  angle  and  is  found  from 
the  equation 

log  tan  6 = log  b  -  log  a. 

Thus  ani/  expression  %ohich  can  be  put  into  the  form  of  the  siom 
of  two  squares  can  be  faadily  adapted  to  logarithmic  ivorJc. 
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195.     To    adapt    the  formula    G^=a'^-\-h^  — ^ab  con  G  to   log- 
arith iiiic  computation. 

From  the  identities 

C      .     G  G  G 

cos  G=  cos^  —  —  sin^  — ,   and    1  =  cos^  —  -f  siu^  - , 
2  2  2  2 

we  have 

c2  =  (a2  +  52)  ^cos2  ^'  +  sin2  ^\  -  2ab  ("cos^  |  -  sin^  ^\ 

=  (a2  +  62  -  2a 6)  cos2 1'  +  (a2 ^.  52  +  2«6)  sin2  ^ 

(7  (7 

=  (a  —  6)2  cos2  -^  +  («  +  &)^  sin2  — 

Take  a  subsidiary  angle  $,  such  that 

.       .    a+b,      G 

tan  ^  = r  tan  — , 

a  —  b        2 

then     c2  =  {a-  bf  cos2  ^  (1  +  tan2  6) 

G 
=  {d-  by  cos2  —  sec2  0  ; 

G 
,-.    c  =  (a— 6)  cos  —  sec^  ; 

G 
.'.    log  c  =  log  (a  -  6)4- log  cos  — + log  sec  ^, 

where  6  is  determined  from  the  equation 

G 

log  tan  Q  =  log  (<x  +  6)  —  log  (a  -  6)  +  log  tan  — . 

Ji 

196.  "Wlien  two  sides  and  the  included  angle  are  given,  wo 
may  solve  the  triangle  by  finding  the  value  of  the  third  side  first 
instead  of  determining  the  angles  first  as  in  Art.  189. 

Example.    If  a  =  3,  c  =  1,  5  =  53°  7'  48"  find  h ;  given 

log  2  =  -3010300,  log  2-5298  =  -4030862,  diff.  for  1  =  172, 
i  cos  26°  33' 54"  =  9-9515452,  L  tan  26°  33' 54"  =  9-6989700, 
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Wehave  &2  — c2^^2_2cacosB 

=  (a2  +  c2)  I  cos2  —  +  sin-  —  |  -  2ac  I  cos-—  -  sm-  -  J 


=  {a-  c)2  cos2  f  +  (a  +  c)^  sin2 1 


=  (a-c)2cos2||l  + 

75 

=  (a  -  c)-  cos2  -^{1  +  tan2  ^) , 


C-^) 


tan-- 


.{1), 


where 


tan  e  =  ^^tan  ^  =  2  tan  26°  33'  54" ; 
a-c         2 


.:  log  tan  ^  =  log  2  +  log  tan  26°  33'  54' 

=  •3010300  +  1-6989700 
=  0; 
whence  tan  5  =  1,  and  0  =  45°. 


From  (1), 


h  =  {a-c)  cos  — sec  5 


=  2  sec  45°  cos 


B 


=  2^2  cos  26°  33' 54"; 


/.  log6=log2  +  -Iog2 

+  log  cos  26°  33' 54" 

.-.  log  &  = -4030902 

log  2-5298= -4030862 

diff.  40 

But  diff .  for  1  is  172 ; 


log  2=    -3010300 
log  2=    -1505150 


log  cos  26°  33'  54"  =  1-9515452 
-4030902 


proportional  increase = ^-^  —  Jo~  '^^' 


Thus  the  third  side  is  2-529823. 


197.     The  formula  c^  =  a^  +  52  _  2ab  cos  G  may  also  be  adapted 
to  logarithmic  computation  in  two  other  ways  by  making  use  of 


C  C 

the  identities  cos  (7=  2  cos^  -  - 1  and  cos  C=  1-2  sin^  -- . 
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"We  shall  take  the  first  of  these  cases,  leaving  the  other  as  an 
exercise. 

c^—a^  +  b^—2ab  cos  C 

=  a'^  +  b^-2ab  (2  cos2  -  -  1 

C 
=  (a  +  by  —  4ab  cos^  — 


Let  ^-^cos2^=cos2^, 

then  c2  =  (a  +  6)2  (l  _  cos2  e)  =  {a  +  by  sin2  6 ; 

.-.    c  =  (a  +  6)sin^; 
.'.   log  c = log  (a +6)  + log  sin  ^. 

To  determine  6  we  have  the  equation 

,     2^ab        C 

cos  6  = ,  cos  —  ; 

a  +  b         2 

1  C 

.'.  log  cos  ^ = log  2  +  - (log  a + log  6)  -log(a+6)+logcos  — . 

/> 

Since  2\/ab  is  never  greater  than  a+b  and  cos—  is  positive 

Ji 

and  less  than  unity,  cos^  is  positive  and  less  than  unity,  and 

thus  6  is  an  acute  angle. 


EXAMPLES.    XVI.  f. 

1.  If  a  =  8,  6  =  7,  c = 9,  find  the  angles  ;  given  log  2,  log  3, 
L  tan  24°    5'  =  9-6502809,    diff.  for  60"  =  3390, 

X  tan  36°  41' =  9-8721 123,    diff.  for  60"  =  2637. 

2.  The  difference  between  the  angles  at  the  base  of  a  tri- 
angle is  24°,  and  the  sides  opposite  these  angles  are  175  and  337 : 
find  all  the  angles  ;  given  log  2,  log  3, 

X  tan  12° =9-3274745,     Z  cot  56°  6' 27" -9*8272293. 
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3.  One  of  the  sides  of  a  right-angled  triangle  is  two-sevenths 
of  the  hypotenuse :  find  the  greater  of  the  two  acute  angles ;  given 

log  2,  log  7,    Zsin  14°  11' =  9*455921,     Zsin  14°  12' =  9-456031. 

4.  Find  the  greatest  side  when  two  of  the  angles  are  78°  14' 
and  71°  24'  and  the  sides  joining  them  is  2183  ;  given 

log  2-183  =  -3390537,     log  4-2274= -6260733,     i)=103, 
L  sin  78°  14'  =  9-9907766,     L  sin  30°  22'  =  9-7037486. 

5.  If  6  =  2  ft.  6  in.,  c = 2  ft.,  ^  =  22°  20',  find  the  other  angles  ; 
and  then  shew  that  the  side  a  is  very  approximately  1  foot. 
Given  log  2,  log  3, 

L  cot  1 1°  10'  =  10-70465,     L  sin  49°  27'  34"  =  9-88079, 
L  sin  22°  20'  =  9-57977,     L  tan  29°  22'  26"  =  9-75041. 

6.  If  a  =  1-56234,  &  = -43766,  C=58°  42'  6",  find  ^  and  5; 
given  log  56234=4-75, 

log  cot  29°  21'  = -250015,     log  cot  29°  22'= '249715. 

7.  If  a  =  9,  Z)=12,  ^  =  30°,  find  the  values  of  c,  having 
given 

log    12  =  1-07918,  Zsin    30°  =9-69897, 

log     9=   -95424,  Zsin    11°  48' 39"  =  9-31108, 

log  171  =  2-23301,  Z  sin   41°  48'  39"  =  9-82391, 

log  368  =  2-56635,  Z  sin  108°  11'  21"  =  9-97774. 

8.  The  sides  of  a  triangle  are  9  and  3,  and  the  difierence  of 
the  angles  opposite  to  them  is  90° :  find  the  angles ;  having  given 
log  2, 

Z  tan  26°  33'  =  9-6986847,     Z  tan  26°  34'  =  9-6990006. 

9.  Two  sides  of  a  triangle  are  1404  and  960  respectively, 
and  an  angle  opposite  to  one  of  them  is  32°  15':  find  the  angle 
contained  by  the  two  sides ;  having  given  log  2,  log  3, 

log  13  =  1-1139434,    Zcosec  32°  15' =  10-2727724, 
Zsin  21°  23' =  9-5621316,         Zsin  51°  18'=   9-8923236. 

10.     If  6  :  c=ll  :  10  and  ^  =  35°  25',  use  the  formula 
tani(Z-C)  =  tan2|cot^  to  find  ^  and  (7; 

given  log  1-1=   -041393,    Z  tan  12°  18' 36"=  9-338891, 

Z  cos  24°  37'  12"  =  9-958607,    Z  cot  17°  42'  30"  =  10-495800, 
Z  tan  8°  28'  56-5"  =  9-173582. 
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11.  1{A=  50°,  b  =  1071,  a  =  873,  find  B ;  given 

log  1  -071  =  -029789,     log  8-73  =  '941014, 
X  sin  50°  =  9-884254,     X  sin  70°     =9-972986, 
Z  sin  70°  1'  =  9-973032. 

12.  If  a  =  3,  6  =  1,  (7=53°  T  48",  find  c  without  determining 
A  and  B ;  given  log  2, 

log  25298  =  4-4030862,     L  cos  26°  33'  54"  =  9-9515452, 
log  25299=4-4031034,     Z  tan  26°  33' 54"  =  9-6989700. 

{In  the  following  Examples  the  necessary  Logarithms  must  he 
taken  from  the  Tables.) 

13.  Given  a = 1000,  b  =  840,  c = 1258,  find  B. 

14.  Solve  the  triangle  in  which  a  =  525,  6=650,  c=777. 

15.  Find  the  least  angle  when  the  sides  are  proportional  to 
4,  5,  and  6. 

16.  UB=90°,  ^C=  57-321,  AB  =  28-58,  find  A  and  C. 

17.  Find  the  hypotenuse  of  a  right-angled  triangle  in  which 
the  smallest  angle  is  18°  37'  29"  and  the  side  opposite  to  it  is 
284  feet. 

18.  The  sides  of  a  triangle  are  9  and  7  and  the  angle  between 
them  is  60° :  find  the  other  angles. 

19.  How  long  must  a  ladder  be  so  that  when  inclined  to  the 
gromid  at  an  angle  of  72°  15'  it  may  just  reach  a  window  42-37 
feet  from  the  grovmd  ? 

20.  If  a  =  31 -95,  6=21-96,  (7=35°,  find  A  and  B. 

21.  Find  B,  C,  a  when  6  =  25-12,  c  =  13-83,  .1  =  47°  15". 

22.  Find  the  greatest  angle  of  the  triangle  whose  sides  are 
1837-2,  2385-6,  2173-84. 

23.  When  a  =  21-352,  6  =  45*6843,  c=37-2134,  find  A,  B, 
and  C. 

24.  If  6=647-324,  c=850-273,  ^  =  103°  12'  54",  find  the  re- 
maining parts. 

25.  If  6=23-2783,  ^  =  37°  57',  ^=43°  13',  find  the  remaining 
sides. 

26.  Find  a  and   6  when   5=72"  43'  25",    C=47°  12'  17", 

c=2484-,3. 
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27.  If  AB=4ol7,  .46'=  150,  ^  =  31°  30",  find  the  remaining 
parts. 

28.  Find  A,  B,  and  b  when 

a  =  324-68,  c  =  421'73,   (7=35°  17'  12". 

29.  Given  a=321-V,  c  =  435-6,  yl  =  36°  18'  27",  find  C. 

30.  If  6=1625,  c=1665,  B=o2'  19',  solve  the  obtuse-angled 

triangle  to  which  the  data  belong. 

31.  If  a  =  3795,  B=T3°  15'  15",  C'=42°  18'  30",  find  the  other 
sides. 

32.  Find  the  angles  of  the  two  triangles  which  have  6=17, 
c=12,  and  (7=43°  12'  12". 

33.  Two  sides  of  a  triangle  are  2*7402  ft.  and  "7401  ft. 
respectively,  and  contain  an  angle  59°  27'  5" :  find  the  base  and 
altitude  of  the  triangle. 

34.  The  difierence  between  the  angles  at  the  base  of  a 
triangle  is  17°  48'  and  the  sides  subtending  these  angles  are 
105-25  ft.  and  76*75  ft.:  find  the  angle  included  by  the  given 
sides. 

35.  From  the  following  data  : 

(1)  .4  =  43°  15',     .4.B  =  36-5,     BC=20, 

(2)  .4  =  43°  15',     .45  =  36-5,     BC=30, 

(3)  .4=43°  15',     .45  =  36-5,     5(7=45, 

point  out  which  solution  is  impossible  and  which  ambiguous. 
Find  the  third  side  for  the  triangle  the  solution  of  which  is 
neither  impossible  nor  ambiguous. 

36.  In  any  triangle  prove  that  c  =  (a  -  b)  sec  6,  where 

,       ,     2a/^    .     (7 

tan  6  = ,-  sm  — . 

a  —  o  z 

If  a  =  17-32,  6  =  13-47,  (7=47°  13',  find  c  without  finding  A 
and  B. 

a  +  b        C  C 

37.  If  tan  0 = —     .  tan  — ,  prove  that  c={a  —  b)  cos  —  sec  ^. 

If  a  =  27-3,  6  =  16-8,  (7=45°  12',  find  6,  and  thence  find  c. 


CHAPTER  XVII. 
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198.  Some  easy  cases  of  heights  and  distances  depending 
only  on  the  solution  of  right-angled  triangles  have  been  already 
dealt  with  in  Chap.  VI.  The  problems  in  the  present  chapter 
are  of  a  more  general  character,  and  require  for  their  solution 
some  geometrical  skill  as  well  as  a  ready  use  of  trigonometrical 
formulae. 

Measurements  in  one  plane. 

199.  To  find  the  height  and  distance  of  an  inaccessible  object 
on  a  horizontal  plane. 

Let  A  be  the  position  of  the 
observer,  CPthe  object ;  from  Pdraw 
PC  perpendicular  to  the  horizontal 
plane;  then  it  is  required  to  find 
PC  and  AC. 

At  A  observe  the  angle  of  eleva-        ^^^  f.p 

tion  PAC.     Measure  a  base  line  AB     ^ 
in  a  direct  line  from  A  towards  the 
object,  and  at  B  observe  the  angle  of  elevation  PBG. 

Let  LPAC=a,     lPBC=^,     AB  =  a. 

From  lPBC,  PC  =PB  sin  ^. 

From  hPAB, 

j^_AB  sin  PAB  _    a  sin  a 

sin  APB     ~sin(^-a)' 
.  • .   PC=  a  sin  a  sin  /3  cosec  (/3  -  a). 
Also        A  C=  PC  cota  =  a  cos  a  sin  /3  cosec  (/3  -  a). 

Each  of  the  above  expressions  is  adapted  to  logarithmic  work ; 
thus  if  PC=x,  we  have 

log  x=\oga  +  log  sin  a + log  sin  j3 + log  cosec  {^-a). 
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Note.  Unless  the  contrary  is  stated,  it  will  be  supposed  that  the 
observer's  height  is  disregarded,  and  that  the  angles  of  elevation  are 
measured  from  the  ground. 

Example  I.  A  person  walking  along  a  straight  road  observes 
that  at  two  consecutive  milestones  the  angles  of  elevation  of  a  hill 

in  front  of  him  are  30°  and  75°:  find  the  height  of  the  hill. 

• 

In  the  adjoining  figure, 

lPAC=SO°,  APBC  =  l5°,AB  =  lmile; 

lAPB  =  75°-S0°=4:5°. 

Let  X  be  the  height  in  yards ;  then 

a;  =  P^  sin  75°; 

^  ^  „„    AB  sin  PAB     1760  sin  30° 

but  PB= — , —  = ■     .-o     ; 

sm  APB  sm  45° 

_  1760  sin  30°  sin  75° 

*"'  ^  ~  sin  45° 

=  1760xix,/2x-^-?±i 

=  440(V3  +  1). 

If  we  take  (,^3  =  1-732  and  reduce  to  feet,  we  find  that  the  height 
is  3606-24  ft. 


EXAMPLES.    XVII.  a. 

1.  From  the  top  of  a  cliflf  200  ft.  above  the  sea-level  the 
angles  of  depression  of  two  boats  in  the  same  vertical  plane  as 
the  observer  are  45°  and  30° :  find  their  distance  apart. 

2.  A  person  observes  the  elevation  of  a  mountain  top  to 
be  15°,  and  after  walking  a  mile  directly  towards  it  on  level 
ground  the  elevation  is  75° :  find  the  height  of  the  mountain  in 
feet. 

3.  From  a  ship  at  sea  the  angle  subtended  by  two  forts 
A  and  B  is  30°.  The  ship  sails  4  miles  towards  A  and  the  angle 
is  then  48° :  prove  that  the  distance  of  B  at  the  second  observa- 
tion is  6*472  miles. 

4.  From  the  top  of  a  tower  A  ft.  high  the  angles  of  depression 
of  two  objects  on  the  horizontal  plane  and  in  a  line  passing 
through  the  foot  of  the  tower  are  45°  — J.  and  45° +^4.  Shew 
that  the  distance  between  them  is  2 A  tan  2A. 


186 


•  ELEMENTARY  TRIGONOMETRY. 


[chap. 


5.  An  observer  finds  that  the  angular  elevation  of  a  tower 
is  A.  On  advancing  a  feet  towards  the  tower  the  elevation  is 
45°  and  on  advancing  6  feet  nearer  the  eleYation  is  90°  —  A  :  find 
the  height  of  the  tower. 

6.  A  person  observes  that  two  objects  A  and  B  bear  due  N. 
and  N.  30°  W.  respectively.  On  walking  a  mile  in  the  direction 
N.W.  he  finds  that  the  bearings  of  A  and  B  are  N.E.  and  due  E. 
respectively :  find  the  distance  between  A  and  B. 

7.  A  tower  stands  at  the  foot  of  a  hill  whose  inclination  to 
the  horizon  is  9° ;  from  a  point  40  ft.  up  the  hill  the  tower  sub- 
tends an  angle  of  54° :  find  its  height. 

8.  At  a  point  on  a  level  plane  a  tower  subtends  an  angle  a 
and  a  flagstaff  c  ft.  in  length  at  the  toj)  of  the  tower  subtends  an 
angle  /3  :  shew  that  the  height  of  the  tower  is 

c  sin  a  cosec  ^3  cos  (a + /3). 

Example  II.  The  upper  three-fourths  of  a  ship's  mast  subtends 
at  a  point  on  the  deck  an  angle  whose  tangent  is  -6 ;  find  the  tangent 
of  the  angle  subtended  by  the  whole  mast  at  the  same  point. 

Let  C  be  the  point  of  observation,  and  let  AFB 
he  the  mast,  AF  being  the  lower  fourth  of  it. 

Let  .45  =  4a,  so  that  AF  =  a\ 
also  let  ^(7  =  &,  lACB=^Q,  lBCP=p, 
so  that  tanj3=-6. 


From  A  PGA, 
from  aBCA, 


tan  (6-^)  = 


tan0  = 


tan^  =  4tan(^-/S)  = 
3 


b' 
4a 

T'  c 

4  (tan  e  -  tan  /S)  _ 


tan^  = 


On  reduction, 
whence 


4  (tan d- 

1  +  -  tan  ^ 
5 


tan20- Stan  ^  +  4  =  0; 
tan  0  =  1  or  4. 


1  +  tan  6  tan  j3 

4  (5  tan  O-S) 
5  +  3  tan  0 


Note.  The  student  should  observe  that  in  examples  of  this  class 
we  make  use  of  right-angled  triangles  in  which  the  horizontal  base 
line  forms  one  side. 
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Example  III.  -A-  tower  BCD  surmounted  by  a  spire  DE  stands 
on  a  horizontal  plane.  From  the  extremity  J.  of  a  horizontal  line 
BA,  it  is  found  that  BC  and  DE  subtend  equal  angles.  If  J5C=9  ft., 
CD  =  72ft.,  andD£  =  36ft.,  find^^. 

Let  lBAC=  lDAE  =  d, 

lDAB  =  a,    AB  =  xit. 


Now  1^(7=9  ft.,  BD  =  81  ft.,  BE  =  m  ft. 

BE  _irj 

AB  ~~x 


^      .       ^,     BE      117 


But 


tan  a 

BD 
~  AB 

81 

~   X  ' 

tan^ 

BC 
~AB 

_9 

X  ' 

tan  ( 

a+e)= 

tan  a  +  tan^ 
'  1  -  tan  a  tan  d ' 

117  _ 

X    ~ 

81 

— + 

X 

9 

X 

_90 

~    X 

a;2 

X 

9 
*  .r 

'  .r2-81x9 

117a;2-81x9xll7  =  90a;2; 

.-.  27a;2  =  81x9xll7; 

.-.  a;2  =  81x39; 

.'.  a;  =  9^39. 

But  ^39  =  6-245  nearly;   .-.  a- =  56-205  nearly. 
Thus  AB  =  56-2  ft.  nearly. 

9.  A  flagstaff  20  ft.  long  standing  on  a  wall  10  ft.  high 
subtends  an  angle  whose  tangent  is  -5  at  a  point  on  the  ground  : 
find  the  tangent  of  the  angle  subtended  by  the  wall  at  this 
point. 

10.  A  statue  standing  on  the  top  of  a  pillar  25  feet  high 
subtends  an  angle  whose  tangent  is  '125  at  a  point  60  feet  from 
the  foot  of  the  pillar  :  find  the  height  of  the  statue. 

11.  A  tower  BCD  surmounted  by  a  spire  DE  stands  on  a 
horizontal  plane.  From  the  extremity  ^  of  a  horizontal  line 
BA  it  is  found  that  BC  and  BI)  subtend  equal  angles. 

If  5(7=9  ft.,    (7i)=280ft.,   and  BE=35ft., 

prove  that  BA  =  180  ft.  nearly. 
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12.  On  the  bank  of  a  river  there  is  a  column  192  ft.  high 
supporting  a  statue  24  ft.  high.  At  a  point  on  the  opposite 
bank  directly  facing  the  column  the  statue  subtends  the  same 
angle  as  a  man  6  ft.  high  standing  at  the  base  of  the  column : 
find  the  breadth  of  the  river. 

13.  A  monument  ABODE  stands  on  level  ground.  At  a 
point  P  on  the  ground  the  portions  AB,  AC^  AD  subtend  angles 
a,  /3,  7  respectively.  Supposing  that  AB^a^  AC=b,  AD=c, 
AP  =  x,  and  a+/3+y=180°,  shew  that  {a^-h  +  c)  x'^  =  ahc. 

Example  IV.  The  altitude  of  a  rock  is  observed  to  be  47°; 
after  walking  1000  ft.  towards  it  up  a  slope  inclined  at  32°  to  the 
horizon  the  altitude  is  77°.  Find  the  vertical  height  of  the  rock 
above  the  first  point  of  observation,  given  sin  47°  =  •731. 

Let  P  be  the  top  of  the  rock,  A  and  B 
the  points  of  observation;  then  in  the 
figure  I  PAG =47°,    iBAC=S2°, 

lPDG=  I  PEE  =  11°,  ^5  =  1000  ft. 

Let  X  ft.  be  the  height ;  then 
x  =  PA  sin  P^  C  =  P^  sin  47°. 
We  have  therefore  to  find  PA  in  terms 
of  AB. 

In  aP^P,    zP^P  =  47° -32°  =  15°; 
Z^PP  =  77° -47°  =  30°; 
.-.  Z^PP= 135°: 


PA  = 


AB  sin  ABP 
smAPB 

1000  sin  135° 


sin  30° 
=  1000^2; 
.-.  x  =  PA  sin  47°  =  1000  J2  x  -731 
=  731^2. 
If  we  take  /^2  =  1  '414,  we  find  that  the  height  is  1034  ft.  nearly. 

14.  From  a  point  on  the  horizontal  plane,  the  elevation  of 
the  top  of  a  hill  is  45°.  After  walking  500  yards  towards  its 
summit  up  a  slope  inclined  at  an  angle  of  15°  to  the  horizon  the 
elevation  is  75* :  find  the  heisrht  of  the  hill  in  feet. 
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15.  From  a  station  B  at  the  base  of  a  mountain  its  summit 
A  is  seen  at  an  elevation  of  60° ;  after  walking  one  mile  towards 
the  summit  up  a  plane  making  an  angle  of  30°  with  the  horizon 
to  another  station  0,  the  angle  BCA  is  observed  to  be  135° :  find 
the  height  of  the  mountain  in  feet. 

16.  The  elevation  of  the  summit  of  a  hill  from  a  station  A 
is  a.  After  walking  c  feet  towards  the  summit  up  a  slope  inclined 
at  an  angle  /3  to  the  horizon  the  elevation  is  y  :  shew  that  the 
height  of  the  hill  is  c  sin  a  sin  (y  —  /3)  cosec  (y  —  a)  feet. 

17.  From  a  point  A  an  observer  finds  that  the  elevation 
of  Ben  Nevis  is  60° ;  he  then  walks  800  ft.  on  a  level  plane 
towards  the  summit  and  then  800  ft.  further  up  a  slope  of  30° 
and  finds  the  elevation  to  be  75' :  shew  that  the  height  of  Ben 
Nevis  above  A  is  4478  ft.  approximately. 


200.  In  many  of  the  problems  which  follow,  the  solution 
depends  upon  the  knowledge  of  some  geometrical  proposition. 

Example  I.  A  tower  stands  on  a  horizontal  plane.  From  a 
mound  14  ft.  above  the  plane  and  at  a  horizontal  distance  of  48  ft. 
from  the  tower  an  observer  notices  a  loophole,  and  finds  that  the 
portions  of  the  tower  above  and  below  the  loophole  subtend  equal 
angles.  If  the  height  of  the  loophole  is  30  ft.,  find  the  height  of  the 
tower. 

Let  ^J5  be  the  tower,  C  the  point  of 
observation,  L  the  loophole.     Draw  CD 
vertical  and  CE  horizontal.    Let  AB  =  x. 
We  have 

Ci)  =  14,  AD  =  EG  =  ^^,  BE  =  x-U. 
From  A  ADC,  ^(7-'=  (14)2 +  (48)2  =2500; 

.-.  AC  =  50. 
From  A  CEB,  CB^=  {x  -  14)2+  (48)2 
=  a;2- 28a; +  2500. 
Now  lBCL=  lACL; 

,  ,      ^  ^     BC      BL 

hence  by  Euc.  vi.  3,   j^  =  ji ; 

Jx'^  -  28.r  +  250  J  _  a;  -  30 
■  ■  50  30~  • 

By  squaring,  9  (a:^  -  28a;  +  2500)  =  25  {x'^  -  60a;  +  900). 

On  reduction,  we  obtain  16a;2-  1248.r;  =0;  whence  a;  =  78. 
Thus  the  tower  is  78  ft.  high. 
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EXAMPLES.    XVILb. 

1.  At  one  side  of  a  road  is  a  flagstaff  25  ft.  high  fixed  on 
the  top  of  a  wall  15  ft.  high.  On  the  other  side  of  the  road  at  a 
point  on  the  ground  directly  opposite  the  flagstaff  and  wall  sub- 
tend equal  angles  :  find  the  width  of  the  road. 

2.  A  statue  a  feet  high  stands  on  a  column  3a  feet  high. 
To  an  observer  on  a  level  with  the  top  of  the  statue,  the  column 
and  statue  subtend  equal  angles  :  find  the  distance  of  the  observer 
from  the  top  of  the  statue. 

3.  A  flagstaff  a  feet  high  placed  on  the  top  of  a  tower  h  feet 
high  subtends  the  same  angle  as  the  tower  to  an  observer  h  feet 
high  standing  on  the  horizontal  plane  at  a  distance  d  feet  from 
the  foot  of  the  tower :  shew  that 

(a-6)c^2  =  (a  +  6)62_262^-(a-6)A2, 

Example  II.  A  flagstaff  is  fixed  on  the  top  of  a  wall  standing 
upon  a  horizontal  plane.  An  observer  finds  that  the  angles  sub- 
tended at  a  point  on  this  plane  by  the  wall  and  the  flagstaff  are  a 
and  /3.  He  then  walks  a  distance  c  directly  towards  the  wall  and 
finds  that  the  flagstaff  again  subtends  an  angle  /S.  Find  the  heights 
of  the  wall  and  flagstaff. 

Let  ED  be  the  wall,  T>C  the  flagstaff, 
A  and  B  the  points  of  observation. 

Then  z  CAD  =  ^=  L  CBB,  so  that  the 
four  points  C,  A,B,  D  are  concyelic. 
.-.  ^jBD  =  8uppt.  of  I  ACE 

=  90°  +  {a  +  p),  from  a  CAE. 
Hence  in  a  ADB, 
I  ADB  =  180° -a- {90°  + (a +  ^)} 
=  90°-(2a+^). 

AB  sin  ABD  _  c  cos  (a  +  /3) 
sin  ADB     ~  cos  (2a  +  'j3)  ' 

Hence  in  aADE, 

T^  rr      AT^   •  c  sin  a  cos  (a  +  /3) 

DE  =  AD  sm  a  = .^    ^  „,       . 

cos(2a  +  /3) 

And  in  a  CAD, 

^_ADsinGAD  _  ^D  sin/3  _     csin/S 

"     sin  A  CD     "  cos  (a + |S)  ""  cos  (2a + j8)  * 
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4.  A  tower  standing  on  a  cliff  subtends  an  angle  a  at  each 
of  two  stations  in  the  same  horizontal  line  passing  through  the 
base  of  the  cliff  and  at  distances  of  a  feet  and  b  feet  from  the 
cliff.     Prove  that  the  height  of  the  tower  is  (a +6)  tan  a  feet. 

5.  A  column  placed  on  a  pedestal  20  feet  high  subtends  an 
angle  of  45°  at  a  point  on  the  ground,  and  it  also  subtends  an 
angle  of  45°  at  a  point  which  is  20  feet  nearer  the  pedestal :  find 
the  height  of  the  column. 

6.  A  flagstaff  on  a  tower  subtends  the  same  angle  at  each 
of  two  places  A  and  B  on  the  ground.  The  elevations  of  the  top 
of  the  flagstaff  as  seen  from  A  and  B  are  a  and  /3  respectively. 
If  AB  =  a,  shew  that  the  length  of  the  flagstaff  is 

a  sin  (a  + /3  -  90°)  cosec  (a  -  j3). 

Example  III.  A  man  walking  towards  a  tower  AB  on  which  a 
flagstaff  BG  is  fixed  observes  that  when  he  is  at  a  point  E,  distant 
c  ft.  from  the  tower,  the  fiagstaff  subtends  its  greatest  angle.  If 
jLBEG=a,  prove  that  the  heights   of  the  tower  and  flagstaff  are 


c  tan 


(i-i) 


and  2c  tan  a  ft.  respectively. 


Since  E  is  the  point  in  the  horizontal 
line  AE  at  which  BG  subtends  a  maximum 
angle,  it  can  easily  be  proved  that  AE 
touches  the  circle  passing  round  the  tri- 
angle GBE. 

[See  Hall  and  Stevens'  Euclid,  p.  242.] 

The  centre  D  of  this  circle  lies  in  the 
vertical  line  through  E.  Draw  DF  per- 
pendicular to  BG,  then  DF  bisects  BC  and 
also  iGDB. 


By  Euc.  III.  20, 


lGDB  =  2iGEB  =  2a; 
.-.  IGDF=  lBDF=a. 
GB  =  2GF=2DF  tan  a  =  2c  tan  a. 


Again, 


lAEB=  I  EG  Bin  alternate  segment 


=  -  Z  EDB  at  centre 


_1  /7r_ 
~2  V2 

.*.  ^li  =  c  tan  ^^^  =  c  tan 


IT      a\ 
4  ~  2J 
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7.  A  pillar  stands  on  a  pedestal.  At  a  distance  of  60  feet 
from  the  base  of  the  pedestal  the  pillar  subtends  its  greatest 
angle  30° :  shew  that  the  length  of  the  pillar  is  40v'3  feet,  and 
that  the  pedestal  also  subtends  30°  at  the  point  of  observation. 

8.  A  person  walking  along  a  canal  observes  that  two  objects 
are  in  the  same  line  which  is  inclined  at  an  angle  a  to  the  canal. 
He  walks  a  distance  c  further  and  observes  that  the  objects 
subtend  their  greatest  angle  /3  :  shew  that  their  distance  apart  is 

2c  sin  a  sin  ^  I  (cos  a  +  cos  j3). 

9.  A  tower  with  a  flagstaff  stands  on  a  horizontal  plane. 
Shew  that  the  distances  from  the  base  at  which  the  flagstaff 
subtends  the  same  angle  and  that  at  which  it  subtends  the 
greatest  possible  angle  are  in  geometrical  progression. 

10.  The  line  joining  two  stations  A  and  B  subtends  equal 
angles  at  two  other  stations  C  and  D  :  prove  that 

AB  sin  CBD  =  CD  sin  ADB. 

11.  Two  straight  lines  ABC,  DEC  meet  at  C.     If 

L  DAE=  L  DBE^a,  and  z  EAB  =  ^,    l  EBG=y, 

shew  that  ^^^/^sin^sin(a+/3) 

sm  (y-^)  sm  (a+^+y) 

12.  Two  objects  P  and  Q  subtend  an  angle  of  30°  at  A. 
Lengths  of  20  feet  and  10  feet  are  measured  from  A  at  right 
angles  to  ^P  and  AQ  respectively  to  points  R  and  S  at  each 
of  which  PQ  subtends  angles  of  30° :  find  the  length  of  PQ. 

13.  A  ship  sailing  N.E.  is  in  a  line  with  two  beacons  which 
are  5  miles  apart,  and  of  which  one  is  due  N.  of  the  other.  In 
3  minutes  and  also  in  21  minutes  the  beacons  are  found  to 
subtend  a  right  angle  at  the  ship.  Prove  that  the  ship  is  sailing 
at  the  rate  of  10  miles  an  hour,  and  that  the  beacons  subtend 
their  greatest  angle  at  the  ship  at  the  end  of  3^/7  minutes. 

14.  A  man  walking  along  a  straight  road  notes  when  he  is 
in  the  line  of  a  long  straight  fence,  and  observes  that  78  yards 
from  this  point  the  fence  subtends  an  angle  of  60°,  and  that 
260  yards  further  on  this  angle  is  increased  to  120°.  When  he 
has  walked  260  yards  still  further,  he  finds  that  the  fence  again 
subtends  an  angle  of  60°.  If  a  be  the  angle  which  the  direction 
of  the  fence  makes  with  the  road,  shew  that  13  sin  a =5.  Also 
shew  that  the  middle  point  of  the  fence  is  120  yards  distant  from 
the  road. 
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Measurements  in  more  than  one  plane. 

201.  In  Art.  199  the  base  line  AB  was  measured  directly 
toivards  the  object.  If  this  is  not  possible  we  may  proceed  as 
follows. 

From  A  measm-e  a  base  line  AB 
in  any  convenient  direction  in  the 
horizontal  plane.  At  A  observe  the 
two  angles  PAB  and  PAC ;  and  at  B 
observe  the  angle  PBA. 

Let  LPAB=a,    lPAC=^, 

LPBA=y, 
AB  =  a,   PC=x. 
From  A  P^  (7, 

x=PABm^. 
From  A  PAB, 

AB  sin  PBA 


PA 


a  sm  y 


sin^P^         sin(a+y)' 
x=a  sin  /3  sin  y  cosec  (a  +  y). 


202.     To  shew  how  to  find  the  distance  hetiveen  tivo  inaccessible 
objects. 

Let  P  and  Q  be  the  objects. 

Take  any  two  convenient  stations 
A  and  B  in  the  same  horizontal 
plane,  and  measm-e  the  distance 
between  them. 

At  A  observe  the  angles  PAQ 
and  QAB.  Also  if  AP,  AQ,  AB  are 
not  in  the  same  plane,  measure  the 
angle  PAB. 

At  B  observe  the  angles  ABP 
and  ABQ. 

In  APABy  we  know  lPAB,  lPBA,  and  AB; 
so  that  AP  may  be  found. 

In  A  QAB,  we  know  L  QAB,  z.  QBA,  and  AB ; 

so  that  A  Q  may  be  found. 
In  APAQ,  we  know  AP,  AQ,  and  L  PAQ ; 

so  that  PQ  may  be  found. 
H.  K.  E.  T.  13 
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Exaviple  1.     The  angular  elevation  of  a  tower  CD  at  a  place  A 
due  South  of  it  is  30^,  and  at  a  place  B  due  West  of  A  the  elevation 

a 
is  18°.     If  AB  =  a,  shew  that  the  height  of  the  tower  is     /  ^  • 


W. 


,-<N 


.'A^ 


.>£i 


^Af 


Let  CI)  =  x. 

From  the  right-angled  triangle  DC  A,  AG=x  cot  30°. 
From  the  right-angled  triangle  DCB,  BG  =  x  cot  18°. 
But  z  BAG  is  a  right  angle, 

.'.  BG^-AG^  =  a^; 
.:  ^2(cot218°-cot2  30°)  =  a-; 
.-.  a;2(cosec218°-cosec2  30°)  =  a2; 
4     \2       1 


,/5-l 

.-.  a-2{(^5+l)^-4}=a2; 
.-.  x^2x2^5)  =  a^ 
which  gives  the  height  required. 

Exami^le  2.  A  hill  of  inclination  1  in  5  faces  South.  Shew  that 
a  road  on  it  which  takes  a  N.E.  direction  has  an  inclination  1  in  7. 

Let  AD  running  East  and  West  be  the  ridge  of  the  hill,  and  let 
ABFD  be  a  vertical  plane  through  AD.  Let  C  be  a  point  at  the  foot 
of  the  hill,  and  ABC  a  section  made  by  a  vertical  plane  running 
North  and  South.  Draw  CG  in  a  N.E.  direction  in  the  horizontal 
plane  and  let  it  meet  BF  in  G ;  draw  GH  parallel  to  BA ;  then  if 
CH  is  joined  it  will  represent  the  direction  of  the  road. 
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Since  the  inclination  of  CA  is  1  in  5,  we  may  take  AB  =  a,  and 
AG=5a,  so  that  BC^  =  2ia\ 


.-^N.E 


Since  CBG  is  a  right-angled  isosceles  triangle. 

Hence  in  the  right-angled  triangle  CGH, 

.-.  CH=7a  =  7GH. 
Thus  the  slope  of  the  road  is  1  in  7. 


EXAMPLES.    XVII.  c. 

1.  The  elevation  of  a  hill  at  a  place  F  due  East  of  it  is  45°, 
and  at  a  place  Q  due  South  of  F  the  elevation  is  30°,  If  the 
distance  from  P  to  Q  is  500  yards,  find  the  height  of  the  hill  in 
feet. 

2.  The  elevation  of  a  spire  at  a  point  A  due  West  of  it 
is  60°,  and  at  point  B  due  South  of  A  the  elevation  is  30°. 
If  the  spire  is  250  feet  high,  find  the  distance  between  A 
and  B. 

3.  A  river  flows  due  North,  and  a  tower  stands  on  its  left 
bank.  From  a  point  A  up-stream  and  on  the  same  bank  as  the 
tower  the  elevation  of  the  tower  is  60°,  and  from  a  point  B  just 
opposite  on  the  other  bank  the  elevation  is  45°.  If  the  tower 
is  360  feet  high,  find  the  breadth  of  the  river. 

4.  The  elevation  of  a  steeple  at  a  place  A  due  S.  of  it  is  45°, 
and  at  a  place  B  due  W.  of  A  the  elevation  is  15°.     If  AB=2aj 

shew  that  the  height  of  the  steeple  is  a  (3^  —  3~^). 

13—2 
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5.  A  person  due  S.  of  a  lightlaouse  observes  that  his  shadow 
cast  by  the  light  at  the  top  is  24  feet  long.  On  walking  100 
yards  due  E.  he  finds  his  shadow  to  be  30  feet  long.  Supposing 
him  to  be  6  feet  high,  find  the  height  of  the  light  from  the 
ground- 

6.  The  angles  of  elevation  of  a  balloon  from  two  stations 
a  mile  apart  and  from  a  point  halfway  between  them  are 
observed  to  be  60°,  30°,  and  45°  respectively.  Prove  that  the 
height  of  the  balloon  is  440^6  yards. 

[If  AD  is  a  median  of  the  triangle  ABC, 

then  2AD^+2BD^=AB^  +  AG^ 

7.  At  each  end  of  a  base  of  length  2a,  the  angular  elevation 
of  a  mountain  is  6,  and  at  the  middle  point  of  the  base  the 
elevation  is  (f).     Prove  that  the  height  of  the  mountain  is 

a  sin  6  sin  cf)  Vcosec  (<^  +  6)  cosec  {<p  —  6). 

8.  Two  vertical  poles,  whose  heights  are  a  and  h,  subtend 
the  same  angle  a  at  a  point  in  the  line  joining  their  feet.  If 
they  subtend  angles  /3  and  y  at  any  point  in  the  horizontal  plane 
at  which  the  line  joining  their  feet  subtends  a  right  angle,  prove 
that 

{a + 6)2  cot2  a= a2  cot2  /3  +  62  cot2  y. 

9.  From  the  top  of  a  hill  a  person  finds  that  the  angles 
of  depression  of  three  consecutive  milestones  on  a  straight  level 
road  are  a,  /3,  y.     Shew  that  the  height  of  the  hill  is 

5280^2  /  \/cot2a-2cot2/3  +  cot2y  feet. 

10.  Two  chimneys  AB  and  CD  are  of  equal  height.  A  person 
standing  between  them  in  the  line  AC  joining  their  bases  ob- 
serves the  elevation  of  the  one  nearer  to  him  to  be  60°.  After 
walking  80  feet  in  a  direction  at  right  angles  to  ^C  he  observes 
their  elevations  to  be  45°  and  30° :  find  their  height  and  distance 
apart. 

11.  Two  persons  who  are  500  yards  apart  observe  the  bear- 
ing and  angular  elevation  of  a  balloon  at  the  same  instant.  One 
finds  the  elevation  60°  and  the  bearing  S.W.,  the  other  finds 
the  elevation  45°  and  the  bearing  "W.  Find  the  height  of  the 
balloon. 

12.  The  side  of  a  hill  faces  due  S.  and  is  inclined  to  the 
horizon  at  an  angle  a.  A  straight  railway  upon  it  is  incUned  at 
an  angle  /3  to  the  horizon  :  if  the  bearing  of  the  railway  be  x 
degrees  E.  of  N.,  shew  that  cos  .2;= cot  a  tan /3. 
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[T71  the  following  examples  the  logarithms  are  to  he  taken  from 
the  Tables.'] 

1.  A  man  in  a  balloon  observes  that  two  churches  which  he 
knows  to  be  one  mile  apart  subtend  an  angle  of  11°  25'  20"  when 
he  is  exactly  over  the  middle  point  between  them  :  find  the 
height  of  the  balloon  in  miles. 

2.  There  are  three  points  ^4,  ^,  C  in  a  straight  line  on 
a  level  piece  of  ground.  A  vertical  pole  erected  at  C  has  an 
elevation  of  5°  30'  from  A  and  10°  45'  from  B.  If  AB  is 
100  yards,  find  the  height  of  the  pole  and  the  distance  BC. 

3.  The  angular  altitude  of  a  lighthouse  seen  from  a  point  on 
the  shore  is  12°  31'  46",  and  from  a  point  500  feet  nearer  the 
altitude  is  26°  33'  55"  :  find  its  height  above  the  sea-level. 

4.  From  a  boat  the  angles  of  elevation  of  the  highest  and 
lowest  points  of  a  flagstaff  30  ft.  high  on  the  edge  of  a  cliff  are 
46°  12'  and  44°  13' :  find  the  height  and  distance  of  the  cliff. 

5.  From  the  top  of  a  hill  the  angles  of  depression  of  two 
successive  milestones  on  level  ground,  and  in  the  same  vertical 
plane  as  the  observer,  are  5°  and  10°.  Find  the  height  of  the  hill 
in  feet  and  the  distance  of  the  nearer  milestone  in  miles. 

6.  An  observer  whose  eye  is  15  feet  above  the  roadway  finds 
that  the  angle  of  elevation  of  the  top  of  a  telegraph  post  is 
1*7°  18'  35",  and  that  the  angle  of  depression  of  the  foot  of  the 
post  is  8°  32'  15" :  find  the  height  of  the  post  and  its  distance 
from  the  observer. 

7.  Two  straight  railroads  are  inclined  at  an  angle  of  20°  16'. 
At  the  same  instant  two  engines  start  from  the  point  of  inter- 
section, one  along  each  line  ;  one  travels  at  the  rate  of  20  miles 
an  hour  :  at  what  rate  must  the  other  travel  so  that  after  3  hours 
the  distance  between  them  shall  be  30  miles  ? 

8.  An  observer  finds  that  from  the  doorstep  of  his  house  the 
elevation  of  the  top  of  a  spire  is  5  a,  and  that  from  the  roof  above 
the  doorstep  it  is  4a.  If  h  be  the  height  of  the  roof  above  the 
doorstep,  prove  that  the  height  of  the  spire  above  the  doorstep 
and  the  horizontal  distance  of  the  spire  from  the  house  are 
respectively 

h  cosec  a  cos  4a  sin  5a  and  h  cosec  a  cos  4a  cos  5a. 

If  A  =  39  feet,  and  a  =7°  17' 39",  calculate  the  height  and  the 
distance. 
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203.     To  find  the  area  of  a  tHangle. 

Let  A  denote  the  area  of  the  triangle 
ABC.     Draw  AD  perpendicular  to  BC. 

By  Eiic.  I.  41,  the  area  of  a  triangle 
is  half  the  area  of  a  rectangle  on  the 
same  base  and  of  the  same  altitude. 


.*.    A  =  ^  (base  X  altitude) 

=\BG.AD=\BC.ABs\nB 

=  - ca  sin  B. 

Similarly,  it  may  be  proved  that 

A  =  -a6sin(7,   and    A=- 6c  sin  J.. 

These  three  expressions  for  the  area  are  comprised  in  the 
single  statement 


A=-  {product  of  two  sides)  x  {sine  of  included  angle). 


Again, 


1  A        A 

A=-  6c  sin  ^  =  6c  sin  —  cos  — 


■  he 


/{s-b){s-c)       / 

V        Fc        V, 


s(s  —  a) 


be  \ .      be 

=  ^s{s  —  a){s  —  b){s  —  c), 
which  gives  the  area  in  terms  of  the  sides. 
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.      ,  I  y      .      ,      I    .      ,    asinB    a  sin  C 

Affam,      A  — -DC  sm  A  =-  sm  A  .  — -. — —r  .  — ■ r 

°      '            2                    2               sm  J.  sm  ^1 

a^  sin  ^  sin  C 

2  sin  ^ 

a^  sin  jB  sin  (7 


2  sin  (5+ C)' 

which  gives  the  area  in  terms  of  one  side  and  the  functions  of 
the  adjacent  angles. 

Note.  Many  writers  use  the  symbol  S  for  the  area  of  a  triangle, 
but  to  avoid  confusion  between  S  and  s  in  manuscript  work  the 
symbol  A  is  preferable. 

Example  1.  The  sides  of  a  triangle  are  17,  25,  28:  find  the 
lengths  of  the  perpendiculars  from  the  angles  upon  the  opposite 
sides. 

From  the  formula         -^^o  (^^^^  ^  altitude), 

it  is  evident  that  the  three  perpendiculars  are  found  by  dividing  2A 
by  the  three  sides  in  turn. 

Now  A=Js  {s  -a){s-  b)  {s-c)  =  JS5  x  18  x  10  x  7 
=  5x7x6^:210. 

Thus  the  perpendiculars  are  -^,    -^  ,   "28  '  °^  TT  '   T'  ^^' 

Example  2.  Two  angles  of  a  triangular  field  are  22-5°  and  45°, 
and  the  length  of  the  side  opposite  to  the  latter  is  one  furlong:  find 
the  area. 

Let  ^  =  22i°,  B  =  45°,  then  b  =  220  yds. ,  and  C  =  112^°. 

b^  sin  A  sin  C  .." 


From  the  formula  A=: 

the  area  in  sq.  yds.  = 


2smB 
220  X  220  X  sin  22^°  x  sin  112^° 


2  sin  45° 

_220  X  220  X  sin  22^°  x  cos  22|° 
~         2  X  2  sin  22^°  cos  22^° 

=  110x110. 

■c  ^  •  ^1,  110x110     ^, 

Expressed  m  acres,  the  area= — ^^r~- — =2i. 

4840  ^ 
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204.     To  find  the  radius  of  the  circle  circumscribing  a  tri- 
angle. 

Let  S  be  the  centre  of  the  circle 
circumscribing  the  triangle  ABG^ 
and  R  its  radius. 

Bisect  L  BSG  by  8D,  which  mil 
also  bisect  BC  at  right  angles. 

Now  by  Euc.  iii.  20, 
L  BSG  at  centre 

= twice  lBAG 
=  2^; 


and 


~=.BD=BSsiuBSD=R&\nA; 


R  = 


Thus 


2sin.-l 
b  c 


-.2R, 


or 


sin  A      sin  B     sin  G 
a  =  2RsmA,     b  =  2RBmB,     c=2RsmG, 


Example.     Shew  that  2R^  sin  A  sin  B  siD.G  =  A. 
The  first  side  =  -  .  2E  sin  ^ .  2E  sin  J5 .  sin  C 


=  -  a6  sin  G 
=A. 


205.  From  the  result  of  the  last  article  we  deduce  the 
following  important  theorem  : 

If  a  chord  of  length  1  subtend  an  angle  6  at  the  circumference 
of  a  circle  whose  radius  is  R,  then  1  =  2E,  sin  6. 

206.  For  shortness,  the  circle  circumscribing  a  triangle  may 
be  called  the  Gircum-drcle,  its  centre  the  Gircum-centre,  and  its 
radius  the  Gircum-radius. 

The  circum-radius  may  be  expressed  in  a  form  not  involving 
the  angles,  for 

a  abc      _  abc 

~  2  sin  A      2bc  sin  A      4A  " 
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207.     To  find  the  radius  of  the  circle  inscribed  in  a  triangle. 

Let  /  be  the  centre  of  the  circle  inscribed  in  the  triangle 
ABC,  and  i>,  JS,  F  the  points  of  contact ;  then  IB,  IE,  IF  are 
perpendicular  to  the  sides. 


Now  A  =  siim  of  the  areas  of  the  triangles  BIC,  CIA,  AIB 

=  -ar  +  -  br-\--cr^-{a-\-h  +  c)r 


-^sr; 


whence 


r  =  - 


208.  To  express  the  radius  of  the  inscribed  circle  in  terms  of 
one  side  and  the  functions  of  the  half-angles. 

In  the  figure  of  the  previous  article,  we  know  from  Euc.  iv.  4 
that  /  is  the  point  of  intersection  of  the  lines  bisecting  the 
angles,  so  that  o  ri 

LlBD  =  -^.      LlCB  = 


2' 


2 


^i>  =  r  cot|,     CZ)  =  r  cot?. 
2  2 

.'.     r  ('cot-  +  cot-j  =  a; 

.    B^C        .    B  .    G 

.    r  sin  — — -  =  a  sm  —  sin  —  ; 

.    B   .    C 
a  sm  —  sm  — 
Jt  A 


r=> 


A 
cos- 
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209.  Definition.  A  circle  which  touches  one  side  of  a 
triangle  and  the  other  two  sides  produced  is  said  to  be  an 
escribed  circle  of  the  triangle. 

Thus  the  triangle  ABC  has  three  escribed  circles,  one  touching 
BC,  and  AB,  AC  produced;  a  second  touching  CA,  and  BC^  BA 
produced  ;  a  third  touching  AB^  and  CA,  CB  produced. 

We  shall  assume  that  the  student  is  familiar  with  the  con- 
struction of  the  escribed  circles. 

[See  Hall  and  Stevens'  Euclid,  p.  255.] 

For  shortness,  we  shall  call  the  circle  inscribed  in  a  triangle 
the  In-circle,  its  centre  the  In-centre,  and  its  radius  the  In- 
radius ;  and  similarly  the  escribed  circles  may  be  called  the 
Ex-circles,  their  centres  the  Ex-centres,  and  their  radii  the 
Eos-radii. 

210.  To  find  the  radius  of  an  escHhed  circle  of  a  triangle. 

Let  /j  be  the  centre  of  the  circle 
touching  the  side  BC  and  the  two  sides 
AB  and  AC  produced.  Let  B^,  E^,  F^ 
be  the  points  of  contact ;  then  the  lines 
joining  I^  to  these  points  are  perpen- 
dicular to  the  sides. 

Let  r^  be  the  radius  ;  then 
A  =  area  ABC 
=  area  ABI^C-  area  BI^C 
=  area  BI-^A  +area  CI^A 
—  area  BIiC 

1  Iz,        1 

=  2^^1  +  2    ^i~  2 '^''i 

=  (s  -  a)  7-1 ; 


r.=- 


s  —  a 


Similarly,  if  r^,  r^  be  the  radii  of  the  escribed  circles  opposite 
to  the  angles  B  and  C  respectively, 


?'o  = 


s-h' 


ro  = 


s  —  c 
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211.     To  find  the  radii  of  the  escribed  circles  in  te7'ms  of  one 
side  and  the  functions  of  the  half -angles. 

In  the  figure  of  the  last  article,  I^  is  the  point  of  intersection 
of  the  lines  bisecting  the  angles  B  and  C  externally ;  so  that 

A  A 

.  • .    BBj^  =  ?'!  cot  (  90°  -  -")  -  r^  tan  -  , 
Ci)i  =  ri  cot  fdO"  -  f )  =^1  tan  ^; 

.-.    T-iftan -  +  tan  -  j=a; 

.    B+C  B        G 

.'.    7*1  sm — ;- — =acos— cos— ; 

B       C 

a  cos  —  cos  — 

•••   '■,= 2 — . 

cos- 


Similarly, 

,         C       A  A        B 

0  cos  —  COS  —  C  cos  —  COS  — 

COS-    •  COS- 

212.     By  substituting 

«  =  2i2sin^,     b  =  2RsinB,     c  =  2RsmGy 

in  the  formulae  of  Art.  208  and  Art.  211,  we  have 

.J,   .    A    ,    B   .    G 
r^4it  sm  —  sm  —  sin  — , 
2         2         2 

ri  =  4i2sm-cos-cos-. 


A   .    B       G 

gsm-cos-. 


^2  =  4-S  cos  —  sin  —  cos 


AT?  -^  ^     ■       ^ 

?*o=4itcos—  COS  —  sm  -=. 
•*  2         2         2 
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Example  1.     Shew  that    -^ — -  +  -^-^ —  =  — . 
■^  a  b         r^ 


The  first  side  =i(^-^)+i(-^-^^ 
a\s-a      sj      o\s-o      sj 


A  A      _  A{2s-a-b) 


s{s-a)      s{s  -b)      s  (s  -a){s  —  b) 
Ac  Ac{s-c) 


s{s-a){s-b)      s{s-a){s-  b)  (s  -  c) 

Ac{s-c)  _c{s-  c) 

'       A2       ""       A 


Example  2.     If  r^  =  To  +  r^  +  r,  prove  that  the  triangle  is  right- 
angled. 

By  transposition,  r^  -r  =  r^  +  r^ ; 

,^   .    A        B        G     ,^   .    A    .    B   .    G 
.'.  4E  sin  —  cos  —  cos  2"  -  4E  sm  —  sm  —  sin  — 

,„        A    .    B        G      .^        A        B    .    G 
=  4JK  cos  —  sm  —  cos  —  +  4 JR  cos  —  cos  —  sm  — ; 
Z  Z  Z  li  2i  2i 

.    A(      B       C      .    B   .    C 
.'.  sm  -  (cos  -  cos  -  -  sm  -  sm  - 

A  f  .    B       G  B 

=  cos  -  (  sm  -  cos  2  + cos  -  sm  -^  , 

.    A        B+G  A    .    B+G 

.'.  sm  -  cos  — ^  =  cos  -  sm    ^^^  ; 

.  I,    A  ty     A 

■•'  sin-'-=cos--; 
whence  ^ = 45°,  and  4  =  90°. 

213.     Many  important  relations  connecting  a  triangle  and 
its  circles  may  be  established  by  elementary  geometry. 

With  the  notation  of  previous  articles,  since  tangents  to  a 
circle  from  the  same  point  are  equal, 
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we  have  AF=AE,    BB=BF,    CD  =  CE; 

. • .    AF+  {BD  +  CD)  =  half  the  sum  of  the  sides 
.-.    AF-\-a  =  s. 
.'.    AF==s-a=AK 
Similarly,     BB = BF=  s-b,     CB= CE=  s-c. 

A 


Also 


A  A 

r = ^i^ tan  —  =  (5  -  a)  tan  — 


B  C 

Similarly,     r={s-b)  tan  —  ,     r={s~c)  tan  — . 

A  A 

Again,       AF^=^AE^,    BF^  =  BD^,    CE^  =  CD^', 

.'.    2AF^  =  AFj^  +  AEi={AB-{-BI){)  +  {AC+CDj) 
=  sum  of  the  sides ; 

.-.    AF^=s=AE^. 
.-.    BD^=BF^  =  s-c,    CD^  =  CE^==s-b. 

A  A 

Also  T-i  ■=  A  F-i  tan  ^  =  s  tan  —  . 

2  2 

Similarly,  ^2 = ^  *^^  "o  5       ^'s = ^  ^^^  "o  • 
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EXAMPLES.    XVIILa. 

1.  Two  sides  of  a  triangle  are  300  ft.  and  120  ft.,  and  the 
included  angle  is  150°;  find  the  area. 

2.  Find  the  area  of  the  triangle  whose  sides  are  171,  204, 
195. 

3.  Find  the  sine  of  the  greatest  angle  of  a  triangle  whose 
sides  are  70,  147,  and  119. 

4.  If  the  sides  of  a  triangle  are  39,  40,  25,  find  the  lengths 
of  the  three  perpendiculars  from  the  angular  points  on  the 
opposite  sides. 

5.  One  side  of  a  triangle  is  30  ft.  and  the  adjacent  angles 
are  22^°  and  112^°,  find  the  area. 

6.  Find  the  area  of  a  parallelogram  two  of  whose  adjacent 
sides  are  42  and  32  ft.,  and  include  an  angle  of  30°. 

7.  The  area  of  a  rhombus  is  648  sq.  yds.  and  one  of  the 
angles  is  150° :  find  the  length  of  each  side. 

8.  In  a  triangle  if  a  =  13,  6  =  14,  c=15,  find  r  and  R. 

9.  Find  7\,  r^,  r^  in  the  case  of  a  triangle  whose  sides  are 
17,  10,  21. 

10.  If  the  area  of  a  triangle  is  96,  and  the  radii  of  the 
escribed  circles  are  8,  12,  24,  find  the  sides. 


Prove  the  following  formulse 


A 


11.     slrr^r.^r^  =  A.  12.     s{s-a)  tan  —  =  A. 

13.     rrjcot  — =  A.  14.     4:Rrs  =  ahc. 

B        G 
15.    ^i^2^3  =  rs^.  16.     r  cot  —  cot  „  =  ^i  • 

17.  Rr  (sin  A  +  sin  B  +  sin  C)  =  A. 

^4 

18.  r-^r^-\-rr^  =  ah.  19.     cos  —  ^/6c  (s -  6)  (s -  c)  =  A. 

A 
n 
20.    ri+r2=ccot2-  21.     {r^-T){r^-\'r^^a?: 
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22.  ,,  cot  I  =.,  cot  |=.3  cot  :^=.cot  i  cot  f  cot  i 

^2^2-^2  222 

23.  ^  +  ^  +  ^=^.  24.    r,T,+T,i,+i,T,=s'. 
^1      ^2      J^3      r 

25.    ri+r2  +  r3-r  =  4R.  26.     r+ri  +  r2-r3  =  4)XcosC. 

27.  b^  sill  2  6'+  c2  gin  25 = 4A. 

C  A  —  B 

28.  4i^cos-  =  (a  +  6)sec— — -. 

29.  a2_52_27^csin(^4_^)_ 

--     B?-V-   sin  A  sin  B     . 

2       sm  (A  -  B) 

31.  If  the  perpendiculars  from  A^  B,  C  to  the  opposite  sides 
are  jt?i,  jOg,  p^  respectively,  prove  that 

/-.N  1  1  1  1  /ON  1111 

(1)     -  +  -  +  -=-;  2)     -  + =-. 

Pi     P2     Pz      ^  Pi     P2     Pz     '^3 

Prove  the  following  identities  : 

32.  {r^-T){r.,^-r){r^-r)^'iRr^. 
1      1\  /I      1\  /I      1\      472 


33. 


r      r,/  \r      7*0  /  \r      r-i        r^s 


/}«2c>2 


34.  4A(cot^+cot5  +  cot(7)  =  a2  +  &Hc2. 

35.  ^%^-^^  +  «^  =  0. 

^1  ^'2  ^3 

36.  a22,2c2(gin2.4+siu2i?  +  sin2(7)  =  32Al 

37.  acosA+bcosB+ccosC=4RsinAsinBsinC. 

38.  acotA+bcotB+ccotC=2(R+r). 

ABC 

39.  (6+c)  tan^  +  (c+a)  tan  — +  ((X  +  6)tan  — 

^  .2  ^ 

=  4^  (cos  J.  +  cos  5  +  cos  (7). 

40.  r  (sin  J.  +  sin  5 + sin  C)  =  IR  sin  .4  sin  B  sin  (7. 

41.  C0S2  — +C0s2-+C0s2-  =  2  +  — 7i. 

2  2  2  2/t 
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Inscribed  and  circumscribed  Polygons. 

214.     To  find  the  perimeter  and  area  of  a  regular  polygon  of 
n  sides  inscribed  in  a  circle. 

Let  r  be  the  radius  of  the  circle,  and 
AB  a  side  of  the  polygon. 

Join  OA^  OB,  and  draw  OD  bisecting 
lAOB;  then  AB  is  bisected  at  right 
angles  in  D. 

And       L  A  OB  =  -  (four  right  angles) 


n 

277 

n 


A^ -^B 

Perimeter  of  polygon = nAB = '2.nAD  =  '2nOA  sin  A  OD 


:27zrsin 


Area  of  polygon  =  ?i  (area  of  triangle  ^1  OB) 

1  ,   .    27r 

=  -  ?iH  sm  • — . 

2  n 


215.     To  find  the  perimeter  and  area  of  a  regular  polygon  of 
n  sides  circumscribed  about  a  given  cw'cle. 

Let  r  be  the  radius  of  the  circle,  and 
AB  a  side  of  the  polygon.  Let  AB  touch 
the  circle  at  B.  Join  OA,  OB,  OB  ;  then 
OB  bisects  AB  at  right  angles,  and  also 
bisects  lAOB. 

Perimeter  of  j)olygon 

= nAB = ^nAD  =  ^nOD  tan  A  OD 

=  2?ir  tan  -  .  « 

n  ^ 

Area  of  polygon  =  n  (area  of  triangle  A  OB) 

=  nOD.AD 


=nr^  tan  - . 
n 
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216.  There  is  no  need  to  burden  the  memory  with  the 
formulge  of  the  last  two  articles,  as  in  any  particular  instance 
they  are  very  readily  obtained. 

Exaviple  1.  The  side  of  a  regular  dodecagon  is  2  ft.,  find  the 
radius  of  the  circumscribed  circle. 

Let  r  be  the  required  radius.     In  the 
adjoining  figure  we  have 

AB  =  2,    aAOB~. 

AB  =  2AD  =  2rsm^; 
.-.  2r  sin  15°:=  2; 


sm 
Thus  the  radius  is  ^JQ  +  f^'2  feet. 

Example  2.     A  regular  pentagon  and  a  regular  decagon  have  the 
same  perimeter,  prove  that  their  areas  are  as  2  to  ^/5. 

Let  AB  be  one  of  the  n  sides  of  a  regular 
polygon,  0  the  centre  of  the  circumscribed 
circle,  OD  perpendicular  to  AB. 

Then  UAB  =  a, 
area  of  polygon  =?i.4D  .  OD 

=  HAD  .  AD  cot  - 
n 

na^      ,  IT 

—  ~-r~  cot  —  . 

4  n 

Denote  the  perimeter  of  the  pentagon  and 
decagon  by  10c.     Then  each  side  of  the  pen- 

tagon  is  2c,  and  its  area  is  5c^  cot  —  . 

o 

Each  side  of  the  decagon  is  c,  and  its  area  is  -c^cot  r^  • 
Area  of  pentagon      2  cot  36°      2  cos  36°  sin  18°  _  2  cos  36" 


Area  of  decagon 


cot  18° 

2  cos  36° 
1  + cos  36° 

2(^5  +  1)  _ 

5  +  ^0 


sin  36°  cos  18" 
2 


2cosn8" 

sio  +  r 


(^-^-^) 


H.  K.  E.  T. 


14 
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217.     To  find  the  area  of  a  circle. 

Let  r  be  the  radius  of  the  circle, 
and  let  a  regular  polygon  of  n  sides  be 
described  about  it.  Then  from  the  ad- 
joining figure,  we  have 

area  of  polygon  =  n  (area  of  triangle  A  OB) 
=  n(^AB.OD 

=  \0D.nAB 

A 
T 

=  -  X  perimeter  of  polygon. 

A 

By  increasing  the  number  of  sides  without  limit,  the  area 

and  the  perimeter  of  the  polygon  may  be  made  to  differ  as  little 

as  we  please  from  the  area  and  the  circumference  of  the  circle. 

Hence 

r 
area  of  a  circle  =  -  x  circumference 

=^  X  27rr      [Art.  59.] 


=  77?"=. 


218.     To  find  the  area  of  the  sector  of  a  circle. 

Let  6  be  the  circular  measure  of  the  angle  of  the  sector ; 
then  by  Euc.  vi.  33, 

area  of  sector      6 
area  of  circle      Stt  ' 

.  • .    area  of  sector  =  ^r-  x  irr'^  =  ^  r^B. 
An  A 


EXAMPLES.    XVIII.  b. 

I7i  this  Exercise  take  7r=-p^ . 


1.     Find  the  area  of  a  regular  decagon  inscribed  in  a  circle 
whose  radius  is  3  feet ;  given  sin  36°  =  '588. 
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2.  Find  the  perimeter  and  area  of  a  regular  quindecagon 
described  about  a  circle  whose  diameter  is  3  yards  ;  given 

tan  12°  =  -213. 

3.  Shew  that  the  areas  of  the  inscribed  and  circumscribed 
circles  of  a  regular  hexagon  are  in  the  ratio  of  3  to  4. 

4.  Find  the  area  of  a  circle  inscribed  in  a  regular  pentagon 
whose  area  is  250  sq.  ft.;  given  cot  36°  =  1*376. 

5.  Find  the  perimeter  of  a  regular  octagon  inscribed  in  a 
circle  whose  area  is  1386  sq.  inches  ;  given  sin  22°  30'  = '382. 

6.  Find  the  perimeter  of  a  regular  pentagon  described  about 
a  circle  whose  area  is  616  sq.  ft.;  given  tan 36°  = '727. 

7.  Find  the  diameter  of  the  circle  circumscribing  a  regular 
quindecagon,  whose  inscribed  circle  has  an  area  of  2464  sq.  ft. ; 
given  sec  12°  =  1-022. 

8.  Find  the  area  of  a  regular  dodecagon  inscribed  in  a  circle 
whose  regular  inscribed  pentagon  has  an  area  of  50  sq.  ft. 

9.  A  regular  pentagon  and  a  regular  decagon  have  the  same 
area,  prove  that  the  ratio  of  their  perimeters  is  J'2,  :  4/5. 

10.  Two  regular  polygons  of  n  sides  and  2^1  sides  have  the 
same  perimeter  ;  shew  that  the  ratio  of  their  areas  is 

2  cos  -  :  1  +  cos  -  . 
n  n 

11.  If  2a  be  the  side  of  a  regular  polygon  of  n  sides,  R 
and  r  the  radii  of  the  circumscribed  and  inscribed  circles,  prove 
that 

R  +  r=acot^r-. 

12.  Prove  that  the  square  of  the  side  of  a  regular  pentagon 
inscribed  in  a  circle  is  equal  to  the  sum  of  the  squares  of  the 
sides  of  a  regular  hexagon  and  decagon  inscribed  in  the  same 
circle. 

13.  With  reference  to  a  given  circle,  A-^  and  B^  are  the  areas 
of  the  inscribed  and  circumscribed  regular  polygons  of  n  sides, 
A^  and  B^,  are  corresponding  quantities  for  regular  polygons  of 
27i  sides  :  prove  that 

(1)  A^  is  a  geometric  mean  between  A^  and  B^ ; 

(2)  ^2  is  a  harmonic  mean  between  A,^  and  B^. 

14—2 
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The  Ex-central  Triangle. 

*219.     Let  ABC  be  a  triangle,  7^,  I^,  I^  its  ex-centres  ;  then 
/j/g/g  is  called  the  Ex-central  triangle  of  ABC, 


Let  /  be  the  in-centre ;  then  from  the  construction  for  finding 
the  positions  of  the  in-centre  and  ex-centres,  it  follows  that : 

(i)  The  points  /,  I^  lie  on  the  line  bisecting  the  angle  BAC; 
the  points  /,  I2  lie  on  the  line  bisecting  the  angle  ABC;  the 
j)oints  7,  73  lie  on  the  line  bisecting  the  angle  A  CB. 

(ii)  The  points  I2,  I^  lie  on  the  line  bisecting  the  angle 
BAG  externally  ;  the  points  I^,  I^  lie  on  the  line  bisecting  the 
angle  ^5(7  externally  ;  the  points  7^,  I^  lie  on  the  line  bisecting 
the  angle  A  CB  externally. 

(iii)  The  line  AI^  is  perpendicular  to  7373 ;  the  line  BI^  is 
perpendicular  to  737^ ;  the  line  GI^  is  perpendicular  to  7^72-  Thus 
the  triangle  ABC  \&  the  Pedal  triangle  of  its  ex-central  triangle 
7i724     [See  Art.  223.] 

(iv)  The  angles  757^  and  ICI-^  are  right  angles  ;  hence  the 
points  j5,  7,  C,  I^  are  concyclic.  Similarly,  the  points  C^  I,  A,  I^,, 
and  the  points  A,  I,  B,  I^  are  concyclic. 

(v)  The  lines  AI^,  BI^^  GI^  meet  at  the  in-centre  7,  which 
is  therefore  the  Orthocentre  of  the  ex-central  triangle  IiI^I?,- 

(vi)  Each  of  the  four  points  7,  7^,  72,  I^  is  the  orthocentre 
of  the  triangle  formed  by  joining  the  other  three  points. 


xvtil]  the  ex-central  triangle.  ^13 

*220.     To  find   the  distances  hetioeen   the  m-centre  and  ex- 
centres. 

Witli  the  figure  of  the  last  article, 

//,  =AL  —  AI=i\  cosec  —  —  r  cosec  -—  =  (n  —  r)  cosec  — 
ix  J.  2  2  2 

,T^f.A       B       C      .    A    .    B  .    C\  A 

=  4:K    sm  —  cos  —  cos  —  —  sin  —  sm  —  sm  —  )  cosec  — 

\222  22  2/  2 

.„        B+C      .„   .    A 
=  4R  cos  — - —  =  4R  sin  —  . 
2  2 

Thus  the  distances  are 

4R  sin  —  ,      4i2  sin  —  ,      4R  sin  — . 

A  A  Jj 

*221,     To  find  the  sides  and  angles  of  the  ex-central  triangle. 
With  the  figure  of  Art.  219, 

lBI^C=lBIJ+  lCIJ 

=  L  BCI+  L  CBl  [Euc.  in.  21] 

~2+2~^"       2" 


Thus  the  angles  are 
Again, 


y^      2'  2'  2* 


I^I^=I^C+I^G=r^  cosec  Z'gO"  -^V^aCosec  ^90° 

f  .    A        B       C  A    .    B       C\ 

sm  —  COS  —  cos  —  +  cos  —  sm  —  cos  —  j  s 
\       2         2         2  2         2         2/ 


.p   .    A  +  B      .p        C 
=  4:R  sm  — - —  =  4:R  cos  — . 

2  2 

Thus  the  sides  are 


4i2  cos  —  ,      AR  cos  — ,      4R  cos  — . 

A  Ji  ^ 
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*222.     To  find  the  area  a7id  circum-radius  of  the  ex-central 
triangle. 

The  area=-  (product  of  two  sides)  x  (sine  of  included  angle) 


1  B  C 

=  -  X  4tR cos—  X  4:R cos  —  x  sin  (  90°  -  ^ 


-i) 


^j,,        A       B       C 

=  8ii^  cos  —  cos  —  cos  — . 
2         2         2 


The  circum-radius : 


Vs 


4R  cos  — 


A 


■  2R. 


The  Pedal  Triangle. 

*223.  Let  (7,  5",  A"  be  the  feet  of 
the  perpendiculars  from  the  an- 
gular points  on  the  opposite  sides 
of  the  triangle  ABC ;  then  GHK 
is  called  the  Pedal  triangle  of 
ABC. 

The  three  perpendiculars  Jl  6^, 
BH,  CK  meet  in  a  point  0  which 
is  called  the  Orthocentre  of  the 
triangle  ABC. 

*224.     To  find  the  sides  and  angles  of  the 'pedal  triangle. 

In  the  figure  of  the  last  article,  the  points  K,  0,  G,  B  are 
concyclic ; 

.-.    lOGK=lOBK=^0''-A. 

Also  the  points  H,  0,  G^  C  are  concyclic  ; 

...    lOGH=lOCH=^0°-A', 

.'.    lKGB:=180°-2A. 

Thus  the  angles  of  the  pedal  triangle  are 

180° -2^     180° -2^,     180° -2a 

Again,  L  AKH=  180°  -  z.  BKH=  L  BCH, 

since  the  points  B,  A",  H,  C  are  concychc  ; 

.-.   iAEH=C. 
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HK  _     sin  A     _  sin  A  _a 
•'•    AH  ~  sin  AKH^  smC  ~  c  ' 

.",   HK=-  .  AH  =-  .c co^  A  =  a co^  A. 

c  c 

Thus  the  sides  of  the  pedal  triangle  are 

a  cos  J.,     b  cos  B,     c  cos  G. 

In  terms  of  R,  the  equivalent  forms  become 
R  sin  2 A ,     i2  sin  2^,     i2  sin  2  C. 

If  the  angle  ACB  of  the  given  triangle  is  obtuse,  the  ex- 
pressions 180°  — 2  C  and  ccos  C  are  both  negative,  and  the  values 
we  have  obtained  require  some  modification.  We  leave  the 
student  to  shew  that  in  this  case  the  angles  are  2 A,  2^,  2(7—  180°, 
and  the  sides         a  cos  A,     b  cos  B^     —c  cos  C. 

*225.  To  find  the  area  and  circum-radius  of  the  pedal  tri- 
angle. 

The  area  =  -  (product  of  two  sides)  x  (sine  of  included  angle) 
=  ii2sin2i?.i2sin2C.sin(180  -2.4) 

=  -  i22  sin  2.1  sin  25  sin  26'. 

^^      .  ^.  HK  i2sin2^  R 

The  circum-radms  =  ^—, — rfrnr  =  o    •    /lono — ettt  =  "5"  • 
2  sm  HGK     2  sm  (180  -  2A)      2 

Note.  The  circum-circle  of  the  pedal  triangle  is  the  nine  points 
circle  of  the  triangle  ABC.     Thus  the  radius  of  the  nine  points  circle 

of  the  triangle  ABG  is  -  .    [See  Hall  and  Stevens'  Euclid,  p.  281.] 

*226.  In  Art.  224,  we  have  proved  that  OG,  OH^  OK  bisect 
the  angles  HGK,  KHG,  GKH  respectively,  so  that  0  is  the 
in-centre  of  the  triangle  GHK.  Thus  the  orthocentre  of  a  tri- 
angle is  the  in-centre  of  the  pedal  triangle. 

Again,  the  line  CGB  which  is  at  right  angles  to  OG  bisects 
lHGK  externally.  Similarly  the  lines  AHC  and  BKA  bisect 
lKHG  and  lGKH  externally,  so  that  ABG  is  the  ex-central 
triangle  of  its  pedal  triangle  GHK. 
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■^227.  In  Art.  219,  we  have  seen  that  ABC  is  the  pedal  tri- 
angle of  its  ex -central  triangle 
I^IJl^.  Certain  theorems  depend- 
ing on  this  connection  are  more 
evident  from  the  adjoining  figure, 
in  which  the  fact  that  ABC  is  the 
pedal  triangle  of  IxI^Jz  is  brought 
more  prominently  into  view.  For 
instance,  the  circum-circle  of  the 
triangle  ABC  is  the  nine  points 
circle  of  the  triangle  I^IJ^o,-!  and 
passes  through  the  middle  points 
of  //j,  ZZ2,  i/g  and  of  /^/g,  /g/^, 


*228.     To  find  the  distance  between  the  in-centre  and  circum- 
centre. 


Let  >S'  be  the  circum-centre 
and  /  the  in-centre.  Produce  A I 
to  meet  the  circum-circle  in  H ; 
join  6'^  and  CI. 

Draw  IE  perpendicular  to 
AC.  Produce  HS  to  meet  the 
circumference  in  L,  and  join  CL. 
Then 

lHIC=lIAC-\-lICA 

2       2' 
lHCI=  LICB+  lBCR 

^^+  lBAH 

_G     A 
~  2"^2  ' 


Also 


.-.    LHCI=LmC; 

,'.   Hl=-EC^^2R^\xi^. 

AI=  IE 0,0^0,0,  —  =r  cosec  — 
2  2 


AI.IH=%Rr. 
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Produce  >S'/  to  meet  the  circumference  in  M  and  N. 
By  Euc.  III.  35, 

AI.  IH=  MI .  IX  =  {R  +  SI)  {R  -  SI) ; 
.-.   2Rr=R^~SP', 
that  is,  Sr-  =  R^--2Rr. 

*229.     To  find  the  distance  of  an  ex-centre  from  the  circum- 
centre. 

Let  >S'  be  the  circum-centre,  and 
/  the  in-centre  ;  then  A I  produced 
passes  through  the  ex-centre  I^. 

Let  AI^  meet  the  circum-circle  in 
H)  join  CI,  BI,  CH,  BH,  CI^,  BI^. 
Draw  I^E-^  perpendicular  to  AC. 

Produce  HS  to  meet  the  circum- 
ference in  jv,  and  join  CL. 

The  angles  IBI^^  and  ICI^  are 
right  angles  ;  hence  the  circle  on  11^ 
as  diameter  passes  through  B  and  C. 

The  chords  BH  and  CH  of  the 
circum-circle  subtend  equal  angles 
at  A,  and  are  therefore  equal. 

But  from  the  last  article,  IIC=  III\ 
.-.    HB  =  HC=HI; 

hence  H  is  the  centre  of  the  circle  round  IBI^C. 
.-.   JII^=HC=2Rsin^. 

Now  SI-^  —  ^2  _  square  of  tangent  from  i^ 

=  I^H.I^A 

=  2R  sm  —  .  r^  cosec  — 

=  2Rr,. 


.'.  SI^=E^-\-2Ri\. 
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*230.     To  find  the  distance  of  the  orthocentre  from  the  circum- 
centre. 

With  the  usual  notation,  we  have 
SO'^  =  SA'^+AO'^-  2SA  .  AO  cos  SAO. 

^ovfAS=R; 

A0= AH coBQc  G 
=  c  cos  A  cosec  C 
=  2R  sin  C  cos  A  cosec  C 
=  2R  cos  A  ; 
lSAO=lSAC-  lOAC 

=  (90°-i?)-(90°-(7) 
=  C-B. 
.'.  JSO^ ^ R^  +  AR^cos^  A -4R^  cos  A  cos  {C-£) 

=  R^-4Jl^  cos  A  {cos  {B  +  C)  +  cos{C-B)} 
=  R^-  8i22  cos  A  cos  B  cos  (7. 

The  student  may  apply  a  similar  method  to  establish  the 
results  of  the  last  two  articles. 


^EXAMPLES.    XVni.  c. 

1.  Shew  that  the  distance  of  the  in-centre  from  A  is 

4Ji  sin  —  sm  — . 

2.  Shew  that  the  distances  of  the  ex-centre  /^   from  the 
angular  points  A,  Bj  C  are 

^_       B       C       ,j,   .    A        C       ,j,   .    A       B 
4/t  cos  —  cos  — ,      4/c  sm  —  cos  — ,      4/t  sm  —  cos  —  . 

2         2  2         2  2         2 


3.     Prove  that  the  area  of  the  ex-central  triangle  is  equal  to 

ABC 

—  cosec  —  cosec  — 

2t  Jt  Ji 


(1)     ^Rs  ;         (2)     -  A  cosec  —  cosec  —  cosec 


4.  Shew  that 

r.Il^.  11^ .  Il^=4Jt .  lA  .  IB  .  la 

5.  Shew  that   the   perimeter   and   in-radius   of   the   pedal 
triangle  are  respectively 

4i2  sin  A  sin  BsinC  and    2R  cos  A  cos  B  cos  G. 
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6.  If  g^  A,  h  denote  the  sides  of  the  pedal  triangle,  prove 
that 

(2)     (^^-^g-  ,  {c'-a')h     (a2-62)^^^ 
a^  52  ^2  • 

7.  Prove  that  the  ex-radii  of  the  pedal  triangle  are 

2R  sin  A  cos  B  cos  C,     2R  cos  ^  sin  B  cos  (7,     2^  cos  A  cos  5  sin  C. 

8.  Prove  that  any  formula  which  connects  the  sides  and 
angles  of  a  triangle  holds  if  we  replace 

(1)  a,  h,  c    by    «cos^,     bcosB,     ccosC, 

3^nd  A,  B,C    by    180°-2.4,     180°-25,     180°-2(7; 

(2)  a,  6,  c     by     a  cosec  —  ,      b  cosec  — ,      c  cosec  — , 

and  A,B,C    by     90°  - 1 ,      90°  - 1 ,       90° -^. 

9.  Prove  that  the  radius  of  the  circum-circle  is  never  less 
than  the  diameter  of  the  in -circle. 

10.  If  R  —  2rj  shew  that  the  triangle  is  equilateral. 

11.  Prove  that 

12.  Prove  that 

(1)  a.AP-\-b.BP  +  c.CP  =  abo; 

(2)  a.AIi^-b.BI^^-c.CIj^  =  abc. 

13.  If  GHK  be  the  pedal  triangle,  and  0  the  orthocentre, 
prove  that 

OG      OE     OK 
^^    AG'^ BH^  CK~    ' 

(2)  ^^  I        ^-^  ■  ^^^  1 

^^     (9(y4-acot^"^OZr-l-6cot^'^0^-f-ccot(7 

14.  If  GHK  be  the  pedal  triangle,  shew  that  the  sum  of 
the  circum-radii  of  the  triangles  AHK,  BKG,  CGH  is  equal  to 
R  +  r. 
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15.  If  AiB^Ci  is  the  ex-central  triangle  of  ABC,  and  A^B^O^ 
the  ex-central  triangle  of  AiB^C^,  and  A^B^C^  the  ex-central  tri- 
angle of  .dg^a^sij  ^^^  so  ^^  '•  fi^^  ^^®  angles  of  the  triangle  A^B.^C^, 
and  prove  that  when  n  is  indefinitely  increased  the  triangle 
becomes  equilateral. 

16.  Prove  that 

(1)  0S^=9R^-a'^-h^-c'^; 

(2)  (9/2  =  2r2  -  4R^  cos  A  cos  BcosO; 

(3)  0/i2  =  2ri2  -  4i?2  cos  A  cos  i?  cos  a 

17.  If/,  ^,  A  denote  the  distances  of  the  circum-centre  of 
the  pedal  triangle  from  the  angular  points  of  the  original  triangle, 
shew  that 

4:{f+g^-  +  h^)  =  llE'^  +  8R'^cosA  cos  5 cos  (7. 

Quadrilaterals. 

*231.     'To  prove  that  the  area  of  a  quadrilateral  is  equal  to 
-  {product  of  the  diagonals)  x  {sine  of  included  angle). 

Let  the  diagonals  AC,  BD  inter- 
sect at  P,  and  let  L  DP  A  =  a,  and 
let  S  denote  the  area  of  the  quadri- 
lateral. 

Al)AC=hAPI)  +  ACPI) 
=1  DP.  AP  sin  a 

+  \DP.PC&m{'jr-a) 

=li)P(^P  +  Pa)sina 

=iz>P.J^Csina. 


Similarly 


AABC=^^BP,ACsYiia. 

2 


.-.    >S'=^(i)P  +  ^P)^Csina 
A 


=-DB.AC^\na. 

2t 
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*232.     To  find  the  area  of  a  quadrilateral  in  terms  of  the  sides 
and  the  sum  of  two  opposite  angles. 

Let  ABCD  be  the  quadrilateral,  and  let  a,  &,  c,  d  be  the 
lengths  of  its  sides,  S  its  area. 

By  equating  the  two  values  of  BD^  found  from  the  triangles 
BAD,  BCD,  we  have 

a^  +  c?^  —  2ad  cos  J.  =  6^  -f  c^  —  26c  cos  C ; 

.-.  a'^  +  d^—h'^  — c'^  =  2ad  co^  A- '2hc  cos  C  ••(!)• 

Also        /S^sum  of  areas  of  triangles  BAD,  BCD 
=- a(i  sin  J. +- 6c  sin  C ; 

.-.    4AS'=2ac?sin.4+26csin  (7  (2). 

Square  (2)  and  add  to  the  square  of  (1) ; 
.-.    16/S'2  +  (a2  +  ^2-62-c2)2  =  4a2c^2  +  462c2_8a6cc^cos(^  +  C). 

Let  A  +  G=^a;  then 

cos  {A  +  C)  =  cos  2a  =  2  cos2  a  -  1 ; 
.-.      1652=,4(^^^.5c)2-(a2^^2_52_c2)2_16(^5cC^COs2a. 

But  the  first  two  terms  on  the  right 
=  (2ac? + 26c  +  «^H  c^2  -  62  _  c2)  (2ac? + 26c  -  a2  _  f^2  +  52 + ^2) 
=  {(a+<^)2-(6-c)2}{(6  +  c)2-(a-(^)2} 
=  {a-{-d^-h - c) {a+d -h  +  c) {h  +  e  +  a- d)  {h  +  0 - a^- d) 

=  (2(r  -  2c)  (2o-  -  26)  (2a-  -  2c?)  (2o-  -  2a), 

where  a  +  b  +  c+d=2a; 
=  16  (o- -  a)  (o- -  6)  (o- -  c)  (o- -  cT). 

Thus      152  =  (o-  -  a)  (a-  -h){(r-  c)  {(r-d)-  abed  cos2  a, 
where  2  a-  denotes  the  sum  of  the  sides,  2a  the  sum  of  either  pair 
of  opposite  angles. 

*233.     In  the  case  of  a  cycliG  quadrilateral,  A-\-C=\S(f,  so 
that  a  ='90°;  hence 


S=^J{(T-a){(T-h){a■-c){,^-d). 
This  formula  may  be  obtained  directly  as  in  the  last  article 
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by  making  use  of  the  condition  A  +  C=180°  during  the  course  of 
the  work.  In  this  case  cos  C=  -  cos  A,  and  sin  (7=  sin  A,  so  that 
the  expressions  (1)  and  (2)  become 

a^+d^-b^-c^  =  2{ad+bc)  cos  A, 

and  4>S'=  2  {ad  +  be)  sin  A  ; 

whence  by  eliminating  A  we  obtain 

1 6^2 + ^^2  +  (^2  _  52  _  ^2)2  =  4(^ad+  hcf. 

*234.     To  find  the  diagonals  and  the  circum-radius  of  a  cyclic 
quadrilateral. 

If  ABCD  is  a  cyclic  quadrilateral,  we  have  just  proved  that 

2{ad+bc)co&  A  =  a^-\-d'^-b^-c\ 

l^ow  BI)^  =  a^  + d^-2ad  cos  A 

^a2  I  ^2     ad{a^+d^-b^-c^) 
ad+bc 

_bc{a^+d^)  +  ad(b^  +  c'^) 
ad+bc 

_{ab  +  cd){ac+bd) 
ad-Ybc 

Similarly,  we  may  prove  that 

„2     {ad+bc){ac  +  bd) 

AC     = :f y— . 

ao  +  cd 


and 


Thus  AC.  BI)=ac  +  bd,    [Compare  Euc.  yi.  D.] 

AC     ad+bc 


BD     ab+cd' 


The  circle  passing  round  the  quadrilateral  circumscribes  the 
triangle  ABD ;  hence 

the  circum-radius  =  ;r—. — j 
2  sm^ 

■  (ad + be)  BD    _{ad+ be)  BD 

~ '2,  {ad+ be)  sin  A~'        4.S 

=Y^'\/{ab-\-ed){ac  +  bd){ad+be). 
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Example.     A  quadrilateral  ABGD  is  such  that  one  circle  can  be 
inscribed  in  it  and  another  circle  circumscribed  about  it ;  shew  that 

^^"^   2-ad- 

If  a  circle  can  be  inscribed  in  a  quadrilateral,  the  sum  of  one 
pair  of  the  opposite  sides  is  equal  to  that  of  the  other  pair ; 

.-.  a  +  c  =  b  +  d. 
Since  the  quadrilateral  is  cyclic, 

cos^=       _  ,    , — r^—  .  [Art.  233.] 

2  {ad  +  he)  -^ 

But  a-d  =  b~c,  so  that  a'^-2ad  +  d^  =  b^-2bc  +  e^; 
.'.  a2  +  d2  _  ^,2  _  c2  =  2  (ad  -  6c) ; 
ad-  be 


:.  cos  A  = 


ad+bc' 


A  _1-  cos  A  _  be 

tan  —  —  z r  —  — -. . 

2      1  +  cos^      ad 


♦EXAMPLES.    XVIII.  d. 

1.  If  a  circle  can  be  inscribed  in  a  quadrilateral,  shew  that 
its  radius  is  S/a-  where  S  is  the  area  and  2cr  the  sum  of  the  sides 
of  the  quadrilateral. 

2.  If  the  sides  of  a  cyclic  quadrilateral  be  3,  3,  4,  4,  shew 
that  a  circle  can  be  inscribed  in  it,  and  find  the  radii  of  the 
inscribed  and  circumscribed  circles. 

3.  If  the  sides  of  a  cyclic  quadrilateral  be  1,  2,  4,  3,  shew 

5 
that  the  cosine  of  the  angle  between  the  two  greatest  sides  is  - , 

and  that  the  radius  of  the  inscribed  circle  is  "98  nearly. 

4.  The  sides  of  a  cyclic  quadrilateral  are  60,  25,  52,  39  : 
shew  that  two  of  the  angles  are  right  angles,  and  find  the 
diagonals  and  the  area. 

5.  The  sides  of  a  quadrilateral  are  4,  5,  8,  9,  and  one  diagonal 
is  9  :  find  the  area. 

6.  If  a  circle  can  be  inscribed  in  a  cyclic  quadrilateral,  shew 
that  the  area  of  the  quadrilateral  is  \/abcd,  and  that  the  radius 
of  the  circle  is 

2  '\/abcd/{a  +  b+c+d). 
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7.  If  the  sides  of  a  quadrilateral  are  given,  shew  that  the 
area  is  a  maximum  when  the  quadrilateral  can  be  inscribed  in  a 
circle. 

8.  If  the  sides  of  a  quadrilateral  are  23,  29,  37,  41  inches, 
prove  that  the  maximum  area  is  7  sq.  ft. 

9.  If  ABCD  is  a  cycUc  quadrilateral,  prove  that 

B     {o-a){^-h) 

10.  If  /,  ff  denote  the  diagonals  of  a  quadrilateral  and  /3  the 
angle  between  them,  prove  that 

2fg  cos  /3 = (a2  +  ^2)  ^  (&2  +  d^y 

11.  If  /3  is  the  angle  between  the  diagonals  of  any  quadri- 
lateral, prove  that  the  area  is 

i{(a2+c2)~(62  +  c^2)j.tan/3. 

12.  Prove  that  the  area  of  a  quadrilateral  in  which  a  circle 
can  be  inscribed  is 

A  +  C 


\j  abed 


sm 


13.  If  a  circle  can  be  inscribed  in  a  quadrilateral  whose 
diagonals  are /and  g^  prove  that 

14.  If  /3  is  the  angle  between   the   diagonals  of  a  cyclic 
quadrilateral,  prove  that 

(1)     (ac  +  hd)  sin  /3  =  {ad  +  6c)  sin  A  ; 
(a2+c2)-(62  +  c^2)^ 


(2)     cos/3  = 


2(ac+6c^) 


(d)     tan  2-(^_a)((r-c)  """^  (,, - 6) (o- c^) ' 

15.  If/,  ^  are  the  diagonals  of  a  quadrilateral,  shew  that 

^=i  V4/2^2  -  (^2  +  C2  -  62  _  e^2)2, 

16.  In  a  cyclic  quadrilateral,  prove  that  the  product  of  the 
segments  of  a  diagonal  is 

abed  {ac  +  hd)l{ah  -|-  cd)  {ad + he). 
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235.     The  following  exercise  consists  of  miscellaneous  ques- 
tions involving  the  properties  of  triangles. 


EXAMPLES.    XVIII.  e. 

1.  If  the  sides  of  a  triangle  are  242,  1212,  1450  yards,  shew 
that  the  area  is  6  acres. 

2.  One  of  the  sides  of  a  triangle  is  200  yards  and  the  ad- 
jacent angles  are  22*5°  and  67'5°  :  find  the  area. 

3.  If  ri = %'2  =  2r3 ,  shew  that  3a  =  46. 

4.  If  a,  b,  c  are  in  a.  p.,  shew  that  r^,  ^g,  ^3  are  in  h.  p. 

5.  Find  the  area  of  a  triangle  whose  sides  are 

y     z        z      cc       XII 

-  +  -,      -  +  -,      -  +  ^. 
z      X       X     y       y     z 

6.  If       sin  A  :  sin  €=  sin  {A-B):  sin  {B  -  C\ 
shew  that  a^,  b%  <?  are  in  a.  p. 

Prove  that 

a  sin ^ -i- 6  sin  ^-fc  sin  (7     o? -^■IP' ■{•  (P- 


7. 


ABC  2s 

4  cos  —  cos  —  cos  — 
2         2         2 


8.     (-. — 7  +  ^ — ^  +  ^ — 7/    sin  — sm  — sin-  =  A. 
\sin  A     sin  B     sm  CJ        2         2         2 

9-     (^2  +  ^3)  (^3+^1)  {ri  +  r^)  =  4:R  (r^r^+r^r^  +  r^r^). 
10.    tan^+tanf-ftan^=       ^1  +  ^2+^3 


2  2  2     (r^f^+r^r^+r^r^)^' 

11.     &ccot  — -l-cacot  — 4-a6cot-=4J?s2(_  I.     _j ]  ^ 

2  2  2  \a     0     c      s  J 

13.  The  perimeter  of  a  right-angled  triangle  is  70,  and  the 
in-radius  is  6  :  find  the  sides. 

14.  If  /,  ^,  h  are  the  perpendiculars  from  the  circum-centre 
on  the  sides,  prove  that 

ah     c  _  abc 

/+^"^A"4p- 

H.  K.  E.  T.  15 
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15.  An  equilateral  triangle  and  a  regular  hexagon  have  the 
same  perimeter  :  shew  that  the  areas  of  their  inscribed  circles 
are  as  4  to  9. 

*16.     Shew  that  the  perimeter  of  the  pedal  triangle  is  equal  to 

*17.     Shew  that  the  area  of  the  ex-central  triangle  is  equal  to 

«6c(a  +  6  +  c)/4A. 

18.  In  the  ambiguous  case,  \i  A,  a,  h  are  the  given  parts, 
and  Cj,  Cg  the  two  values  of  the  third  side,  shew  that  the  distance 

/J 
between  the  circum-centres  of  the  two  triangles  is  ^- 


2  sin  J. ' 

*19.  If  ^  be  the  angle  between  the  diagonals  of  a  cyclic 
quadrilateral,  shew  that 

sm^  =  — -.j-j. 
*20.    Shew  that 

*21.  Shew  that  the  sum  of  the  squares  of  the  sides  of  the 
ex-central  triangle  is  equal  to  8^(4^-|-r). 

*22.  If  circles  can  be  inscribed  in  and  circumscribed  about  a 
quadrilateral,  and  if  /3  be  the  angle  between  the  diagonals,  shew 
that 

cos  ^={ac~  hd)l{ac  -t-  hd). 

23.  If  ?,  m,  n  are  the  lengths  of  the  medians  of  a  triangle, 
prove  that 

(1)     4(Z2  +  m=2+^2)  =  3(a2-i-&Hc2); 

(3)     16  (^* + mH  9^4)  =  9  (a*  -h  &H  c^). 

24.  Shew  that  the  radii  of  the  escribed  circles  are  the  roots 
of  the  equation 

sfi  —  {4:R + r)  x^  -f-  s^oc  —  s^r = 0. 

25.  If  Aj,  Ag,  A3  be  the  areas  of  the  triangles  cut  off  by 
tangents  to  the  in-circle  parallel  to  the  sides  of  a  triangle,  prove 
that 

Ai     _     A2     _      A3     _  A 


{s-af      {s-hy      {s-cf  .  8- 


,2' 


xviil]         miscellaneous  examples  on  triangles.  227 

■^26.  The  triangle  LMN  is  formed  by  joining  the  points  of 
contact  of  the  in-circle  ;  shew  that  it  is  similar  to  the  ex-central 
triangle,  and  that  their  areas  are  as  r^  to  ^B?. 

27.     In  the  triangle  P(^R  formed  by  drawing  tangents  at 
A^  B,  C  to  the  circum-circle,  prove  that  the  angles  and  sides  are 

180° -2^     180° -2^,     180° -2(7; 
a  b  c 


and 


2  cos  ^  cos  C"      2  cos  (7  cos  ^'      2  cos  J.  cos  ^* 


28.  If  jD,  q,  r  be  the  lengths  of  the  bisectors  of  the  angles  of 
a  triangle,  prove  that 

,,,1       A     I       B     I        (7111 
(1)     -  cos  -  +  -  cos  -  +  -  cos  -  =  -  +  r  +  -  ; 

^^     4A  ~(6  +  c)(c+a)(a  +  6)" 

29.  If  the  perpendiculars  AG,  BE,  CK  are  produced  to  meet 
the  circum-circle  in  Z,  M,  A\  prove  that 

(1)  area  of  triangle  LMN=  8  A  cos  A  cos  B  cos  C ; 

(2)  AL  sin  A  +  ^i/sin  B  +  CiY sin  G=  8R  sin  A  sin  B  sin  C. 

30.  If  J'a,  ri,,  I'c  be  the  radii  of  the  circles  inscribed  between 
the  in-circle  and  the  sides  containing  the  angles  A,  B,  C  resj)ec- 
tively,  shew  that 

( 1 )     ra  =  r  tan2  ^^  ;  (2)     \/r5r<.  +  \/rcra + \/ra,n  =  r- 

*31.  Lines  drawn  through  the  angular  points  of  a  triangle 
ABC  parallel  to  the  sides  of  the  pedal  triangle  form  a  tri- 
angle XFZ:  shew  that  the  perimeter  and  area  of  XYZ  are 
respectively 

2R  tan  A  tan  B  tan  C  and  R^  tan  A  tan  B  tan  C. 

*32.  A  straight  line  cuts  three  concentric  circles  in  A,  B,  0 
and  passes  at  a  distance  p  from  their  centre  :  shew  that  the  area 
of  the  triangle  formed  by  the  tangents  at  ^,  i?,  C  is 

BC.CA.AB 
2p 

lb— 2 
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MISCELLANEOUS  EXAMPLES.    F. 

1.  Ifa  +  /3+y4-5  =  180°,  shew  that 

cos  a  cos  ^+cos  y  COS  8=sin  a  sin  /3  +  sin  -y  sin  S. 

2.  Prove  that 

COS  (15°  -  A)  sec  15°  -  sin  (15°  -  A)  cosec  15°  =  4  sin  A. 

3.  Shew  that  in  a  triangle 

cot  A  +  sin  A  cosec  B  cosec  C 

retains  the  same  vakie  if  any  two  of  the  angles  A,  B,  C  are 
interchanged. 

4.  lia  =  '2,b  =  ^8,A  =  30°,  solve  the  triangle. 

5.  Shew  that 

(1)  cotl8°  =  V5cot36°; 

(2)  16  sin  36°  sin  72°  sin  108°  sin  144°  =  5. 

6.  Find  the  number  of  ciphers  before  the  first  significant 
digit  in  (•0396)»o,  given 

log  2  = -30103,  log  3= -47712,  log  11  =  1-04139. 

7.  An  observer  finds  that  the  angle  subtended  by  the  line 
joining  two  points  A  and  B  on  the  horizontal  plane  is  30°.  On 
walking  50  yards  directly  towards  A  the  angle  increases  to  75°  : 
find  his  distance  from  B  at  each  observation. 

8.  Prove  that    cos^  a  +  cos^  /3  +  cos^  y + cos^  (a + /3  +  y) 

=  2  +  2  cos  O+y)  cos(y  +  a)  cos(a+/3). 

9.  Shew  that 

(1)  tan  40°  +cot  40°  =  2  sec  10° ; 

(2)  tan  70° + tan  20°  =  2  cosec  40°. 

10.     Prove  that 

(1)  2  sin  4a-  sin  lOa+sin  2a=16  sin  a  cos  a  cos  2asin2  3a ; 

.277        .     47r        .     Stt      ,     .     TT    .     Sir    .     bir 

(2)  sm— +sm-^ — sm-y  =  4sm  ^^  sm^sm-y. 
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11.  liB= 30°,  6  =  3  V2  -  V6,  c  =  6  -  2  V3,  solve  the  triangle. 

12.  From  a  ship  which  is  sailing  N.E.,  the  bearing  of  a  rock 
is  N.N.W.  After  the  ship  has  sailed  10  miles  the  rock  bears 
due  W. :  find  the  distance  of  the  ship  from  the  rock  at  each 
observation. 

13.  Shew  that  in  any  triangle 

62_c2  c2-a2  «2_52 

+ 7-. ^  =  0. 


cos  B  +  cos  G     cos  C-\-  cos  A     cos  A  +  cos  B 

14.  If  cos(^  — a),   cos^,   cos(^  +  a)   are  in   harmonical  pro- 
gression, shew  that 

cos^=v^2  cos  -. 

A 

15.  If  sin  /3  be  the  geometric  mean  between  sin  a  and  cos  a, 

(IT 
j  +  a 

16.  Shew  that  the  distances  of  the  orthocentre  from  the  sides 
are         2i2  cos  B  cos  (7,    2i2  cos  C  cos  A^    2^  cos  A  cos  B, 

-„      T-f  .      cos?^-e 

17.  If  COS^  =  : 


1  —  e  cos  11 ' 


prove  that  tan  -  =  .  /  :; tan  — . 

^  2      V  l-e        2 

18.     If  the  sides  of  a  right-angled  triangle  are 

2(l  +  sin^)4-cos^     and     2  (1+cos  ^)  +  sin  ^, 
prove  that  the  hypotenuse  is 

3  +  2  (cos  ^  +  sin  ^.). 

*19.     Prove  that   the   distances   of  the  in-centre   of  the  ex- 
central  triangle  /1/2/3  from  its  ex-centres  are 

8/c  sm  — - — ,      8^  sm  — - — ,      8R  sm  — ;; — . 

4  4  4 

*20.     Prove  that  the  distances  between  the  ex-centres  of  the 
ex-central  triangle  /i/2-^3  ^i"® 

_„       B  +  C       _p        C+A        ^p       A+B 
8^  cos — - — ,      8i2cos  — ; — ,      8itcos — - — ■. 
4     '  4      '  4 
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21.  If 

(1  +  cos  a)  (1  4- cos  /3)  (1  +  cos  y)  =  (1  -  COS  a)  ( 1  -  COS  /3)  (1  -  COS  y), 

shew  that  each  expression  is  equal  to  +sin  a  sin^  sin  y. 

22.  If  the  sum  of  four  angles  is  180°,  shew  that  the  sura  of 
the  products  of  their  sines  taken  two  together  is  equal  to  the 
sum  of  the  products  of  their  cosines  taken  two  together. 

*23.     In  a  triangle,  shew  that 

(1)   ZZj. //2.//3  =  16i2V;  (2)   IIi^  +  I,J^^=l6B^. 

24.     Find  the  angles  of  a  triangle  whose  sides  are  proportional 


to 


,,.  A  B  C 

(1)     cos-,       cos-,       cos-; 


(2)     sin  2^,     sin  25,     sin  2(7. 

25.     Prove  that  the  expression 
sin2  (^  +  a) + sin2  (^ -{- /3)  -  2  cos  (a  - /3)  sin  (^ + a)  sin  (^ -f /3) 
is  independent  of  6. 

*26.     If  a,  b,  c,  d  are  the  sides  of  a  quadrilateral  described 
about  a  circle,  prove  that 

ab  sin2  —  =  cd  sin^  — . 
2  2 

27.  Tangents  parallel  to  the  three  sides  are  drawn  to  the 
in-circle.     If  jo,  q^  r  be  the  lengths  of  the  parts  of  the  tangents 

'DOT 

within  the  triangle,  prove  that  -  +  ^  +  -  =  1. 

[The  Tables  loill  be  required  for  Examples  28  and  29.] 

28.  From  the  top  of  a  cliff  1566  ft.  in  height  a  train,  which  is 
travelling  at  a  uniform  speed  in  a  straight  line  to  a  tunnel 
immediately  below  the  observer,  is  seen  to  pass  two  consecutive 
stations  at  an  interval  of  3  minutes.  The  angles  of  depression  of 
the  two  stations  are  13°  14'  12"  and  56°  24'  36"  respectively  ;  how 
fast  is  the  train  travelhng  ? 

29.  A  harbour  lies  in  a  direction  46°  8'  8*6"  South  of  West 
from  a  fort,  and  at  a  distance  of  27*23  miles  from  it.  A  ship 
sets  out  from  the  harbour  at  noon  and  sails  due  East  at  10  miles 
an  hour  ;  when  will  the  ship  be  20  miles  from  the  fort  ? 


CHAPTER  XIX. 


GENERAL  VALUES  AND   INVERSE  FUNCTIONS. 


1  TT 

236.  The  equation  sin^  =  -  is  satisfied  by  ^=7;,  and  by 

6=n-^,  and  all  angles  coterminal  with  these  will  have  the 

same  sine.  This  example  shews  that  there  are  an  infinite 
number  of  angles  whose  sine  is  equal  to  a  given  quantity. 
Similar  remarks  apply  to  the  other  functions. 

We  proceed  to  shew  how  to  express  by  a  single  formula  all 
angles  which  have  a  given  sine,  cosine,  or  tangent. 

237.  From  the  results  proved  in  Chap.  IX.,  it  is  easily  seen 
that  in  going  once  through  the  four  quadrants,  there  are  two 
and  only  two  positions  of  the  boundary  line  which  give  angles 
with  the  same  sine,  cosine,  or  tangent. 

Thus  if  sin  a  has  a  given  value, 
the  positions  of  the  radius  vector 
are  OP  and  OP'  bounding  the  angles 
a  and  tt  -  a.     [Art.  92.] 


If  cos  a  has  a  given  value,  the 
positions  of  the  radius  vector  are 
OP  and  OP'  bounding  the  angles 
a  and  277  -  a.     [Art.  105.] 


If  tan  a  has  a  given  value,  the 
positions  of  the  radius  vector  are 
OP  and  OP'  bounding  the  angles 
a  and  vr+a.     [Art.  97.] 
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238.     To  find  a  formula  for  all  the  angles  which  have  a  given 
sine. 

Let  a  be  the  smallest  positive 
angle  which  has  a  given  sine. 
Draw  OP  and  OF  bounding  the 
angles  a  and  tt  —  a  ;  then  the  re- 
quired angles  are  those  coterminal 
with  OP  and  OP'. 

The  positive  angles  are 

2^7r  +  a   and    2p7r  +  (tt  -  a), 
where  p  is  zero,  or  any  positive  integer. 
The  negative  angles  are 

-(tt  +  o)   and    -{2n-a\ 

and  those  which  may  be  obtained  from  them  by  the  addition 
of  any  negative  multiple  of  27r  ;  that  is,  angles  denoted  by 

'2,qir  —  iTT-\-a)    and    22'7r  -  (27r  -  a), 

where  q  is  zero,  or  any  negative  integer. 

These  angles  may  be  grouped  as  follows  : 

^^"■  +  "'1    «nd     f(2i>  +  l)'r-a, 
(2^-2)7r  +  a,J         "^    t(2^-l)7r-a, 

and  it  will  be  noticed  that  even  multiples  of  tt  are  followed  by 
-|-a,  and  odd  multiples  of  tt  by  -  a. 

Thus  all  angle^  equi-sinal  with  a  are  included  in  the  formula 
?i7r  +  (-l)**a, 
where  n  is  zero,  or  any  integer  positive  or  negative. 

This  is  also  the  formula  for  all  angles  which  have  the  same 
cosecant  as  a. 

Example  1.    Write  down  the  general  solution  of  sin  ^=^  . 

The  least  value  of  6  which  satisfies  the  equation  is  - ;   therefore 

3 

^  the  general  solution  is  wtt  +  { - 1)"  ^  . 

Example  2.     Find  the  general  solution  of  sin^d=3m^a. 

This  equation  gives  either  sin^=  +sina (1), 

or  sin^=  -sina  =  sin(-a) (2). 
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From  (1),  ^  =  n7r  +  (-l)"a; 

and  from  (2),  ^  =  W7r  + (-!)«(- a). 

Both  values  are  included  in  the  formula  d=mr^a. 

239.     To  find  a  formula  for  all  the  angles  which  have  a  given 
cosine. 

Let  a  be  the  smallest  positive 
angle  which  has  a  given  cosine. 
Draw  OP  and  OP'  bounding  the 
angles  a  and  27r  — a;  then  the 
required  angles  are  those  coter- 
minal  with  OP  and  OF, 

The  positive  angles  are 

2p7r  +  a    and    2j07r  +  (27r  -  a), 
where  p  is  zero,  or  any  positive  integer. 

The  negative  angles  are 

-a   and    -(27r  — a), 
and  those  which  may  be  obtained  from  them  by  the  addition  of 
any  negative  multiple  of  27r ;  that  is,  angles  denoted  by 

'^qn  -  a   and    '2,qn  —  {^n  —  a), 
where  q  is  zero,  or  any  negative  integer. 

The  angles  may  be  grouped  as  follows  : 

^^''+-'1   and    l^f +,'^-- 
2^7r-a,  J  ((25'-2)7r  +  a, 

and  it  will  be  noticed  that  the  multiples  of  tt  are  always  even, 
but  may  be  followed  by  +  a  or  by  —  a. 

Thus  all   angles   equi-cosinal   with   a  are    included   in   the 
formula 

2?i7r±a, 
where  n  is  zero,  or  any  integer  positive  or  negative. 

This  is  also  the  formula  for  all  angles  which  have  the  same 
secant  as  a. 

Example  1.    Find  the  general  solution  of  cos  ^=  -  -  . 

_  o_. 

The  least  value  of  ^  is  tt  -  -  ,  or  -^  ;  hence  the  general  solution 

o  o 

•    o  27r 

IS  2%7r±— . 

D 
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240.     To  find  a  formula  for  all  the  angles  ivhich  have  a  given 
tangent. 

Let  a  be  the  smallest  positive 
angle  which  has  a  given  tangent. 
Draw  OP  and  OP'  bounding  the 
angles  a  and  tt  +  a  ;  then  the 
required  angles  are  those  coter- 
minal  with  OP  and  OP. 

The  positive  angles  are 

2^77  + a   and   2j97r  +  (7r+a), 
where  p  is  zero,  or  any  positive  integer. 

The  negative  angles  are 

—  (tt  — a)    and    —(277  — a), 
and  those  which  may  be  obtained  from  them  by  the  addition  of 
any  negative  multiple  of  27r  ;  that  is,  angles  denoted  by 

'2qiT-{7T  —  a)    and    2qir  —  {^tt  -  a)^ 
where  q  is  zero,  or  any  negative  integer. 
The  angles  may  be  grouped  as  follows  : 


(2^- 


^f +  «'}    and    j^,f +  ,\^^+"' 


and  it  will  be  noticed  that  whether  the  multiple  of  n  is  even  or 
odd,  it  is  always  followed  by  +  a.  Thus  all  angles  equi-tangential 
with  a  are  included  in  the  formula 

6  =  n7T-\-a. 
This  is  also  the  formula  for  all  the  ansrles  which  have  the 

O 

same  cotangent  as  a. 

Example.     Solve  the  equation  cot  id  =  cot  6. 

The  general  solution  is     id^mr  +  d; 

mr 


whence 


Sd  =  7nr,  or  6  = 


241.  All  angles  which  are  both  equi-sinal  and  equi-cosinal 
■with  a  are  included  in  the  formida  2n7r+a. 

All  angles  equi-cosinal  with  a  are  included  in  the  formula 
27i7r  +  a  ;  so  that  the  multiple  of  tt  is  even.  But  in  the  formula 
7i7r+(  — l)'*a,  which  includes  all  angles  equi-sinal  with  a,  when 
the  multiple  of  tt  is  even,  a  must  be  preceded  by  the  +  sign. 
Thus  the  formula  is  2n7r  +  a. 


XIX.]  GENERAL   SOLUTION   OF   EQUATIONS.  235 

242.     In  the  solution  of  equations,  the  general  value  of  the 
angle  should  always  be  given. 

Example.     Solve  the  equation  cos  90= cos  56  -  cos  d. 

By  transposition,    (cos 96  +  cos 6) -cos 56  =  0; 
.-.  2 cos 50 cos 40 -cos  50  =  0; 
.-.  cos50(2cos40-l)  =  O; 
,-.  either  cos  50=0,  or  2cos40-l  =  O. 

TT  (47i  i  1)  TT 

From  the  first  equation,    5d  =  2mr±-^  ,  or  0= -^'     ; 

^         TT          .     (6n±l)7r 
and  from  the  second,  40=2w7r±g  ,  or  0= — —  . 


EXAMPLES.    XIX.  a. 

Find  the  general  solution  of  the  equations  : 

1.  sin^=-.  2.     sin^=--^.  3.     cos  (9  =2- 

4.  tan(9=V3.  5.     cot^=-^/3.  6.     sec^=-V2. 

7.  cos2(9  =  ^.  8.    tan2^=i  9.    cosec2(9=^. 

A  o  o 

10.  cos  B = cos  a.  11.     tan^  6  =  tan^  a. 

12.  sec2^=sec2a.  13.     tan  2(9= tan  (9. 

14.  cosec  3d  =  cosec  3a.  15.     cos  3^  =  cos  2d. 

16.  sin  5^ + sin  ^  =  sin  3^.         17.     cos  (9 -cos  7^= sin  4^. 

18.  sin  4^  -  sin  3^  + sin  2^- sin  ^  =  0. 

19.  cos  ^  + cos  3^  + cos  5(9  + cos  7(9  =  0. 

20.  sin  5^  cos  B  =  sin  6B  cos  2B. 

21.  sin  11^  sin  4^  + sin  5^  sin  2^  =  0. 

22.  v/2 cos  3^ -cos  (9  =  cos  5^. 

23.  sin  7(9  -  ^3  cos  4B  =  sin  B. 

24.  l  +  cos^  =  2sin2^.  25.     tan2^  +  sec^  =  l.  . 
26.  cot2^-l=cosec(9.             27.     cot  (9 -tan  (9  =  2. 

28.  If  2  cos  <9  =  - 1  and  2  sin  B  =  >J3,  find  B. 

29.  If  sec  B = x/2  and  tan  ^  =  - 1,  find  B. 
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243.     In  the  following  examples,  the  solution  is  simplified  by 
the  use  of  some  particular  artifice. 

Example  1.     Solve  the  equation    cosm^  =  sinw^. 
Here  cos  mO  =  cos  f  ^  -  nd  \  ; 

where  k  is  zero,  or  any  integer. 
By  transposition,  we  obtain 

(m  +  n)  e=(  2k +-JTr,   or  {m  -  n)  0  =  (2k  -  ~\  ir. 

This  equation   may  also  be  solved  through  the  medium  of  the 
sine.    For  we  have 


sm 


l--mdj  =smnd; 


.'.  ~-md=pTr  +  {-l)Pnd, 
where  p  is  zero  or  any  integer ; 

.-.   {m+{-l)Pw}^=Q-_p^^. 

Note.  The  general  solution  can  frequently  be  obtained  in  several 
ways.  The  various  forms  which  the  result  takes  are  merely  different 
modes  of  expressing  the  same  series  of  angles. 

Example  2.     Solve     ;.^3  cos^  +  sin  ^=1. 

Multiply  every  term  by  - ,  then 

Ycos^  +  2sm^  =  -, 

.*.  cos  ^  COS  ^  +  sin  ^  sin  ^  =-  ; 


•.  cos  I  d 


_7r\_l 
6y""2' 


1?  TT 

TT  TT 

d  =  2n7r  +  ^  or  2n7r--. 
A  0 
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Note.  In  examples  of  this  type,  it  is  a  common  mistake  to 
square  the  equation;  but  this  process  is  objectionable,  because  it 
introduces  solutions  which  do  not  belong  to  the  given  equation. 
Thus  in  the  present  instance, 

^y3cos^  =  l-sin^; 

by  squaring,  3  cos-  ^  =  (1  -  sin  6)^. 

But  the  solutions  of  this  equation  include  the  solutions  of 

- ^3 cos 6=1 -sin  6, 

as  well  as  those  of  the  given  equation. 

Examples.     Solve    cos  2^  =  cos  ^  + sin  ^. 

From  this  equation ,  cos^  ^  -  sin^  6  =  cos  6  +  sin  6 ; 

.•.  (cos  6  +  sin  ^)(cos  d  -  sin  6)  =  cos  ^  +  sin  6 ; 

.-.  either  eos0  +  sin^  =  O (1), 

or  cos  ^- sin  ^  =  1 (2). 

From  (1),  tan^=-l, 

"■ 
.'.  6  =  mr--r. 
4 

From  (2),  -j^cos  e--j^sme  =-j^; 

T  .       „     .      IT  1 

.•.  cos  6  cos  -r  -  sm  ^  sm  -T  =  -7^ . 

4  4      ^2 


cos 


('+i)=^2' 


.-.  ^  +  -=2n7rij; 


.-.  6  =  2mr  or  2mr  -  —  . 


EXAMPLES.    XIX.  b. 


Find  the  general  solution  of  the  equations  : 
1.    tanjo^=cot  2'^.  2.     sinwi^+cos?i^=0. 

3.    cos^-x/3sin^  =  l.  4.    sin  ^-^3  cos  ^=1. 

5.     cos^=v'3(l-sin^).  6.     sin  ^  +  V3cos  ^=v/2. 
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Find  the  general  solution  of  the  equations  : 
7.     cos^-sin^  =  -^.  8.     cos^  +  sin^+^/2  =  0. 

9.  cosec^  +  cot^=v/3.  10.     cot  ^- cot  2^  =  2. 

11.  2  sin  ^  sin  3^  =  1.  12.     sin  .3^  =  8  sin^ /9. 

13.  tan  ^+tan  3^  =  2  tan  2(9.         14.     cos  ^  -  sin  ^= cos  2^. 

15.  cosec  ^  +  sec  ^ = 2  ^2.  16.     sec  6  -  cosec  ^  ==  2  ^2. 

17.  sec 4^ -sec  2^  =  2.  18.    cos3^  +  8cos3^=0. 

19.  1  +  V3  tan2  ^  =  (l  +  ^3)  tan  d. 

20.  tanS  $  +  cot^  0  =  8  cosec^  2^  +  12. 

21.  sin  6  =  v/2  sin  cf),        4^/3  cos  6  =  ^/2  cos  0. 

22.  cosec  d = sj3  cosec  (f),        cot  6  =  3  cot  (j). 

23.  sec  (f)  =  s,'2  sec  6,        cot  6  =  a,/3  cot  0. 

24.  Explain  why  the  same  two  series  of  angles  are  given  by 
the  equations 

25.  Shew  that  the  formulae 

Un^^^n  +  a    and    L-^ -rr +{-lY  {^-cS 
comprise  the  same  angles,  and  illustrate  by  a  figure. 

Inverse  Circular  Functions. 

244.  If  sin  6  =  s,  we  know  that  6  may  be  any  angle  whose 
sine  is  s.  It  is  often  convenient  to  express  this  statement 
inversely  by  writing  6  =  bui~^s. 

In  this  inverse  notation  6  stands  alone  on  one  side  of  the 
equation,  and  may  be  regarded  as  an  angle  whose  value  is 
only  known  through  the  medium  of  its  sine.  Similarly, 
tan-^V^S  indicates  in  a  concise  form  any  one  of  the  angles 
whose  tangent  is  ^3.     But  all  these  angles  are  given  by  the 

formula  '/itt+q-     Thus 


<9+J=7i7r  +  (-l)'^J    and    ^-^  =  2?^7^±^. 
4  6  4  3 


6  =  ta,n~'^j3  and   6  =  n77+~ 


o  =  T>d,n   '■  s,i o  ana   t)  =  niT-\-~ 
are  equivalent  statements  expressed  in  different  forms. 
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245.  Expressions  of  the  form  cos~^^,  sin-^a,  tan~^&  are 
called  Inverse  Circular  Functions. 

It  must  be  remembered  that  these  expressions  denote  angles, 
and  that  —  1  is  7iot  an  algebraical  index ;  that  is, 

sin~i^  is  not  the  same  as  (sin  .37)  "^  or  — — . 

sm  X 

246.  From  Art.  244,  we  see  that  an  inverse  function  has  an 
infinite  number  of  values. 

If  /denote  any  one  of  the  circular  functions,  and/~i  {x)  =  A^ 
the  principal  value  oi  f~^{x)  is  the  smallest  numerical  value 
of  ^.     Thus  the  principal  values  of 

cos-ii,        sin-ir--V        cos-i(^--^j,        tan-i(-l) 

are      60°,  -30°,  135°,  -45°. 

Hence  \i x\)Q  positive,  the  principal  values  of  sin~^ x^  cos~i.r, 
tan~i  X  all  lie  between  0  and  90°. 

If  X  be  negative,  the  principal  values  of  sin~i^  and  tan~i^ 
lie  between  0  and  -  90°,  and  the  principal  value  of  cos~  ^  x  lies 
between  90°  and  180°. 

In  numerical  instances  we  shall  usually  suppose  that  the 
principal  value  is  selected. 

247.     If  sin  6=Xj  we  have  cos  6  =  ^/l  —  x^. 

Expressed  in  the  inverse  notation,  these  equations  become 

^  =  sin~i.r,     6  =  coB~'^  ^/l-x^. 

In  each  of  these  two  statements,  6  has  an  infinite  number  of 
values  ;  but,  as  the  formulae  for  the  general  values  of  the  sine 
and  cosine  are  not  identical,  we  cannot  assert  that  the  equation 
sin~  1  .■?; = COS"  1  Vl  —  ^2 

is  identically  true.      This  will   be  seen   more   clearly  from   a 

1  / a/3 

numerical  instance.     If  x  =  -,  thenvl-'^^=  "2^  • 

Here  sin~  ^  x  may  be  any  one  of  the  angles 
30°,    150°,   390°,    510°,  ...; 
and  cos"*  ^  s/l—x^  may  be  any  one  of  the  angles 
30°,   330°,   390°,   690°,..., 
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248.  From  the  relations  established  in  the  previous  chapters, 
we  may  deduce  corresponding  relations  connecting  the  inverse 
functions.     Thus  in  the  identity 

..     l-tan2^ 
cos  2^=- — - — ^. , 
l+tan^^' 

let  tan  ^  =  0^,  so  that  ^  =  tan~i  a  ;  then 

1-^2 


cos  (2  tan~i  a)  = 


2tan~ia=cos~i 


1-^2 


Similarly,  the  formula 

cos  3^=4  cos^  6-Z  cos  6 

when  expressed  in  the  inverse  notation  becomes 
3  cos  ~  1  a  =  cos  "  1  (4a3  _  3c)^). 

249.     To  prove  that 

tan~l.^•^-tan~l  y  =  ts,n~'^- — ~ . 

\—xy 

Let  tan~i.a7=a,  so  that  tana  =  ^; 

and  tan~iy=/3,  so  that  tan/3=y. 

We  require  a  +  /3  in  the  form  of  an  inverse  tangent. 

tan  a  +  tan  3 


Now  tan(a+/3)  = 


1  -  tan  a  tan  /3 


.'.   a+i3=tan-i— ^^^; 
\-xy 

CO  "^  v 

that  is,  tan~i.2;  +  tan~i  ?/=tan~i :; — —. 

'  ^  1-^y 

By  putting  y—x,  we  obtain 

2tan~iA'=tan~i 


Note.     It  is  useful  to  remember  that 

tan  (tan~ia;4-tan~i?/)  =:^^ — 


a;?/ 


XIX.] 
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Example  1.    Prove  that 

7  TT 

tan~i  5  -  tan~i  3  +  tan~i  -  =  ?i7r  +  r  • 
9  4 

5  —  3  7 

The  first  side=  tan-i  - — z-^+  tan-i  - 
i  +  lo  y 

=  tan~i-+  tan~i- 

o  y 

8  +  5 
=:  tan~i         „  =  tan~i  1 

IT 

=  nTT  +  x  • 
4 

Note.     The  value  of  n  cannot  be  assigned  until  we  have  selected 

7 
some  particular  values  for  the  angles  tan~i5,  tan-i3,  tan  i  -  .     If  we 

choose  the  principal  values,  then  n  =  0. 


Example  2.     Prove  that 

sin~^  -  +  cos~^ 


12 
l3 


il6_ 


+  ^^^65  =  2- 


We  may  write  this  identity  in  the  form 


sm 


"i  +  ^"^"i3 


12         TT 


-  sm" 


16 


65 


-  =  cos" 


16 
65 


4  .  4 

Let  a  =  sin~i  -=  ,  so  that  sin  a  =  _  ; 
o  o 

12  12 

and        /S=cos-1y^,  so  that  cos/3  =  — 


We  have  to  express  a  +  /3  as  an  inverse  cosine. 

Now  cos(a  +  /3)  =  cosacosj3-sina  sin^; 
whence  by  reading  off  the  values  of  the  func- 
tions from  the  figures  in  the  margin,  we  have 

,       o^     3    12      4     5 
cos(a  +  i3)  =  ^.^-5.^ 


16 
65' 


.-.  a  +  p  =  cos-i-^ 


16 
65* 


H.  K.  E.  T. 
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It  is  sometimes  convenient  to  work  entirely  in  terms  of  the 
tangent  or  cotangent. 

Example  3.    Prove  that 

^     .  .n  i3  ,125 

2  cot~i  7  +  cos~-^  - = cosec"-^  ^— _  • 

72  —  1  3 

The  first  side=cot-i-Tr — -+  cot-i-r 

2x7  4 

^  T  24  ^  , 3 

7  4 


I 


=  cot-i 


24     3     , 

7       4 
24      3 
T  +  4 


,  1  44  _i 125 

=cot-i^^  =  coseci^. 


EXAMPLES.    XIX.  c. 


.-ii!. 


2.     cosec    ^— -=tan   i-—. 
8  15 


Prove  the  following  statements 
1.    mn-i^  =  cot-i^. 

3.     sec(tan-i^)  =  Vl+^^-  4.     2  tan~i-  =  tan-i-. 

4  1 

5.  tan'"i--tan-il  =  tan~i  =  . 

o  / 

2  24  1 

6.  tan-i— -  +  cot-i— =tan-i-. 

117  ^ 

X    ,4        ^    ,15        ,_,84 

7.  cot-i--cot-i-g-=cot    'jg. 

1  1  32 

8.  2tan-i-+tan-i-  =  tan-i  — . 

5  4  4o 

115  1 

9.  tan-i-+tan-i-=tan~i7^4-tan~i7Y. 

2  o  o  11 

10.    tan-i-+tan-i3+tan-i— =  cot-i3. 
7  o  lo 
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Q  3  27 

11.  tan-i-+sin-i -  =  tan~^:pr. 

5  5  ii 

5  40  ,   8        .      ,  240 

12.  2cot-i^=tan-iy.         13.     2  tan-i  — =sin-i  ^g^. 

14.  sin  (2  sin  - 1  ;r) = 2^  V 1  —  •^^• 

15.  cos-i.r=2sin-i  ^-g-. 

16.  2tan-i     /-  =  cos-i  — 

17.  2tan-i^+tan-i^  +  2tan-i-  =  ^. 


18.  sin-ia-cos-i6  =  cos-i{&Vl-«^+«^Vl-6^}' 

19.  «in-i^  +  cos-iA  =  cot-iA. 

fi^  1  3 

20.  cos-i  — +  2tan-i-  =  sin-i -. 

bo  o  3 

,  1  —mn 

21.  tan-im+tan-i7i=cos-i -—======. 

V(l+wi^)(l+^) 

,20     ^        ,16  _il596 

23.  cos-i^--cos   1-^^=6- 

24.  tan  (2  tan-i  ^)  =  2  tan  (tan-i.37  +  tan-i^). 

25.  tan-ia=tan-i:^^^+tan-i— P|-4-tan-ic. 

l  +  ao  l  +  oc 

26.  If  tan-i:r+tan-iy+tan-is=7r,  prove  that 

27.  If  w  =  cot  - 1  a/coso  -  tan  - 1  a/cos  a,  prove  that 

sinw=tan2-. 
2 


16—2 
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250.     We  shall  now  shew  how  to  solve  equations  expressed  in 
the  inverse  notation. 

Stt 
Example  1.     Solve  tan-i2a;  +  tan~i3a;  =  ?i7r  +  -j  . 

„,    ,  ,        ,2x  +  dx  Sir 

We  have  tan-^  z — ^-v=W7r  +  -r- ; 

1  -  ox^  4 

,.___  =  tan  (^nT+-^j=-l; 

.-.  6a;2-5a;-l  =  0,  or  (6a;  +  l)(a;- 1)  =  0; 

-  1 

.-.  a;=l,  or  -g. 

Example  2.     Solve  sin~^a;  +  sin~i(l-a:)  =  cos~^a;. 

By  transposition,  sin~i  {l-x)  =  cos~^  x  -  sirr'^x. 
Let  cos~'^x  =  a,  and  sin~ia;  =  /3;  then 

sin~i(l-a;)  =  a-j8; 
.'.  l-a;  =  sin(a-/3)  =  sinacos/3-cos  asin/3. 
But  cos  a  =  x,  and  therefore    sin  a  =  ^^^1  -  a;^ ; 


also       sin ^=x,  and  therefore  cos ^—  sjl-x^\ 

:.  l-a;=(l-a;2)-a;2  =  l-2a;2; 
.-.  2a;2-a:  =  0; 

whence  a;  =  0,  or  -. 


EXAMPLES.    XIX.  d. 

Solve  the  equations : 
L    sin-i^=cos~i.27.  2.    tan~i^=cot~^^'. 

3.  tan-i  (^  + 1)  -  tan-i  (^-  l)  =  cot-i  2. 

4.  cot~i^ +  cot~i2^=— r-. 

4 

5.  sin-i^-cos~i.a7=sin~i(3^-2). 

6.  cos~i^  — sin~i.:»7=cos~^^V3- 
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_      .        .  x—1     .        .  a)+l      IT 

7.  tan-i -+tan-i— —  = -7. 

^-2  x-^^       4 

3 

8.  2cot~i2  +  cos~i-  =  cosec~i.27. 

5 

9.  tan~i^'+tan~i(l-^)  =  2taii~i\/^-^2, 

,1  —  a^  ,1  —  62^,        . 

10.  cos-i-—— „-cos-i_— ^=2tan-i.2;. 

1  +  a^  1  +  6^^ 

•      1    2a       ,        ,2^  ,1-62 

11.  sm    1— — -2+tan-i.j 2=^°^"   rT'A2- 

12-    cot-i-2^+tan   ^^23i  +  y=0- 

13.  Shew  that  we  can  express 

.      ,    2a6    .    .      ,     2cc?     .     ,,     -  .    _i    2^y 

sin-i-2-rX2+si°~   -2-r:72  m  the  form  sm  ^^^3^2 

where  x  and  y  are  rational  functions  of  «,  6,  c,  c^. 

14.  If  sin  [2  cos  "  1  {cot  (2  tan  - 1  ^)}]  =  0,  find  x. 

15.  If  2  tan  - 1  (cos  6)  =  tan  "  1  (2  cosec  6\  find  ^. 

16.  If  sin  (tt  cos  6)  =  cos  (tt  sin  6),  shew  that 

2^=  +  sin~i-. 
~  4 

17.  If  sin  (tt  cot  ^)  =  cos  (tt  tan  6),  and  n  is  any  integer,  shew 

4*1  +  1 
that  either  cot  2^  or  cosec  2^  is  of  the  form  — ;. —  . 

4 

18.  If  tan  (tt  cot  6)  =  cot  (tt  tan  6),  and  n  is  any  integer,  shew 
that 

^      ^     2?i+l      \/4w2  +  47i-15 

tan  ^ = — 7—  + . 

4      "~  4 

19.  Find  all  the  positive  integral  solutions  of 

tan~i^+cot~iy  =  tan'"i  3. 
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MISCELLANEOUS  EXAMPLES.    G. 

1.  If  the  sines  of  the  angles  of  a  triangle  are  in  the  ratio  of 
4:5:6,  shew  that  the  cosines  are  in  the  ratio  of  12  :  9  :  2. 

2.  Solve  the  equations  : 

(1)     2cos3^  +  sin2^-l=0;         (2)     sec3^-2tan2^=2. 

3.  If  tan  j3 = 2  sin  a  sin  y  cosec  (a  +  y),  prove  that  cot  a,  cot  ^, 
cot  y  are  in  arithmetical  progression. 

4.  In  a  triangle  shew  that 

4r  {7\ + rg + rg)  =  2{bc-{-ca  +  ab)  -  {a^  +  h^  +  c^). 

5.  Prove  that 

1  11  3 

(1)  tan-i-- tan-i-+tan-is=tan-i— ; 

"  0  7  11 

/ci\       •     1 3  ,     .     ,   8        .      ,  36      TT 

(2)  sin-Xg  +  sm-ij^+sm-i-=-. 

6.  Find  the  greatest  angle  of  the  triangle  whose  sides  are 
185,  222,  259  ;  given  log  6  =  -7781513, 

Xcos  39°  14'= 9-8890644,  diff.  for  l'  =  1032. 

7.  If  tan  (a  +  6)=^n  tan  (a -  6\  prove  that    .    ^   =  — ^ . • 

^         ^'  ^  sm  2a     ^+1 

8.  If  in  a  triangle  QR^=a'^-\-li^-\-c^,  prove  that  one  of  the 
angles  is  a  right  angle. 

9.  The  area  of  a  regular  polygon  of  n  sides  inscribed  in  a 
circle  is  three-fourths  of  the  area  of  the  circumscribed  regular 
polygon  with  the  same  number  of  sides  :  find  n. 

10.  ABCD  is  a  straight  sea-wall.  From  B  the  straight  lines 
drawn  to  two  boats  are  each  inclined  at  45°  to  the  direction  of 
the  wall,  and  from  C  the  angles  of  inclination  are  15°  and  75°. 
If  j5(7=  400  yards,  find  the  distance  between  the  boats,  and  the 
distance  of  each  from  the  sea-wall. 
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251.  Trigonometrical  ratios  of  22^°  or  | . 

From  the  identity 

2sin2  22|°=:l-cos45°, 
we  have  4sin2  22j°  =  2-2cos  45°  =  2- ^2; 

.-.   2sin22|°  =  \/2^2    (1). 

In  like  manner  from 

2cos2  22^°  =  l+cos45°, 

we  obtain  2cos22^°  =  V2+V2    (2). 

In  each  of  these  cases  the  positive  sign  must  be  taken  before 
the  radical,  since  22|°  is  an  acute  angle. 

1  _  cos  45° 
Again,     tan  22i°  =  — .     ,,,    =  cosec  45°  -  cot  45° ; 
^  sm45 

.-.    tan22|°  =  ^2-l. 

252.  We  have  seen  that  2  cos  -  =  \/2  +  v/2  ; 

o 

but  ,      .  4cos2:^  =  2+2cosf ; 

io  o 

.-.   4cos2^  =  2  +  V'2+x/2; 
lb 

.-.    2cos^=v/2  +  V2  +  V2. 

Similarly,  2  cos  ^  =  ^  2-\-J^  +  \/2  +  j2 ; 

and  so  on. 
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253.     Suppose  that  cos  A  =  -  and  that  it  is  required  to  find 

.    A 
sm-. 


.    A 
sm  —  = 
2 


V  2        ~V  2(^"2)-V  4~-2 


This  case  differs  from  those  of  the  two  previous  articles  in 
that  the  datum  is  less  precise.     All  we  know  of  the  angle  A  is 

contained  in  the  statement  that  its  cosine  is  equal  to  -,  and 

without  some  further  knowledge  respecting  A  we  cannot  remove 

A 

the  ambiguity  of  sign  in  the  value  found  for  sin  —  . 

We  now  proceed  to  a  more  general  discussion. 

A  A 

254.     Given  cos  A  to  find  sin  —  and  cos  —  and  to  explain  the 

-presence  of  the  two  values  in  each  ca^e. 

From  the  identities 

A  A 

2sin2  — =1  —  cos^,    and    2  cos^  — =l+cos^, 
2  2 


we  have 

±\ 

.    A 

sm-  = 

A 

-cos  J. 
2        ' 

-.yi 


,  A  /I  +  cos  A 

and    cos  — 


Thus  corresponding  to  one  value  of  cos  A^  there  are  two  values 
for  sin  — ,  and  two  values  for  cos  —  . 

The  presence  of  these  two  values  may  be  explained  as  follows. 

If  cos  J.  is  given  and  nothing  further  is  stated  about  the  angle 

-4,  all  we  know  is  that  A  belongs  to  a  certain  group  of  equi- 

cosinaZ  angles.     Let  a  be  the  smallest  positive  angle  belonging 

A 
to   this  group,  then   A'='2mr±a.     Thus  in   finding  sin—  and 

A 
cos-  we  are  really  finding  the  values  of 

sin  ■- (2n7r +  a)   and    cos  -  (27i7r  ±  a). 
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Now  sm-(27?7r±a)  =  sin  f  W7r±- 


a  ,  .a 

=  sm  rnr  cos  -  +  cos  nir  sm  - 


=  ±sm-, 
—       2' 


for  sin  nir  =  0  and  cos  titt  =  + 1. 

Again,     cos  -  (2mr  ±  a)  ==  cos  titt  cos  -  +  sin  rnr  sin  - 
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=  ±cos-. 


.    A 


Thus  there  are  two  values   for   sin  —  and  two   vahies  for 

A 
cos  --  when   cos  A  is  given  and  nothing  further  is  known  re- 
Ji 

specting  A. 

255.    Geometrical  Illustration.    Let  a  be  the  smallest  posi- 
tive angle  which  has  the  same  cosine  as  A ;  then 

^  =  2?i7r±a, 

and  we  have  to  find  the  sine 

A 
and  cosine  of  ^  ,  that  is  of 
A 

Each  of  the  angles  denoted 
by  this  formula  is  bounded  by 
one  of  the  lines  OP^,  OP^,  OP^,  OP^.     Now 

sin  XOP2  =  sin  - ,     sin  XOP^  =  -  sin  - ,     sin  XOP^  =  -  sin  - , 
AAA 

cos  XOP2  =  —  COS  - ,     COS  XOP^  =  -  cos  - ,     COS  XOP^  =  cos  - . 

A  A  ^ 

Thus  the  values  of  sin—  are  +sin-,  and  the  values  of  cos  — 

A  A  ^ 

are  ±cos-. 

A 
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256.  If  cos^  is  given,  and^  lies  between  certain  known 
limits,  the  ambiguities  of  sign  in  the  formulae  of  Art,  254  may 
be  removed. 

7 
Example.     If  cos  A  =  -^,  and  A  lies  between  450°  and  540°,  find 


25 


A  A 

sin  —  and  cos  ^ . 

Ji  it 


.    A  /l-co^A  /l/,       7\  /16      ,4 

^^^2  =  \/"~2— ^Vn'' 25)  =  V  25=^^-5' 

A       /I + COB  A       /rr,     7\       /  9      3 

^°'2  =  V 2  — =\/n        25J  =  \/25='^5- 

A  A  A 

Now  —  lies  between  225°  and  270°,  so  that  sin  —  and  cos  ^  are 

both  negative ; 

A  4:  ^3 

/.  sin-=-g,  andcos-=-^. 

A  A 

257.     To  find  sin  —  and  cos  —  in  terms  o/sin  A  and  to  explain 

the  'presence  of  four  values  in  ea/ih  case. 

A  A 

We  have  sin^  —  -|-  cos^  -^  =  1, 

and  2sm— cos  — =sm^. 

2         2 

/      A  A\^ 

By  addition,      (  sin  —  +  cos  "^  )  =  1  +  ^i^  ^  j 

/      A  A\^ 

by  subtraction,       (sin  —  —  cos  —  j  =  1  -  sin  J.. 

.-.   sin  — +  COS  — =  ±\/l+sin^     (1), 

A           A                  . 
and  sin  — —  cos  — = +vl -sin  J[     ..(2). 

A  A 

A  A 

By  addition  and  subtraction,  we  obtain  sin  —  and  cos  —  ;  and 

A  A 

since  there  is  a  double  sign  before  each  radical,  there  are  four 
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.A  A 

values  for  sin  —  ,  and  four  values  for  cos  —  corresponding  to  one 

value  of  sin  ^. 

The  presence   of   these   four   values  may   be  explained   as 
follows. 

If  sin  A  is  given  and  nothing  else  is  stated  about  the  angle  A 

all  we  know  is  that  A  belongs  to  a  certain  group  of  equi-sinal 

angles.     Let  a  be  the  smallest  positive  angle  belonging  to  this 

A  A 

group,  then  A=mr  +  {-\Ya.     Thus  in  finding  sin^  and  cos  — 

we  are  really  finding 

1  1 

sin-{7i7r+(-l)"a},   and    cos  -  {7^7^  +  (- l)"a}. 


First  suppose  n  even  and  equal  to  2m  ;  then 
sin-  {?i7r  +  (-l)"a}  =  sin  iimr-\-^\ 


a  .     a 

=  sm  nvrr  cos  -  +  cos  mrr  sm  - 

A  A 


2 
since  sin  Tmr  =  0,   and   cos  ^mr  =  ±  1. 

Next  suppose  n  odd  and  equal  to  2m  + 1 ;  then 

sin -{nn  +  i-  1)" a}  =  sin  (niTr  +^-fj 

/tt       a\   ,  .     /tt       a 

=  sm mrr  cos  [^  -  ^  1  +cos mn sm  (  -  -  - 

A 
Thus  we  have  four  values  for  sin  —  when  sin  A  is  given  and 

nothing  further  is  known  respecting  A. 
In  like  manner  it  may  be  shewn  that 

cos  —  has  the  four  values  +  cos  - ,      ±  cos  ( o  —  « j  • 
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258.    Geometrical   Illustration.    Let  a  be   the  smallest 
positive  angle  which  has  the  same  sine  as  A  ;  then 

-4=W7r+(-l)"a, 

A 
and  we  have  to  find  the  sine  and  cosine  of  — ,  that  is  of 

-{wrr  +  i-lYa}. 


If  n  is  even  and  equal  to  2m, 
this  expression  becomes  mir  +  - . 

A 

If  n  is  odd  and  equal  to 
2m +  1,  the  expression  becomes 

The  angles  denoted  by  the 
formula  m7r+-  are  bounded  by 
one  of  the  lines  OP-^  or  OP^ ;  and 


those  denoted  by  the  formula  m-n  +  ( ^  ""  9 )  ^^®  bounded  by  one 


of  the  lines  OP,  or  OP,. 


Now         sin  XOP^  =  sin 


2' 


sin  XOP^=  -  sin  XOPj  =  -  sin  5  ; 


sin  XOP^=  sin  (  ?  -  S 


sin  XOP^  =  -  sin  XOP^  =  -  sin 


Thus  the  values  of  sin  —  are 

A 


+  sin  -   and    +  sin  i  tz  —  7: 
2  ~        \2      2 


Similarly  the  values  of  cos  —  are  +  cos  |  and    +  cos  f  -  -  -  j . 
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259.  If  in  addition  to  the  value  of  sin  A  we  know  that  A  lies 
between  certain  limits,  the  ambiguities  of  sign  in  equations  (1) 
and  (2)  of  Art.  257  may  be  removed. 

A  A 

Example  1.     Find  sin—  and  cos-^  in  terms  of  sin  A  when  A  lies 

between  450°  and  630°. 


In  this  case  —  lies  between  225°  and  315°. 
From  the  adjoining  figure  it  is  evident  that 
between  these  limits  sin—  is  greater  than 

cos  —  and  is  negative. 

•   ^  ^  r^ — = — 7 

.-.  sm  — +  C0S  — =  -  >/l  +  sm^, 


and 


sm- 


A 


-  cos  ^  =  -  sj\  -  sin  A. 


225 


A 


.  2  sin  —  =  -  ^/l  4-  sin  ^  -  >/l  -  sin  A, 


and 


2  cos  — =  -^l  +  sin^+  >/l-sin4. 


Example  2.     Determine  the  limits  between  which  A  must  lie  in 
order  that 

2  cos  A=  -  /Jl  +  sin 2 A  -  ^1  -  sin  2 A. 

The  given  relation  is  obtained  by  combining 

sin^  +  cos^=  -  ;^i  +  sin24    (1), 

and  sin A-co3A=  +  ^1- sin 2A    (2). 

From  (1),  we  see  that  of  sin  A  and  cos  A 
the  numencally  greater  is  negative. 

From  (2),  we  see  that  the  cosine  is  the 
greater. 

Hence  we  have  to  choose  limits  between 
which  cos  A  is  numerically  greater  than  sin  A 
and  is  negative.    From  the  figure  we  see  that 

A  lies  between  2mr+-r  and  2mr-r~, 
■     4  4 
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Example  3.  Trace  the  changes  of  cos  6  -  sin  6  in  sign  and  mag- 
nitude as  d  increases  from  0  to  27r. 

cos  ^- sin  ^  =  ,^2  f  —  cos  ^ — th  sin  0  j 

=  ,^2  ( cos  6  cos  J  -  sin  ^  sin  J  J 

=^2cosr6'+|j  . 

As  6  increases  from  0  to  j  ,  the  expression  is  positive  and  decreases 
from  1  to  0. 

As  d  increases  from  j  to  "x  '  ^^^  expression  is  negative  and  in- 
creases numerically  from  0  to  -  J2. 

As   6  increases  from  -r-   to   -j- 
4  4 

decreases  numerically  from  -  sj^  to  0 

As  d  increases   fro 
increases  from  0  to  sj'^- 

As  6  increases  from  —  to  27r,  the  expression  is  positive  and 
decreases  from  ^2  to  1. 

260.     To  find  the  sine  and  cosine  of  9°. 
Since  cos  9°>sin  9°  and  is  positive,  we  have 
sin  9°  -f  cos  9°  =  +  Vl  +  sin  18°, 
and     sin  9°  -  cos  9°  =  -  a/I  -  sin  18°. 

.-.   sin9°-fcos9°==-fy^l+^^^5_ll=+l,^3:^, 
sin9°-cos9°=-y^l-'^^^  =  -iV5^V5. 


As   6  increases  from  x   *°   "I"'  *^^  expression  is  negative  and 


As  0  increases   from   "x  *°  X'  *^®  expression  is  positive   and 


and 


.-.    sin9°  =  i{\/3-i-V5-V5-V5}» 
and  cos 9° = -  {Vs+VS  +  V^+v^}- 
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EXAMPLES.    XX.  a. 

1.     When  A  lies  between  -  270°  and  —  360°,  prove  that 

—  cos  A 


.A  /l-c( 

^^^2  =  -V~^ 


119  A  A 

2.  If  cos  A  =  3— r ,   find  sin  —   and   cos  —   when  A  lies  be- 

169  2  2 

tween  270°  and  360'. 

3.  If  cos  A=  - ^^ ,  find  sin  —  and   cos  —  when  A  lies  be- 
tween 540°  and  630°. 

A  A 

4.  Find  sin  —   and  cos  —  in   terms   of  sin  A  when   A  lies 

Ji  A 

between  270°  and  450°. 

5.  Find  sin—   and  cos—   in   terms   of  sin^   when  —   lies 
between  225°  and  315°. 

A  A 

6.  Find  sin—  and   cos—  in   terms  of  sin^  when  A  lies 

2  2 

between  -450°  and  -630°. 

24  A  A 

7.  If  sin  A=Tr-s  find  sin  —  and  cos  —  when  A  lies  between 

25  2  2 

90°  and  180°. 

8.  If  sin  A—  —  TTT-  ,  find  sin  —  and  cos  —  when  A  lies  be- 

289  2  2 

tween  270°  and  360°. 

9.  Determine  the  limits  between  which  A  must  lie  in  order 
that 


(1)  2  sinyl  =  Vl  +  sin  2^  --  Vl  -  sin  ^A  \ 

(2)  2cos^  =  -  Vl+sin2^  +  \/l-sin2^; 

(3)  2  sin  ^  =  -  \/l  -|-sirr2Z-}-\/l  -  sin  2^. 
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10.  If  yl  =  240°,  is  the  following  statement  correct  ? 

2  sin  — =Vl  4-sin  J.  —  Vl  —  sin  A. 
If  not,  how  must  it  be  modified  ? 

11.  Prove  that 

(1)  tan7i°  =  v/6-V3+V2-2; 

(2)  cotl42i°  =  V2+N/3-2-V6. 

12.  Shew  that  sin  9°  lies  between  '156  and  '157. 

13.  Prove  that 

(1)     2sinll°  15'  =  x/2-\/2TV2; 


(2)     tanll°15'  =  \/4  +  2V2-(^/2  +  l). 

14.  When  6  varies  from  0  to  27r  trace  the  changes  in  sign  and 
magnitude  of 

(1)     cos^+sin^;  (2)     sin  ^-^3  cos  ^. 

15.  When  6  varies  from  0  to  tt,  trace  the  changes  in  sign  and 
magnitude  of 

.     tan^+cot^^  2sin^-sin2^ 

^  '     tan^-cot^'  ^  '     2sin^  +  sin2(9" 

261.     To  find  tan  —  when  tan  A  is  given  and  to  explain  the 

presence  of  the  two  values. 

Denote  tan  ^1  by  ^ ;  then 

2  tan  — 
t  =  tan  A  =  ^^ 


l-tan2:^ 


A  A 

.'.   ?tan2-  +  2tan--jJ=0; 

A  A 

^      A      -2  +  \/4  +  4p      -l  +  VrH2 

.*.   tan  —  = =^— = "^"^ . 

2  2i  t 

The  presence  of   these   two  values  may  be   explained   as 
follows. 
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If  a  be  the  smallest   positive  angle  wtiich   has   the   given 
tangent,  then  J=?i7r  +  a,  and  we  are  really  finding  the  value  of 

tan-(n7r  +  a). 

(1)  Let  n  be  even  and  equal  to  2m  ;  then 

tan -(n7r+ a)  =  tan  (  mTT +- j=tan-. 

(2)  Let  n  be  odd  and  equal  to  2m  + 1 ;  then 
tan-(w7r  +  a)  =  tan(??i7r+|  +  ^y=tan  (2  +  2)* 


A  a  ■ 

Thus  tan  —  has  the  two  values  tan  -    and    tan  (  ~ 
2  2 


(i-i)- 


T,  ,    ^      TP    .     ,„^n  .1    i^  X      ^      -1-  Jl  +  taji^A 

Example  1.     If  A  =  170°,  prove  that  tan  —  = -^ — . 

^  tan  A 

A  A 

Here  —  is  an  acute  angle,  so  that  tan  ^  must  be  positive.    Hence 

in  the  formula — the  numerator  must  have  the  same 

tan  4 

sign  as  the  denominator.     But  when  ^  =  170°,  tan>4  is  negative,  and 

therefore  we  must  choose  the  sign  which  will  make  the  numerator 

^.        ^,  ^      A      -1-Vl  +  tanM 

negative :  thus  tan  —  = ^ : ■  • 

2  tan  A 

Example  2.     Given  cos  A  =  -6,  find  tan  -  ,  and  explain  the  double 

answer. 

^A  _1-  cos  ^  _  '4  _  1 
^^"^  2-l  +  cosA~l^Q~V 

.      A         1 
.".  tan  —  =  ziz  — . 
2         2 

Here  all  we  know  of  the  angle  A  is  that  it  must  be  one  of  a  group 
of  equi-cosinal  angles.  Let  a  be  the  smallest  positive  angle  of  this 
group ;   then  A  =  2mr  ±  a. 

.-.  tan  ^  =  tan  ( ?i7r  ±  -  J  =  tan  f  ±  -  j  =  ±  tan  - . 

Thus  we  have  two  values  differing  only  in  sign. 

H.  K.   E.  T.  17 
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262.     When  any  one  of  the  functions  of  an  acute  angle  A  is 
given,  we  may  in  some  cases  conveniently  obtain  the  functions 

of  —  5  as  in  the  following  example. 

b  .  A 

Example.     Given  cos  A  =- ,  to  find  the  functions  of  — . 

Make  a  right-angled  triangle  VQB, 
in  which  the  hypotenuse  PQ  =  a,  and 
base  QB  =  b',  then 

cos  PQR  =-^-^  =  -  =  cos^; 
PQ      a 

:.  iPQR=A. 

Produce  RQ  to  S  making  QS=QP; 

.:  iPSQ=  iSPqJ-^lPQR=^, 

Now  SR  =  a  +  b,  and  PR  =  Ja^-b% 

.-.  PS^  =  {a  +  bf  +  {a^-b'^)  =  2a^  +  2ab; 
.:  PS=^2a{a  +  b). 

The  functions  of   ^  may  now  be  written  down  in  terms  of  the 
sides  of  the  triangle  PRS. 


263.     From  Art.  125,  we  have 


cos  A  —  ^  cos3 


A 


3  cos 


3* 


Thus  it   appears   that  if  cos^l   be   given  we   have  a  cubic 

A  A 

equation  to  find  cos  — ;  so  that  cos  —  has  three  values. 


Similarly,  from  the  equation 
sin^ 


3  sin  ^  —  4  sin^  — 


it  appears  that  corresponding  to  one  value  of  sin  A   there  are 
three  values  of  sin  — . 

It  will  be  a  useful  exercise  to  prove  these  two  statements 
analytically  as  in  Arts.  254  and  257.  In  the  next  article  we 
shall  give  a  geometrical  explanation  for  the  case  of  the  cosine. 
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A 
264.     Given  cos  A  to  find  cos  — ,  a7id  to  explain  the  presence  of 

o 

the  three  values. 


Let  a  be  the  smallest  positive 
angle  with  the  given  cosine ; 
then  A  =  27i7r±a,  and  we  have 
to  find  all  the  values  of 

cos-{27i7r±a). 

Consider  the  angles  denoted 
by  the  formula 

-(27i7r±a), 

and  ascribe  to  n  in  succession 
the  values  0,  1,  2,  3, 


When  71  =  0,  the  angles  are  +- ,  bounded  by  OF^  and  OQ^ ; 
when  ?i  =  1,  the  angles  are  -^  ±  ^ ,  bounded  by  OPg  ^^^  OQ^ 

when  ?i=2,  the  angles  are  -^  ±  - ,  bounded  by  OP^  and  OQ^. 

By  giving  to  n  the  values  3,  4,  5,  ...  we  obtain  a  series  of 
angles  coterminal  with  those  indicated  in  the  figure. 

Thus  OPi,  0^1,  OP^,  OQ^,  OP^,  OQs  bound  all  the  angles 
included  in  the  formula  x(27i7r  +  a). 


Now  cos  XOQi  =  cos  XOP^  =  cos  -  ; 


cos 


cos 


XOP^=cosXOQ^=cos  (^  -  ^)  ; 
XOQ^ = cos  XOP^  =  cos  (^  +  ^)  • 


Thus  the  values  of  cos  —  are  cos  - ,  oos  — - — ,  cos  — - —  , 

o  o  o  o 

17—2 
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EXAMPLES.    XX.  b. 

1.  If  ^  =  320°,  prove  that 

A  _  -l  +  Vl  +  tanM 
2  tan  J. 

2.  Shew  that 

.        .  l  +  Vl+tan2  2l  ^„ 

tanJ.=  -^ — -— — ^r-^ when  -4  =  110. 

tan  ^^ 

12 

3.  Find  tan  J.  when  cos2J.  =  —  and  A  lies  between  180° 

and  225°. 

A  4 

4.  Find  cot—  when  cosJ.=  -^  and  A  lies  between  180° 

2  5 

and  270°. 

5.  If  cot  2d  =  cot  2a,  shew  that  cot  6  has  the  two  vahies  cot  a 
and  -tana. 


6.     Given  that  sin  ^=sin  a,  shew  that  the  values  of  sin  ^  are 


0 
3 

TT  +  a 


sm-,     sm-g-,     -sm 

7.  If  tan  ^= tan  a,  shew  that  the  values  of  tan  -  are 

«5 

.       a        ,       TT  +  a  ,       TT  —  a 

tan  ^ ,     tan  — — - ,      —  tan  — —  . 

8.  Given  that  cos  3^  =  cos  3a,  shew  that  the  values  of  sin^ 
are 

+  sina,      —  sinf-  +  aj,     sinl  — ±a 

9.  Given  that  sin  3^= sin  3a,  shew  that  the  values  of  cos^ 


are 

4-  nns  n         p.ns  I  — \-  n  \  .        pos  i 


+  COSa,      COS(^±aj,      cos(— ±a). 


A  T 
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LIMITS   AND   APPROXIMATIONS. 


265.  If  6  he  the  radian  measure  of  an  angle  less  than  a 
right  angle^  to  shew  that  sin  B,  6,  tan  6  are  in  ascending  order  of 
magnitude. 

Let  the  angle  6  be  represented  by 
A  OP. 

"With  centre  0  and  radius  OA  de- 
scribe a  circle.  Draw  FT  at  right  angles 
to  OP  to  meet  OA  produced  in  T,  and 
join  PA. 

Let  r  be  the  radius  of  the  circle. 

Area  of  A^  0P=  I AO  .OP  sin  AOP=l  r^  sin  0 ; 

area  of  sector  AOP=~  r^  ; 

area  of  AOPT=  I  OP .  PT=  Ir.r  tan  e  =  lr'^  tan  0. 
2  2  2 

But  the  areas  of  the  triangle  A  OP,  the  sector  AOP,  and  the 
triangle  OTP  are  in  ascending  order  of  magnitude  ;  that  is, 

-  r2  sin  6,     -  rH,     -  r^  tan  B 

are  in  ascending  order  of  magnitude  ; 

.'.  sin  B,  B,  tan  B  are  in  ascending  order  of  magnitude. 
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266.      When  6  is  indefinitely  diminished,  to  pi^ove  that  — -^ 

and  — 2 —  ^^^^  have  unity  for  their  limit. 
6 

In  the  last  article,  we  have  proved  that  sin  ^,  6,  tan  6  are  in 
ascending  order  of  magnitude.  Divide  each  of  these  quantities 
by  sin  6 ;  then 

1,  -; — ;: ,  ;7  are  iu  ascending  order  of  magnitude  ; 

'  sm^'  cos^  ^  ^  ' 

a 

that  is,  — — ;:  lies  between  1  and  sec  6. 

sm^ 

But  when  6  is  indefinitely  diminished,   the  limit  of  sec^ 

is  1  :  hence  the  limit  of  —. — ^  is  1  ;  that  is,  the  limit  of  — .— 
'  sm^  '  '  6 

is  unity. 

Again,  by  dividing  each  of  the  quantities  sin  (9,  6,  tan  $  by 

tan  6,  we  find  that  cos  6,  - — ^ ,  1  are  in  ascending  order  of  mag- 

tan  o 

nitude.     Hence  the  limit  of  — ^—  is  unity. 

These  results  are  often  written  concisely  in  the  forms 

''tan  ff" 


LtJ^^\  =  l,         Lt.(^- 


=  1. 


■  a 

Example.    Find  the  limit  of  n  sin  -  when  w  =  oo  . 

n 


.    e      .    n      .6 
n  sm  -  =  d  .  -  .  sm  - : 
nan 


I  sm  -  -7-  -  ) ; 
\      n      nj 


n  ft  R 

but  since  -  is  indefinitely  small,  the  limit  of  sin  -  -4-  -  is  unity ; 

71  it         71 

.'.  Lt.  f  n  sin 

n=co 


Similarly  Lt. 


n/ 
i  n  tan  -]  =  d. 


XXI.]  LIMITS   AND  APPROXIMATIONS.  263 

267.  It  is  important  to  remember  that  the  conclusions  of 
the  foregoing  articles  only  hold  when  the  angle  is  expressed  in 
radian  measure.  If  any  other  system  of  measurement  is  used, 
the  results  will  require  modification. 

Example.     Find  the  value  of  Lt.  i ) . 

n=0\     n     J 

Let  6  be  the  number  of  radians  in  n° ;  then 

n       6          ^         180^      ,        .      o      .    ^ 
zTKR  =  -  >  and  n  = ;  also  sm  n°  =  sm  6 ; 

loU        IT  IT 

sin  n°      IT  sin  d        ir      sin  6 


"      n  180^       180'     d    ' 

When  n  is  indefinitely  small,  d  is  indefinitely  small ; 


^^/sinn^\      jr       j;^^/sin^\. 
n=Q\     n    J      180*    6=Q\    e    J' 

n=o\    n     J      180 


268.  When  6  is  the  radian  measure  of  a  very  small  angle, 
we  have  shewn  that 

sin  d     ^  ,     ,       tan  0     , 

-^=1,     cos^=l,     "^-  =  1;     . 

that  is,  sin^=^,     cos^  =  l,     tan^  =  ^. 

Hence  r  tan  B=rd,  and  therefore  in  the  figure  of  Art.  265,  the 
tangent  PT  is  equal  to  the  arc  FA,  when  /.  A  OF  is  very  small. 

In  Art.  270,  it  will  be  shewn  that  these  results  hold  so  long 
as  B  is  so  small  that  its  square  may  be  neglected.  When  this  is 
the  case,  we  have 

sin  (a +  6)  =  sin  a  cos  6  +  cos  a  sin  6 

=  sina  +  ^cosa; 
cos  (a +  6)  =  cos  a  cos  3  —  sin  a  sin  6 

=  cosa  — ^sina. 
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Exaviple  1.     The  inclination  of  a  railway  to  tlie  horizontal  plane 
is  52'  30",  find  how  many  feet  it  rises  in  a  mile. 

Let  OA  be  the  horizontal  plane, 
and  OP  a  mile  of  the  railway.  Draw 
PA'' perpendicular  to  OA. 

het  FN  =x  feet,  iPON=0; 


then 


PN 


Yyp  =  sin  6  =  6  approximately. 


But  ^=: radian  measure  of  52'  30"  = -~  x  -^_  =  b  x  -^  ; 

bO        loO      o       loO 

X  7      22 


1760  X  3 
1760  X  3  X  22 


8  ^   7   "^  180  ' 


8x180 


242 
=  ^  =  801 


Thus  the  rise  is  80|  feet. 


Example  2.  A  pole  6  ft.  long  stands  on  the  top  of  a  tower  54  ft. 
high :  find  the  angle  subtended  by  the  pole  at  a  point  on  the  ground 
which  is  at  a  distance  of  180  yds.  from  the  foot  of  the  tower. 

Let  A  be  the  point  on  the 
ground,  BC  the  tower,  CD  the 
pole. 

Let  ABAC  =  a,  lCAD=6; 

.,  .  PC       54       1 

then     tan  a=    -  -  = =  — ; 

AB      540      10' 

.       ,       ^,     BD      60      1 

tan  (a +  6)  =  ■ —  = =  - 

^^  ^     AB      540     9 


But      tan(a  +  ^)  = 


tan  a  +  tan  6        tan  a  +  0 


1  —  tan  a  tan  6 
1 


10 
1 


+ 


1-6  tan  a 

1  +  log . 

lO-^*  ' 


approximately ; 


10 


whence  6  =  - 


that  is,  the  angle  is  —  of  a  radian,  and  therefore 


91' 

,   .       1       180  , 
contams  —  x  —  degrees. 

91  IT 

On  reduction,  we  find  that  the  angle  is  37'  46"  nearly. 
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269.  If  6  he  the  number  of  radians  in  an  acute  angle,  to  prove 
that  cos ^ >  1  —  -^ ,    and  sin 6>6—  ~. 

Since  cos  ^  =  1  —  2  sin^  - ,    and   sin  -  <  -  ; 

2  2      2 

.-.    cos^>l-2(^0'; 

that  is,  cos  ^  >  1  —  —  .    . 

6        6  6         6 

Again,  sin  ^  =  2  sin  -  cos  „  =  2  tan  -  cos^  -  ; 

but  tan  2  >  2  ; 

6         6 
.'.    sin  ^>2 -cos^- ; 
2         2 

.-.    sin^><9(l-sin-- 

6     6 
But  sin  7:  <  TT ,  and  therefore 

.'.    sm6>6--r- 
4 

270.  From  the  propositions  established  in  this  chapter,  it 
follows  that  if  6  is  an  acute  angle, 

2 


cos  6  lies  between  1  and  1  —  „  , 


6^ 
and  sin  6  lies  between  6  and  ^  —  -r  • 

4 

Thus  cos  6  =  1 -kS^  and  sin  ^  =  ^  —  ^•'^^,  where  k  and  k'  are 
proper  fractions  less  than  ^  and  j  respectively. 
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Hence  if  B  be  so  small  that  its  square  can  be  neglected, 
cos^  =  l,     sin^=^. 

Example.    Find  the  approximate  value  of  sin  10". 

The  circular  measure  of  10"  is  — — — -- — --  or 


180x60x60        64800' 


sin  10"  <  TTTT^^TTT  and    >  ■ 


-f— -V. 

4V64800; 


64800  64800     4 

-  61^00  =  ^^^^^-  =— ■ 


TT 

< 


64800 


•00005  and  (g^^)  <  -000000000000125; 

•'•  ^^°^^"<  64^00  ^^^   >64^- I  (-000000000000125). 
Hence  to  12  places  of  decimals, 

sin  10"=  xtIt^t.^  -000048481368... . 
64800 

271.     To  shew  that  when  n  is  an  indefinitely  large  integer,  the 

,.    .,    .  6       6       6  6      mn6 

limit  of  cos  -  cos  -  cos  -  . ..  cos  ^—  =  — -— . 

•^  2        4        8  2''        6 

We  have      sin  6  —  2  sin  -  cos  - 

2        2 

=  2^  sm  -  cos  -  cos  - 
4        4        2 

...6666 

=  2"^  sin  -  cos  -  cos  -  cos  - 

8        8        4        2 


on    •     ^         ^  6        6       6 

=2"  sm  -  cos-  ...  cos  -  cos-  cos^. 

6        6       6  6         sin  6 


cos  -  COS  -  COS  -  . . .  COS 


2        4        8'"        2"       ^     .     ^  ■ 

2"sm- 

a 
But  the  limit  of  2" sin—  is  6,  and  thus  the  proposition  is 

established.     [See  Art.  266.] 
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272.     To  shew  that   -         continually  decreases  from  \  to  -  as 
6  continually  increases  from  0  to  —  . 

We  shall  first  shew  that  the  fraction 

sin  (9      sin(^  +  /0  . 

-0 ^:^  IS  positive, 

h  denoting  the  radian  measure  of  a  small  positive  angle. 

^, (6  +  h)sm6-d  (sin  d  cos  h  +  cos  6  sin  h) 

This  fraction  =  ^^ ~-r- — r\ 

d  {a  +  n) 

6 sin ^  (1  —  cos  h)  +  {hsmB-0 cos  6  sin  h) 

Now  tan 6>6,  that  is  sin d>$ cos 0,  and  h > sin h  ; 
.•.  A  sin^>^cos^  sinA. 

Also  1  —  cos  h  is  positive ;  hence  the  numerator  is  positive, 
and  therefore  the  fraction  is  positive  ; 

sin  {d  +  h)      sin  6 

•*•     e+h    '^~r'' 

.'.  — ^—  continually  decreases  as  6  continually  increases. 
6 

wi.  z)     A       sin^     ^  ,      ,  .IT        sin^      2 

W  hen      ^  =  0,      — -r-  =  1  ;    and  when    6  =  ~  ^      — -x-  =  -  . 

0  A  t)  TT 

Thus  the  proposition  is  established. 


EXAMPLES.    XXI.  a. 


In  this  Exercise  take  tt  =  -=- . 


1.  A  tower  44  feet  high  subtends  an  angle  of  35'  at  a  point 
A  on  the  ground  :  find  the  distance  of  A  from  the  tower. 

2.  From  the  top  of  a  wall  7  ft.  4  in.  high  the  angle  of 
depression  of  an  object  on  the  ground  is  24'  30" :  find  its  distance 
from  the  wall. 
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3.  Find  the  height  of  an  object  whose  angle  of  elevation  at 
a  distance  of  840  yards  is  1°  30'. 

4.  Find  the  angle  subtended  by  a  pole  10  ft.  1  in.  high  at  a 
distance  of  a  mile. 

5.  Find  the  angle  subtended  by  a  circular  target  4  feet  in 
diameter  at  a  distance  of  1000  yards. 

6.  Taking  the  diameter  of  a  penny  as  1'25  inches,  find  at 
what  distance  it  must  be  held  from  the  eye  so  as  just  to  hide 
the  moon,  supposing  the  diameter  of  the  moon  to  be  half  a 
degree. 

7.  Find  the  distance  at  which  a  globe  1 1  inches  in  diameter 
subtends  an  angle  of  5'. 

8.  Two  places  on  the  same  meridian  are  11  miles  apart: 
find  the  difference  in  their  latitudes,  taking  the  radius  of  the 
earth  as  3960  miles. 

9.  A  man  6  ft.  high  stands  on  a  tower  whose  height  is 
120  ft. :  shew  that  at  a  point  24  ft.  from  the  tower  the  man 
subtends  an  angle  of  31 '5'  nearly. 

10.  A  flagstaff  standing  on  the  top  of  a  cliff  490  feet  high 
subtends  an  angle  of  "04  radians  at  a  point  980  feet  from  the 
base  of  the  cliff :  find  the  height  of  the  flagstaff. 

11.  When  71  =  0,  find  the  limit  of 

sinn'  .     sinn" 


n  71 

1  27r 

12.     When  ?i  =  oo  ,  find  the  limit  of  -  nr^  sin  — . 
.  2  % 

When  ^=0,  find  the  limit  of 

1-cos^                          -.      m  sin  m6  — n  sin  nd 
13 .  14      ~~ 

6  sin  d  '  '        tan  mO  +  tan  016 

15.  If  ^  =  "01  of  a  radian,  calculate  cos  (—  + ^  ] . 

16.  Find  the  value  of  sin  30°  10'  30". 

17.  Given  cos  (  q  +  ^ )  ~  '^^y  ^^^  ^^®  sexagesimal  value  of  ^,    ' 


XXI.] 


DISTANCE  AND   DIP  OF   THE   HORIZON. 


269 


Distance  and  Dip  of  the  Visible  Horizon. 

273.  Let  A  be  a  point  above  the 
earth's  surface,  BCD  a  section  of  the  earth 
by  a  plane  passing  through  its  centre  £J 
and  A. 

Let  AB  cut  the  circumference  in  B 
and  J). 

From  A  draw  AC  to  touch  the  circle 
BCD  in  C,  and  join  EC. 

Draw  AF  at  right  angles  to  AD ;  then 
L.FAC  is  called  the  dip  of  the  horizon 
as  seen  from  A. 

Thus  the  dip  of  the  horizon  is  the  angle  of  depression  of  any 
point  on  the  horizon  visible  from  A. 

274.  To  find  the  distance  of  the  horizon. 
In  the  figure  of  the  last  article,  let 

AB=h,    EB  =  ED  =  r,    AC=x', 
then  by  Euc.  iii.  36,        AC^  =  AB.AD', 
that  is,  x^  =  h  {^r  +  A)  =  2Ar + h\ 

\      For  ordinary  altitudes  K^  is  very  small  in  comparison  with 
%hr ;  hence  approximately 

x^^2hr   and   x=sj'^hr. 

In   this  formula,  suppose   the   measurements  are  made  in 
miles^  and  let  a  be  the  number  of  feet  in  AB  ;  then 

a  =  1760x3x/^. 

By  taking  r= 3960,  we  have 

2  X  3960  X  g  _  3a 

1760x3     ~T* 

Thus  we  have  the  following  rule  : 

Twice  the  square  of  the  distance  of  the  horizon  measured  in 
miles  is  equal  to  three  times  the  height  of  the  place  of  observation 
measured  in  feet. 

Hence  a  man  whose  eye  is  6  feet  from  the  ground  can  see  to 
a  distance  of  3  miles  on  a  horizontal  plane. 


^^=' 
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Example.  The  top  of  a  ship's  mast  is  66f  ft.  above  the  sea-level, 
and  from  it  the  lamp  of  a  lighthouse  can  just  be  seen.  After  the 
ship  has  sailed  directly  towards  the  lighthouse  for  half-an-hour  the 
lamp  can  be  seen  from  the  deck,  which  is  24  ft.  above  the  sea.  Pind 
the  rate  at  which  the  ship  is  sailing. 


B  C 


Let  L  denote  the  lamp,  D  and  E  the  two 
positions  of  the  ship,  B  the  top  of  the  mast, 
G  the  point  on  the  deck  from  which  the  lamp 
is  seen;  then  LCB  is  a  tangent  to  the  earth's 
surface  at  A. 

[In  problems  like  this  some  of  the  hnes 
must  necessarily  be  greatly  out  of  proportion.] 

Let  AB  and  ^C  be  expressed  in  miles; 
then  since  DB  =  Q&^  feet  and  EC  =  24:  feet, 
we  have  by  the  rule 

4^2  =  1  X  661=100; 

.-.  ^5=10  miles. 

AC^  =  lx24:  =  S&; 

:.  yiC=6  miles. 

But  the  angles  subtended  by  AB  and  AG  at  0  the  centre  of  the 
earth  are  very  small ; 

.-.  arc  AD  =  AB,  and  arc  AG=AE.  [Art.  268.] 

.-.  arc  DE  =  AD  -  AE  =  AB- AC  =  4:  mUes. 

Thus  the  ship  sails  4  miles  in  half-an-hour,  or  8  miles  per  hour. 

275.     Let  $   be  the  number  of  radians  in  the  dip  of  the 
horizon ;   then  with  the  figure  of  Art.  273,  we  have 

.    EC        r        f,h\-^ 


h    h? 


2sin^-  = ^4-, 


h  SB 

Since  B  and  -  are   small,  we  may  replace  sin-  by  -  and 

neglect  the  terms  on  the  right  after  the  first. 


XXI.]  DISTANCE   AND   DIP   OF  THE   HORIZON.  271 


Thus  -77  =  -,    or    6  = 

2      r 


1 2k 

V    r' 


Let  N  be  the  number  of  degrees  in  6  radians  ;  then 

180^  _  180       /2A 

^  ~~    IT    ~  TV    Si    r  ' 


Now  v'?'=63  nearly  ;  hence  we  have  ap^jroximately 

180  X  7  X  sl^Ji 


N= 


22x63 
10 


or  N=^^2h, 

a  formula  connecting  the  dip  of  the  horizon  in  degrees  and  the 
height  of  the  place  of  observation  in  miles. 


[ 


EXAMPLES.     XXI.  b. 


22  .  .      ' 

Here  tt  =  -^ ,  and  radius  of  earth  =  3960  miles. 


1.  Find  the  greatest  distance  at  which  the  lamp  of  a 
lighthouse  can  be  seen,  the  light  being  96  feet  above  the  sea- 
level. 

2.  If  the  lamp  of  a  lighthouse  begins  to  be  seen  at  a  distance 
of  15  miles,  find  its  height  above  the  sea-level. 

3.  The  tops  of  the  masts  of  two  ships  are  32  ft.  8  in.  and 
42  ft.  8  in.  above  the  sea-level :  find  the  greatest  distance  at 
which  one  mast  can  be  seen  from  the  other. 

4.  Find  the  height  of  a  ship's  mast  which  is  just  visible  at  a 
distance  of  20  miles  from  a  point  on  the  mast  of  another  ship 
which  is  54  ft.  above  the  sea-level. 

5.  From  the  mast  of  a  ship  73  ft.  6  in.  high  the  lamp  of  a 
lighthouse  is  just  visible  at  a  distance  of  28  miles  :  find  the 
height  of  the  lamp. 

6.  Find  the  sexagesimal  measure  of  the  dip  of  the  horizon 
from  a  hill  2640  feet  high. 
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7.  Along  a  straight  coast  there  are  lighthouses  at  intervals 
of  24  miles :  find  at  what  height  the  lamp  must  be  placed  so  that 
the  light  of  one  at  least  may  be  visible  at  a  distance  of  3^  miles 
from  any  point  of  the  coast. 

8.  From  the  top  of  a  mountain  the  dip  of  the  horizon  is 
l'8i° :  find  its  height  in  feet. 

9.  The  distance  of  the  horizon  as  seen  from  the  top  of  a  hill 
is  30'25  miles  :  find  the  height  of  the  hill  and  the  dip  of  the 
horizon. 

10.     If  X  miles  be  the  distance  of  the  visible  horizon  and  JV 
degrees  the  dip,  shew  that 


V  n 


,^_  ^      /lO 


When  ^=0,  find  the  limit  of 

sin  4^  cot  ^  --      1-cos^+sin^ 

vers  26  cot^  26'  *     1  —  cos  6  —  sin  6 ' 

13.  AVhen  6  =  a,  find  the  limit  of 

.  .     sin  ^  — sin  a  ,        cos  ^- cos  a 

^^^      '      6-a        '  ^^^  I^a         • 

14.  Two  sides  of  a  triangle  are  31  and  32,  and  they  include  a 
right  angle  :  find  the  other  angles. 

15.  A  person  walks  directly  towards  a  distant  object  P,  and 
observes  that  at  the  three  points  A,  B,  C,  the  elevations  of  P 
are  a,  2a,  3a  respectively  :  shew  that  AB  =  ZBC  nearly. 

16.  Shew  that — ^ —  continually  increases  from  1  to  oo  as  ^ 

6 

continually  increases  from  0  to  ^  . 
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276.     To  find  the  expansion  o/tan  (^4  -\-B)  geometrically. 
Let  LLOM=A,Bnd  lMON=B;  then  lLON=A+B. 


In  ON  take  any  point  P,  and  draw  PQ  and  PR  perpendicular 
to  OL  and  OM  respectively.  Also  draw  RS  and  RT  perpendicular 
to  OL  and  PQ  respectively. 


,      ,,^j,,PQ_RS-\-PT 


RS     PT 

OS  ^  OS 

'OS 


RS     PT 

OS  "^  OS 


1- 


TR    TP' 


Now 


TP'  OS 

RS    ^      ,         ,    TR     .       , 

-Yo=tan^,    and   -^^=tanJ.; 


also  the  triangles  ROS  and  TPR  are  similar,  and  therefore 

TP_PR_,      „ 
'OS~OR~^^'^^' 
,  ,      „,      tan^  +  tan^ 


H.  K.  E.  T. 


18 
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Ill  like  manner,  with  the  help  of  the  figure  on  page  95,  we 
may  obtain  the  expansion  of  tan  {A  —  B)  geometrically. 

277.     To  prove  geometrically  the  formulm  for  transformation 
of  sums  into  products. 


Let  /-EOF he  denoted  by  A,  and  lEOG  by  B. 

With  centre  0  and  any  radius  describe  an  arc  of  a  circle 
meeting  OG  in  H  and  OF  in  K. 

Bisect  L  KOH  by  OL  ;  then  OL  bisects  HK  at  right  angles. 

Draw  KP,  HQ.,  LR  perpendicular  to  OF,  and  through  L  draw 
MLN  parallel  to  OE  meeting  KP  in  M  and  QH  in  N. 

It  is  easy  to  prove  that  the  triangles  MKL  and  NHL  are 
equal  in  all  respects,  so  that  KM=NII,  ML  =  LN,  PR  =  RQ. 


Also  L.  GOF—A  -  B,  and  therefore 


lHOL=lKOL  = 


A-B 


lEOL=B^^ 


A-B     A+B 


{KM+LR)  +  {LR-NH)_^  LR 
OK  ~    OK' 
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. • .  sill  .4  +  sin  5  =  2  7:;-^  .  7^-^=  2  sin  ROL  cos  KOL 

^    .    A+B       A-B 
=  2  sm  — - —  cos  — - —  . 

cos^+cos^=^.  +  ^^=-^^- 

_  {OR-PR)  +  {OR  +  RQ)  ^^OR 
OK  ''OK 

=  2y-^.  ^.=  2  cos  ROL  cos  KOL 
OL    OK 

^       A+B       A-B 

=  2co3    -—  cos  ^ --  • 

.     ,       .     „    KP     JIQ     KF-SQ 
sm  A  -  sm  B=-^~^.  -  ^=  — O^T" 

{KM+LR)  -  (LR  -  NH)  _^KM 
OK  OK 

=  2^^.  ^.=2  cos LKM sin  KOL 
KL    OK 

A+B   .    A-B 
=  2cos— g— sm— g-  , 

A+B 
since  L  XZif=comp'  of  lKLM=  L  ML0=  lLOE^—^-  . 

^  .     OQ      OF     OQ-OF 

cos5-cos^  =  ^-^-^  =  — ^^^ 


_  {OR  +  RQ)-{OR-FR)_  ^PR_^ML 
-  OK  "    0K~     OK 

=  2  ^^  .  ^= 2  sin  Z^Jf  sin  ^OZ 
KL     UK 

„   .    ^+^   .    A-B 

=  2  sin  — - —  sm  — r — . 


18—2 
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278.     Oeoiiietrical  proof  of  the  2  A  formulce, 

Let  BPB  be  a  semicircle,  BB 
the  diameter,  C  the  centre. 

On  the  circumference,  take  any 
point  P,  and  join  PB,  PC,  PD. 

Draw  PN  perpendicular  to  BD, 
Let  lPBD=A,  then  B 

lPCD  =  2A. 
And  z.iyPi)  =  comp' of  lPDN=  lPBD  =  A. 

.  PN _2PN^_2PN^       PN   BP_ 

sm  2.4-^p  -  2^p  -  ^jy  -^  ^p  •  j^jy 

=  2  sin  PBN  cos  PBD 

=  2  sin  J.  cos  J.. 

CN     2CN     CN+CN 
CP  ~  BD~      BD 

_{BN-BC)  +  {CD-NJ))  _  BN-NB 
~  BD  ~      BD 

_BN   BP     ND    PD 
~BP  '  BD     PD'  BD 

—  cos  A  .  cos  A  —  sin  A  .  sin  ^1 

=008^-4  —  sin^^l. 

,_CN  _CD-DN_      DN         2DN 
cos2A-^p-       ^p      -1      ^p-l      ^^ 

,     ^DN   DP    ^     ^   .     ,     .     . 
=  l-2^p.-^-^=l-2smA.smA 


N         D 


cos  2 A 


=  1-2  sin2  A. 
CN_BN-BC 

cos  zA  —  -^jp  —         -^p        : 


BN  2BN 

CP  BD' 


=  2 


BN   BP 


BP'  BD 
—  2cos'^  A  —  1. 


—  1  =  2  cos  A  .  cos  A  —  1 
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tan  2  A  =  ^^r^  = 


FJV     2PN         2PN 


CN     2GN 

PN 

^  BN 


BN-ND 
^  BN 


1- 


JS'D 


BN 

2  tan  A 


1- 


ND    PN 
PN '  BN 


1  —  tan  xi 

2  tan>4 
^l-tan2.1 


tan^ 


279.     To  find  the  value  of  sin  18°  geometrically 

Let  ABD  be  an  isosceles  triangle  in  which 
each  angle  at  the  base  BD  is  double  the  ver- 
tical angle  A ;  then 

^  +  2^  +  2^  =  180°, 

and  therefore  J.  =  36°. 

Bisect  lBAD  by  AE  \  then  AE  bisects 
BD  at  right  angles  ; 

.'.   L  BAE  =18°. 


sml8  =— ^  =  -, 
AB     a 


Thus 

where  AB=a,   and  BE=x. 

From  the  construction  given  in  Euc.  iv.  10, 
AC=BD  =  2BE=2x, 

and  AB.BC=AC^; 

.-.  a  (a -2^)  =  (2^)2; 
.  • ,  4tx^  -f-  2ax  -a^  =  0; 
-2a±\/20a2      -l±^d 


x  = 


8 


The  upper  sign  must  be  taken,  since  x  is  positive. 

1  no        V  ^  ~  •*- 

Sin  18  =      . 


Thus 
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Proofs  by  Projection. 

280.  Definition.  If  from  any 
two  points  A  and  B,  lines  AC  and 
BD  are  drawn  perpendicular  to  OX, 
then  the  intercept  CD  is  called  the 
projection  of  AB  upon  OX. 

Through  A  draw  AE parallel  to  OX;  then 
CI)=AE=^ABcosBAE; 
that  is,  CB^AB  cos  a, 

where  a  is  the  angle  of  inclination  of  the  lines  AB  and  OX. 

281.  To  skew  that  the  projection  of  a  straight  line  is  equal  to 
the  projection  of  an  equal  and  parallel  straight  line  drawn  from  a 
fixed  point. 

Let  AB  be  any  straight  line, 
0  a  fixed  point,  which  we  shall 
call  the  origin,  OP  a  straight  line 
equal  and  parallel  to  AB. 

Let  CD  and  OM  be  the  pro- 
jections of  AB  and  OP  upon  any 
straight  line  OX  drawn  through 
the  origin. 

Draw  A  E  parallel  to  OX. 

The  two  triangles  AEB  and 
OMP  are  identically  equal ; 

.-.   OM=AE=CD', 

that  is,  projection  of  OP = projection  of  AB. 

282.  In  the  figure  of  the  last  article,  two  straight  lines  OP 
and  OQ  can  be  drawn  from  0  equal  and  parallel  to  AB ;  it  is 
therefore  necessary  to  have  some  means  of  fixing  the  direction  in 
which  the  line  from  0  is  to  be  drawn.  Accordingly  it  is  agreed 
to  consider  that 

the  direction  of  a  line  is  fixed  hy  the  order  of  the  letters. 

Thus  AB  denotes  a  line  drawn  from  A  to  B,  and  BA  denotes 
a  line  drawn  from  ^  to  ^. 


D  X 
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Hence  OP  denotes  a  line  drawn  from  the  origin  parallel  to  AB^ 
and  OQ  denotes  a  line  drawn  from  the  origin  parallel  to  BA. 

Similarly  the  direction  of  a  projected  line  is  fixed  by  the 
order  of  the  letters. 

Thus  CD  is  drawn  to  the  right  from  C  to  D  and  is  positive, 
while  DC  19,  drawn  to  the  left  from  D  to  C  and  is  negative. 

Hence  in  sign  as  well  as  in  magnitude 

OM=CD,   and    ON=^DC; 

that  is,  projection  of  OP  =  projection  of  AB, 

and  projection  of  (9^= projection  of  BA. 

Thus  the  projection  of  a  straight  line  can  be  represented  both 
in  sign  and  magnitude  by  the  projection  of  an  equal  and  parallel 
straight  line  draion  from  the  origin. 


P  Y 


283.  Whatever  be  the  direction 
of  AB,  the  line  OP  will  fall  within 
one  of  the  four  quadrants. 

Also  from  the  definitions  given 
in  Art.  75,  we  have 

OM  ^^  p 

^  =  cos  ZOP, 

that  is, 

OM=OPq,o^XOP, 

whatever  be  the  magnitude  of  the 
angle  XOP.     We  shall  always  sup- 
pose, unless  the  contrary  is  stated,  that  the  angles  are  measured 
in  the  positive  direction. 


284.    Let  0  be  the  origin,  P  and  Q 
any  two  points. 

Join  OP,  OQ,  PQ,  and  draw  PM 
and  QN  perpendicular  to  OX. 

We  have 

OM=^ON^NM, 

since  the  line  NM  is  to  be  regarded  as      O 
negative  ;  that  is, 


N    X 


the  projection  of  OP=projection  of  0^+projection  of  QP. 
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Hence,  the  projection  of  one  side  of  a  triangle  is  equal  to 
the  sum  of  the  projections  of  the  other  two  sides  taken  in  order. 
Thus 

projection  of  (9 $= projection  of  OP + projection  of  P^; 

projection  of  §P  =  projection  of  $0  + projection  of  OP, 

General  Proof  of  the  Addition  Formulae. 

285.  In  Fig.  1,  let  a  line  starting  from  OX  revolve  until  it 
has  traced  the  angle  ^4,  taking  up  the  position  Oi/,  and  then  let 
it  further  revolve  until  it  has  traced  the  angle  B^  taking  up  the 
final  position  ON.     Thus  XON  is  the  angle  A^B. 


Fig.  I 


Fig.2. 


In  ON  take  any  point  P,  and  draw  PQ  perpendicular  to  OM], 
also  draw  OR  equal  and  parallel  to  ()P. 

Projecting  upon  OX,  we  have 

projection  of  0P= projection  of  0^+ projection  of  QP 
= projection  of  0^  + projection  of  OR. 

.-.   OPco^XOP-=OQcosXOQ  +  ORco^XOR (1) 

=  OP  cos  B  cos  XOQ  +  OP  sin  B  cos  XOR ; 
.  • .    cos  XOP  =  cos  B  cos  XO ^  +  sin  5  cos  XOR ; 

that  is,       cos  {A+B)  =  cos  B  cos  A  +  sin  B  cos  (90°  +  A) 
=  cos  A  cos  B  —  sin  A  sin  B. 

Projecting  upon  01\  we  have  only  to  write  Y  for  A^  in  (1); 
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thus     OP  COS  TOP  =  OQcos  YOQ  +  OR  cos  FOE 

=  OP  cos  B  cos  rOQ  +  OP  sin  B  cos  FOE ; 

.• .   cos  TOP = cos  B  cos  TO^  +  sin  B  cos  FOi^  ; 

that  is, 

cos  {A+B  -  90°)  =  cos B  cos  (.1  - 90°)  +  sin i?  cos ^ ; 

.*.   sin(J.+^)  =  sin  J.  cos^+cos  J.  sin5. 

In  Fig.  2,  let  a  line  starting  from  OX  revolve  until  it  has 
traced  the  angle  A,  taking  up  the  position  OM,  and  then  let  it 
revolve  back  again  until  it  has  traced  the  angle  B,  taking  up  the 
final  position  ON.     Thus  XON  is  the  angle  A-B. 

In  OiV  take  any  point  P,  and  draw  PQ  perpendicular  to  MO 
produced ;  also  draw  OR  equal  and  parallel  to  QP. 

Projecting  upon  OX,  we  have  as  in  the  previous  case 
OP  cos  XOP  =  OQ  cos  XOQ  +  OR  cos  XOR 
=  OP  cos  (180°  -  B)  cos  XOQ 

■^  OP  sin  {180° -B)  cos  XOR; 
.  • .  cos  XOP  =-cosB  cos  XOQ+ sin  B  cos  XOR  ; 
that  is, 

cos  (A-B)=-  cos  B  cos  {A  -  180°)  +  sin  B  cos  {A  -  90°) 
=  -  cos  ^  ( —  cos  ^4) +sin  5 sin  ^ 
=  cos  A  cos  B  +  sin  ^4  sin  B. 

Projecting  upon  OF,  we  have 

OP  cos  FOP=OQ  cos  FOQ+OR  cos  rO/2 ; 
=  OP  cos  (180°  -  5)  cos  FOQ 

+  OP  sin  (180°  -  B)  cos  FOi? ; 
.  • .   cos  FOP  =-cosB  cos  FOQ  +  sin  ^  cos  FOB ; 
that  is, 
cos  {A-B-  90°)=  -  cos  B  cos  (^  -  270°)  +  sin  B  cos  (.4  -  180°) ; 
.*.   sin  (J  -  B)=  -cos5(-sin  J.)  +  sini5(-cos  J.) 
=  sin  A  cos  B  -  cos  A  sin  B. 
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236.  The  above  method  of  proof  is  appHcable  to  every  case, 
and  therefore  the  Addition  Formulae  are  imiversally  estabUshed. 

The  universal  truth  of  the  Addition  Formulae  may  also  be 
deduced  from  the  special  geometrical  investigations  of  Arts.  110 
and  111  by  analysis,  as  in  the  next  article. 

287.  When  each  of  the  angles  A,  B,  A+B  is  less  than  90°, 
we  have  shewn  that 

cos(^  +  ^)  =  cos^  cos^-sin^sin^ (1). 


But    cos  {A  +^)=sin  {A  +^  +  90°)  =  sin  (A  +90°  +  B) ; 
also  cos  ^ = sin  {A  +  90°), 

and  -  sin  ^  =  cos  (A  +  90°).     [Art.  98.] 

Hence  by  substitution  in  (1),  we  have 


sin  {A  +  90°  +  B)  =  sin  (A  +  90°)  cos  B + cos  {A  +  90°)  sin  B. 

In  like  manner,  it  may  be  proved  that 

cos  (^+90°  +  B)  =  cos  {A  +  90°)  cos  5 -  sin  (4  +  90°)  sin  B. 

Thus  the  formulae  for  the  sine  and  cosine  of  ^  +^  hold  when 
A  is  increased  by  90°.  Similarly  we  may  shew  that  they  hold 
when  B  is  increased  by  90°. 

By  repeated  applications  of  the  same  process  it  may  be  proved 
that  the  formulae  are  true  when  either  or  both  of  the  angles  A 
and  B  is  increased  by  any  multiple  of  90°. 

Again,        cos(^+5)=cos^cos  jB  — sin^  sin^ (1). 

But   cos  (A+B)=-  sin  (Z+^-  90°)  =  -  sin  (A-90°  +  B) ; 
also  cos  ^  =  -  sin  (^1  -  90°), 

and  sin  A  =cos  (A  -  90°).     [Arts.  99  and  102.] 

Hence  by  substitution  in  (1),  we  have 
sin  (^-90°  +  B)  =  sin  {A  -  90°)  cos  B + cos  {A  -  90°)  sin  B. 

Similarly  we  may  shew  that 
cos  {A-90°  +  B)  =  cos  {A  -  90°)  cos  B  -  sin  {A  -  90°)  sin  B. 

Thus  the  formulae  for  the  sine  and  cosine  of  A+B  hold  when 
.1  is  diminished  by  90°.  In  like  manner  we  may  prove  that  they 
are  true  when  B  is  diminished  by  90°. 
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By  repeated  applications  of  the  same  process  it  may  be  shewn 
that  the  formulae  hold  when  either  or  both  of  the  angles  A  and 
B  is  diminished  by  any  multiple  of  90°.  Further,  it  will  be  seen 
that  the  formulae  are  true  if  either  of  the  angles  ^  or  5  is 
increased  by  a  multiple  of  90°  and  the  other  is  diminished  by  a 
multiple  of  90°. 

Thus  sin  {P+Q)  =  sin  FcosQ  +  cos  F  sin  Q, 

and  cos(P+$)  =  cos  Pcos  ^  — sin  Psin  ^, 

where  P=J±m.  90°,   and   Q=B±n.  90°, 

m  and  n  being  any  positive  integers,  and  A  and  B  any  acute 
angles. 

Thus  the  Addition  Formulae  are  true  for  the  algebraical  sum 
of  any  two  angles. 


MISCELLANEOUS  EXAMPLES.    H. 

1.  If  the  sides  of  a  right-angled  triangle  are 

cos  2a  +  cos  2/3+ 2  cos  (a +/3)    and   sin  2a  +  sin  2/3 + sin  2  (a +/3), 

shew  that  the  hypotenuse  is  4  cos^  — ~—  . 

Ji 

2.  If  the  in-centre  and  circum-centre  be  at  equal  distances 
from  BG,  prove  that 

cos  ^  + cos  (7=1. 

3.  The  shadow  of  a  tower  is  observed  to  be  half  the  known 
height  of  the  tower,  and  some  time  afterwards  to  be  equal  to  the 
height :  how  much  will  the  sun  have  gone  down  in  the  interval  ? 
Given  log  2, 

Ztan  63°  26' =  10-3009994,  diff.  for  r  =  3159. 

4.  If    (l+sin«)(l+sini3)(l+siny) 

=  (1  -  sin  a)  (1  -  sin /3)  (1  -  sin  y), 
shew  that  each  expression  is  equal  to  +cos  a  cos/3  cos  y. 

5.  Two  parallel  chords  of  a  circle  lying  on  the  same  side  of 
the  centre  subtend  72°  and  144°  at  the  centre  :  prove  that  the 
distance  between  them  is  one-half  of  the  radius. 

Also  shew  that  the  sum  of  the  squares  of  the  chords  is  equal 
to  five  times  the  square  of  the  radius. 
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6.  Two  straight  railways  are  inclined  at  an  angle  of  60°. 
From  their  point  of  intersection  two  trains  A  and  B  start  at  the 
same  time,  one  along  each  line.  A  travels  at  the  rate  of  48  miles 
per  hour,  at  what  rate  must  B  travel  so  that  after  one  hour  they 
shall  be  43  miles  apart  1 

7.  If  a  =  cos-i-  +  cos-if , 

a  0 

shew  that  sin^  a  =  -^ ^  cos  a+%i,. 

8.  If  ^,  q,  r  denote  the  sides  of  the  ex-central  triangle,  prove 
that 

^2     je      c2     2ahc     , 

9.  A  tower  is  situated  within  the  angle  formed  by  two 
straight  roads  OA  and  OB,  and  subtends  angles  a  and  /3  at  the 
points  A  and  B  where  the  roads  are  nearest  to  it.  If  OA  =  a, 
and  OB  =  b,  shew  that  the  height  of  the  tower  is 

Va^  -  i>^  sin  a  sin  j3  /  Vsin  (a  +  /3)  sin  (a  -  /3). 

10.  In  a  triangle,  shew  that 

r^+rj^+r^^+r^^=l6R^-a^-b'--cl 

11.  If  AD  be  a  median  of  the  triangle  ABC,  shew  that 

(1)  cot^.4Z)  =  2cot^+cot^; 

(2)  2  cot  ADC=  cot  B  -  cot  C. 

12.  If  p,  q,  r  are  the  distances  of  the  orthocentre  from  the 
sides,  prove  that 

fa     h      c\  _  /a      b      c\  /b  .  c     d\  ( c     a      b 

\V      q      r)~\j)      q 


Graphical  Representation  of  the  Circular  Functions. 

288.  Definition.  Let  /  {x)  be  a  function  of  x  which  has  a 
single  value  for  all  values  of  x,  and  let  the  values  of  x  be  repre- 
sented by  lines  measured  from  0  along  OX  or  0X\  and  the 
values  of  f{x)  by  lines  drawn  perpendicular  to  XX'.  Then  with 
the  figure  of  the  next  article,  if  OM  represent  any  value  of  .r, 
and  MP  the  corresponding  value  off{x),  the  curve  traced  out  by 
the  point  F  is  called  the  Graph  of  /  (x). 


r\ 

b      c 

a\ 

( c     a 

[-  +  -■ 

--) 

-  +  - 

r) 

\q    r 

V 

\r     p 
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285 


Graphs  of  sinO  and  cos  6. 


289.  Suppose  that  the  unit  of  length  is  chosen  to  represent 
a  radian  ;  then  any  angle  of  6  radians  will  be  represented  by  a 
line  OM  which  contains  6  units  of  length. 


Graph  of  sin^. 


Let  MP^  drawn  perpendicular  to  OX,  represent  the  value  of 
sin  9  corresponding  to  the  value  OM  of  6  ;  then  the  curve  traced 
out  by  the  point  P  represents  the  graph  of  sin  6. 

As  OJf  or  B  increases  from  0  to  - ,  MP  or  sin  6  increases  from 
0  to  1,  which  is  its  greatest  value. 

As  Oif  increases  from  -  to  tt,  MP  decreases  from  0  to  1. 

As  OM  increases  from  tt  to  — ,  3IP  increases  numerically 
from  0  to  —  1. 

As  OM  increases  from  —  to  27r,  MP  decreases  numerically 

from  —  1  to  0. 

As  OM  increases  from  27r  to  477,  from  47r  to  Gtt,  from  Gtt  to 

877, ,  MP  passes  through  the  same  series  of  values  as  when 

OM  increases  from  0  to  2rr. 

Since  sin  ( -  ^)  =  -  sin  6,  the  values  of  MP  lying  to  the  left  of 
0  are  equal  in  magnitude  but  are  of  opj)osite  sign  to  values  of 
MP  lying  at  an  equal  distance  to  the  right  of  0. 

Thus  the  graph  of  sin  ^  is  a  continuous  waving  line  extending 
to  an  infinite  distance  on  each  side  of  0. 

The  graph  of  cos  6  is  the  same  as  that  of  sin  ^,  the  origin 

being  at  the  point  marked  -  in  the  figure. 
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Graphs  of  tan  0  and  cot  9. 


290.  As  before,  suppose  that  the  unit  of  length  is  chosen  to 
represent  a  radian  ;  then  any  angle  of  0  radians  will  be  repre- 
sented by  a  line  OM  which  contains  3  units  of  length. 

Let  J/P,  drawn  perpendicular  to  OX,  represent  the  value  of 
tan  6  corresponding  to  the  value  OM  of  0  ;  then  the  curve  traced 
out  by  the  point  F  represents  the  graph  of  tan  d. 

By  tracing  the  changes  in  the  value  of  tan  6  a,s  6  varies  from 

0  to  Stt,  from  £77  to  47r, ,  it  will  be  seen  that  the  graph  of  tan  0 

consists  of  an  infinite  number  of  discontinuous  equal  branches  as 
represented  in  the  figure  below.  The  part  of  each  branch  be- 
neath JiX'  is  convex  towards  XX',  and  the  part  of  each  branch 
above  XX'  is  also  convex  towards  XX' ;  hence  at  the  point  where 
any  branch  cuts  XX'  there  is  what  is  called  a  poi7it  of  injieonon, 
where  the  direction  of  curvature  changes.  The  proof  of  these 
statements  is  however  beyond  the  range  of  the  present  work. 

The  various  branches  touch  the  dotted  lines  passing  through 
the  points  marked 


+  ?,     ^-^'^ 


■2'     -^2' 
at  an  infinite  distance  from  XX'. 


Graph  of  tan^. 


The  student  should  draw  the  graph  of  cot^,  which  is  very 
similar  to  that  of  tan  6. 
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Graphs  of  sec  6  and  cosec  6. 

291.  The  graph  of  sec^  is  represented  in  the  figure  below. 
It  consists  of  an  infinite  number  of  equal  festoons  lying  alter- 
nately above  and  below  XX'^  the  vertex  of  each  being  at  the 
unit  of  distance  from  XX'.  The  various  festoons  touch  the 
dotted  lines  passing  through  the  points  marked 

-2'    -T'    -T' ' 

at  an  infinite  distance  from  XX'. 


The  graph  of  cosec  6  is  the  same  as  that  of  sec  ^,  the  origin 


TT 


being  at  the  point  marked  -  ^  in  the  figure. 


CHAPTER  XXIII. 


SUMMATION   OF   FINITE   SERIES. 


292.  An  expression  in  which  the  successive  terms  are  formed 
by  some  regular  law  is  called  a  series.  If  the  series  ends  at 
some  assigned  term  it  is  called  a  finite  series  ;  if  the  number  of 
terms  is  unlimited  it  is  called  an  infinite  series. 

A  series  may  be  denoted  by  an  expression  of  the  form 

where  Un  +  i,  the  (n  +  1)*  term,  is  obtained  from  u^,  the  ii"*  term, 
by  replacing  nhy  n+1. 

Thus  if  %^  =  cos{a+n^),  then  w,J^.l  =  cos{a-^-(?^+l)/3}  ; 

and  if  it^ = cot  2"'"i  a,  then  u,^ + ^  =  cot  2**  a. 

293.  If  the  r"*  term  of  a  series  can  be  expressed  as  the 
difference  of  two  quantities  one  of  which  is  the  same  function  of 
r  that  the  other  is  of  r+1,  the  siun  of  the  series  may  be  readily 
found. 

For  let  the  series  be  denoted  by 

u^+U2  +  u^  + +^ln, 

and  its  sum  by  S,  and  suppose  that  any  term 

then    S=  (^2  -  Vj)  +  (Vg  -  V.2)  +  (^4  -  Vg)  -f . . .  +  (v„  -  V^_j)  +  («^n  + 1  -  Vn) 

Example.     Find  the  sum  of  the  series 

cosec  a  +  cosee  2a  +  cosec  4a  + +  cosec  2""^  a. 


sm  -  sin ' 


1              "^"2                V 
cosec  a  =  —  ^^ 


-i) 


sin  a         .    a    .  .    a   . 

sm  ^  sm  a        sm  -  sm  a 
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Hence  cosec  a  =  cot  ^  -  cot  a. 

If  we  replace  a  by  2a,  we  obtain 

cosec  2a  =  cot  a  -  cot  2a. 

Similarly,  cosec  4a  =  cot  2a  -  cot  4a, 

cosec  2"-i  a  =  cot  2"-2  a  -  cot  2"'~i  a. 
By  addition ,  ^S = cot  ^  -  cot  2"'-i  a. 

294.     3^0  ^n<i  ^Ae  stem  of  the  sines  of  a  series  of  ii  angles  which 
are  in  arithmetical  progression. 

Let  the  sine-series  be  denoted  by 
sina  +  sin(a+i3)  +  sin(a-{-2/3)  + +sin{a-|-(%-l)/3}. 

We  have  the  identities 

2  sin  a  sin  ^  =  cos  (a-^j-  cos(a+^) , 

2sin(a+/3)sin|=cos  fa+-j-cos  (a+Y/' 

2  sin  (a  +  2/3)  sin  |=cos  (a  + y)  -  cos  (a  + y)  , 

B           /      2n  —  Z\            (      2n  —  l 
2  sin  {a  +  (^- 1)  ^}  sin -  =  cos  faH — ^j-  cosf  aH ^ —  ^ 

By  addition, 

2>S' sm  I  =  cos  (  a  - 1 )  -  cos  (  a  + -^— /3  i 


/      n-l 
(«+-2- 


=  2sin(a  +  ^-/3)siny; 


-f  2     .     /       ?i-l  ^ 

,   .•.^=^_sin(a+-2— /3 

sin  2 

H.  K.  E.  T.  19 
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295.  In  like  manner  we  may  shew  that  the  sum  of  the 
cosine-series 

cos  a  +  cos  (a  4- /3)  +  cos  (a  +  2/3) -{- . . .  4- cos  {a  +  (ti  -  1)  ^} 

sin| 

296.  The  formulae  of  the  two  last  articles  may  be  expressed 
verbally  as  follows. 

The  sum  of  the  sines  of  a  series  ofn  angles  in  a.  p. 

n  diff. 


sm 


2       .   first  angle +  last  angle 


.    diff.  2 


The  sum  of  the  cosines  of  a  series  ofn  angles  in  a.  p. 
n  diff. 


sm- 


.    diff. 
sm-f- 


2  first  angle  +  last  angle 


Example.    Pind  the  sum  of  the  series 

cos  a  +  cos  3a  +  cos  5a  + +  cos  (2n  -  1)  a. 

Here  the  common  difference  of  the  angles  is  2a; 

„    sin  na        a  +  (2n  - 1)  a 

.•     S:=—. cos ^— TT — 

-sm  a  2 

_  sin  na  cos  na  _  sin  27ia 
""        sin  a        ~  2  sin  a 

nQ 
297.     If  sin  -^  =  0,  each  of  the  expressions  found  in  Arts.  294 

and  295  for  the  sum  vanishes.     In  this  case 

—z=kir^    or    B= — - ,  where  h  is  any  integer. 
^  n 

Hence  the  sum  of  the  sines  and  the  sum  of  the  cosines  of  n  angles 
in  arithmetical  progression  are  each  equal  to  zero,  when  the  common 

difference  of  the  angles  is  an  even  midtiple  of  -  . 
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298.     Some  series  may  be  brought  under  the  rule  of  Art.  296 
by  a  simple  transformation. 

Example  1.    Eind  the  sum  of  n  terms  of  the  series 

cos  a  -  cos  (a  +  /3)  +  cos  (a  +  2j8)  -  cos  (a  +  3/3)  + 

This  series  is  equal  to 

cosa  +  cos(a+j3  +  7r)  +  cos(a  +  2/3  +  27r)+cos(a  +  3)3  +  37r)+ , 

a  series  in  which  the  common  difference  of  the  angles  is  jS  +  tt,  and  the 
last  angle  is  a  +  (w-l)  (jS  +  tt). 

„  2  j     ,  (n-l)(3  +  7r)] 

sm^ 

Example  2.     Find  the  sum  of  n  terms  of  the  series 

sina  +  cos(a+/3)-sin(a  +  2j3)-cos(a  +  3/3)  +  sin(a  +  4|8)  + 

This  series  is  equal  to 

sina  +  sin  fa  +  j3  +  |  J  +  sin(a  +  2/3  +  7r)  +  sin(a  +  3j3+-^)  + , 


TT 

a  series  in  which  the  common  difference  of  the  angles  is  j8  +  - . 

.    n(2/3  +  7r) 
o  4  .      (       (n-l)(2^  +  7r)) 


2/3  +  7r 
4 


(       (n-l)(2^  +  7r)j  ^ 


EXAMPLES.    XXIII.  a. 

Sum  each  of  the  following  series  to  n  terms  : 

1.  sin  a + sin  3a  4- sin  5a  4- 

2.  cos  a  +  cos  (a -/3)  + cos  (a  — 2/3)  + 

3.  sina  +  sinf  a — )+sin(  a W 

J,  TT  ,  27r  ,         Stt 

4.  cos -7  4- cos -^+ cos -7-+ 


19—2 
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Find  the  sum  of  each  of  the  following  series  : 

5.  cos-+cos^+cos-+ +  cos^. 

27r  ,         477  ,         67r  ,  ,         207r    _ 

6.  C0S-  +  C0S-+C0S-+ +COS— . 

7.  sin-+sin hsin 1- to  ?i - 1  terms. 

n  n  n 

8.  COS-  +  C0S — hcos — 1- to  2?2< - 1  terms.  - 

n  71  n 

9.  smna  +  sm{n—l)a+sm{n-2)a-\- to  2?i  terms. 

Sum  each  of  the  following  series  to  n  terms  : 

10.  sin  <9- sin 2^  + sin 3^ -sin  4^  + 

11.  cosa-cos(a-/3)^-cos(a-2/3)-cos(a-3^)  + 

12.  cos  a  -  sin  (a -iS)- cos  (a -2/3)+ sin  (a -3/3)  + 

13.  sin  2^  sin  ^  + sin  3^  sin  2^  + sin  4^  sin  3^  + 

14.  sinacos3a  +  sin3acos5a  +  sin5aCOs7a+., 

15.  sec  a  sec  2a + sec  2a  sec  3a  +  sec  3a  sec  4a  + 

16.  cosec  6  cosec  3^ +cosec  3^  cosec  56 

+  cosec  5^  cosec  7^  + 


17.  tan-seca+tan^sec-+tan-3sec^+ 

18.  cos  2a  cosec  3a + cos  6a  cosec  9a + cos  1 8a  cosec  27a + 

19.  sin  a  sec  3a + sin  3a  sec  9a  +  sin  9asec27a+ 

20.  The  circumference  of  a  semicircle  of  radius  a  is  divided 
into  n  equal  arcs.  Shew  that  the  sum  of  the  distances  of  the 
several  points  of  section  from  either  extremity  of  the  diameter  is 

a  I  cot 


(-*^-0- 


21.  From  the  angular  points  of  a  regular  polygon,  perpen- 
diculars are  drawn  to  XX'  and  FY'  the  horizontal  and  vertical 
diameter  of  the  circumscribing  circle  :  shew  that  the  algebraical 
sums  of  each  of  the  two  sets  of  perpendiculars  are  equal  to 
zero. 
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299.  By  means  of  the  identities 

2sin2a  =  l— cos2a,  2  cos2a=l  +  cos2aj 

4  sin^  a  =  3  sin  a  -  sin  3a,         4  cos^  a=3  cos  a  +  cos  3a, 

we  can  find  the  sum  of  the  squares  and  cubes  of  the  sines  and 
cosines  of  a  series  of  angles  in  arithmetical  progression. 

Example  1.     Find  the  sum  of  n  terms  of  the  series 
sin2a  +  sin2(a  +  /3)  +  sin2(a  +  2/3)  + 

25f={l-cos2a}  +  {l-cos(2a  +  2/3)}  +  {l-cos(2a  +  4j8)}  + 

=w-{cos2a  +  cos(2a  +  2/3)  +  cos(2a  +  4j3)+ }; 

_       sin  n^        2a  +  {2a  +  (n- 1)2^3}  ^ 

—  W ; —  cos  ^ J 

sm  /3  2 

2      2sm^         *  "^ 

Example  2.    Find  the  sum  of  the  series 

cos3a  +  cos^3a  +  cos3  5a+ +cos3(2n-l)a. 

4/Sf  =  (3  cos  a  +  cos  3a)  +  (3  cos  3a  +  cos  9a)  +  (3  cos  5a  +  cos  15a)  + 

=  3(cosa  +  cos3a  +  cos5a+ )  + (cos 3a  +  cos 9a  +  cos  15a  + ) 

3sinna  (a+(2n-l)a]       sin  3na  f3a  +  (2n- 1)  3a] 

=  — . cos  ■{ — -!-— '—]■  +  -^--—  cos  ] ^—^ — V  ; 

sm  a  (  2  j        sm  8a  (  2  j 

„    3  sin  na  cos  na     sin  3wa  cos  3na 
4  sm  a  4  sm  3a 

300.  The  following  further  examples  illustrate  the  principle 
of  Art.  293. 

Example  1.    Find  the  sum  of  the  series 

tan~iq — z — x — s+tan-iq — ^r—^ — ^+ +tan~i^; =-:— o- 

l  +  1.2.a;2  l  +  2.3.a;2  l-^n{n  +  l)x^ 

As  in  Art.  249,  we  have 

cc 

tan~i ; — — 5= tan-i  (r+V)x-  tan~i  rx ; 

1  +  r  (r  + 1)  a;2  ^         ' 

:.  /S=tan~i(?i  +  l)a;-tan-ia;. 
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Example  2.     Find  the  sum  of  n  terms  of  the  series 

l^al.al.a, 
ta.na  +  -^tSLn-^  +  ^^tan-,  +  ^^t&n-^+ 

We  have  tan  a = cot  a  -  2  cot  2a. 

Eeplacing  a  by  ^  and  dividing  by  2,  we  obtain 

1,      o      1      ,  a         , 
2*^^2'^2        2~  • 

Sunilarly,  -^  *an  ^i  =  22  ^°*  2^  ~  2       2 ' 


l.a  1         .     a  la 

2n— 1  *a°  2^  =  2^  °°*  2^i^  -  2^i=2  cot  2^2 

Byaddition,  ..J^  cot  ^,-2  cot  2a. 


EXAMPLES.    XXIII.  b. 

Sum  each  of  the  following  series  to  n  terms  ; 

1.  cos2<9+cos2  3^  +  cos2  5(9  + 

2.  sin2a4-sin2fa  +  yJ  +  sin2U+-^j  + 


3.  cos2a  +  cos2U--j  +cos2  ^a-  —  j+ 

4.  sin3^  +  sin3  2^  +  sin3  3^  + 

5.  sin^a  +  sin^i  aH )  H-sin^  { a-\ )  + 

«  /       27r\  ,  /       47r\ 

6.  cos^a  +  cos^  I  a +  COS'^  [a )  + 

\       nj  \        n) 

7.  tan  ^  +  2  tan  2(9 +  22  tan  22^  + , 

8.  1  1  1  1  ^  I 

cos  a  +  cos  3a      cos  a  +  cos  5a     cos  a  +  cos  7a 
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9.    sin2  e  sin  2^ +-  sin2  2^  sin  ^B  +  -  sin^  4^  sin  8<9  + 

A  6         6  6  6 

10.     2  cos  6  sin2  -  +  22  cos  -  sin^  22+23  cos  —^  sin^ -3+ 

14.  tan-'  p-^|_^-p+tan-'  ^  _^^^_^^,  +  tan-i--_-A_.,4-...,. 

15.  From  any  point  on  the  circumference  of  a  circle  of  radius 
r,  chords  are  drawn  to  the  angular  points  of  the  regular  inscribed 
polygon  of  n  sides :  shew  that  the  sum  of  the  squares  of  the 
chords  is  '2.nr^. 

16.  From  a  point  P  within  a  regular  polygon  of  ^n  sides, 
perpendiculars  P^^,  P^2)  -^^3)  •••^^2n  ^^^  drawn  to  the  sides  : 
shew  that 

where  r  is  the  radius  of  the  inscribed  circle. 

17.  If  J.i^2^3--^2rt  +  i  is  a  regular  polygon  and  P  a  point  on 
the  circumscribed  circle  lying  on  the  arc  A^A^n  +  i^  shew  that 


P^  +  P^2+-+^^2n  +  l  =  ^^2  +  ^^4+-+^^ 


2n* 


18.  From  any  point  on  the  circumference  of  a  circle,  perpen- 
diculars are  drawn  to  the  sides  of  the  regular  circumscribing 
polygon  of  n  sides  :  shew  that 

(1)  the  sum  of  the  squares  of  the  perpendiculars  is  —^  ; 

(2)  the  sum  of  the  cubes  of  the  perpendiculars  is  -—  . 


CHAPTER  XXIV. 


MISCELLANEOUS   TRANSFORMATIONS   AND   IDENTITIES. 


Symmetrical  Expressions. 

301.  An  expression  is  said  to  be  symmetrical  with  respect  to 
certain  of  the  letters  it  contains,  if  the  value  of  the  expression 
remains  unaltered  when  any  pair  of  these  letters  are  interchanged. 
Thus 

cos  a + cos  /3  +  cos  y,        sin  a  sin  ^  sin  y, 

tan  (a  -  ^)  +  tan  O  -  <9) +tan  (y  -  <9), 

are  expressions  which  are  symmetrical  with  respect  to  the  letters 
a,  /?,  y. 

302.  A  symmetrical  expression  involving  the  sum  of  a 
number  of  quantities  may  be  concisely  denoted  by  writing 
down  one  of  the  terms  and  prefixing  the  symbol  S.  Thus  2  cos  a 
stands  for  the  sum  of  all  the  terms  of  which  cos  a  is  the  type, 
S  sin  a  sin  ^  stands  for  the  sum  of  all  the  terms  of  which  sin  a  sin  /3 
is  the  type  ;  and  so  on. 

For  instance,  if  the  expression  is  symmetrical  with  respect  to 
the  three  letters  a,  /3,  y, 

%  cos  /3  cos  y  =  COS  /3  cos  y  +  COS  y  COS  a-f  cos  a  COS  /3  ; 
2  sin  (a-  ^)=sin  (a-  ^)  +  sin  (j3-  ^)  +  sin  (y-  ^). 

303.  A  symmetrical  expression  involving  the  'product  of  a 
number  of  quantities  may  be  denoted  by  writing  down  one  of 
the  factors  and  prefixing  the  symbol  11.  Thus  11  sin  a  stands  for 
the  product  of  all  the  factors  of  which  sin  a  is  the  type. 

For  instance,  if  the  expression  is  symmetrical  with  respect  to 
the  three  letters  a,  /3,  y, 

n  tan  (a + ^) = tan  (a  +  ^)  tan  (/3  +  ^)  tan  (y + ^) ; 

n  (cos/3  +  COS  y)  =  (cos  /3+COSy)  (cos  y  +  cos  a)  (cos  a+COS  /3). 
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304.  With  the  notation  just  explained,  certain  theorems  in 
Chap.  XII.  involving  the  three  angles  A,  B,  C,  which  are  con- 
nected by  the  relation  A+B  +  C=180°,  may  be  written  more 
concisely.     For  instance 

^  sin  2  J.  =  411  sin  J. ; 

3  sin  A  =  411  cos  —  ; 
2 

Stan  J.  =  n  tan  J.; 
Stan  — tan  — =  1. 

Example  1.     Find  the  ratios  of  a  :  &  :  c  from  the  equatione 
acos0  +  6  sin  ^=c  and  acos^  +  bsm<p=c. 

From  the  given  equations,  we  have 

a  cos  ^  +  6  sin  ^  -  c  =  0, 
and  a  cos  <p  +  b  sin  <f>-e  =  0; 

whence  by  cross  multiplication 

a  _  &  _  c 

sin  0  -  sin  ^  ~  cos  d  -  cos  0  ~  sin  0  cos  6  -  cos  0  sin  ^ ' 
a  he 


'  d)  +  e    .     d)-d       ^    .     d)  +  d    .     (b-d       Sin(0-^) 

2  cos  ---—  sm  ^-jr—      2  sm  ^—^r—  sm  ^^-^— 

J  a 

Dividing  each  denominator  by  2  sin  ,  we  have 


c 


6  +  d)  .     e  +  d)  d-<b' 

cos-^^      sm-g-      cos-^ 

Note.    This  result  is  important  in  Analytical  Geometry. 

It  should  be  remarked  that  cos  {6  -(p)  is  a  symmetrical  function 
of  9  and  0,  for  cos  (^  -  (p)  =cos  {<f)-d);  hence  the  values  obtained  for 
a  :  b  :  c  involve  0  and  <p  symmetrically. 

Example  2.  If  a  and  j3  are  two  different  values  of  6  which  satisfy 
the  equation  a  cos  ^  +  &  sin  ^ =c,  find  the  values  of 

a.  R 

4cos2-cos2^,       sin  a  +  sin  ^,      sin  a  sin /3. 
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From  the  given  equation,  by  transposing  and  squaring, 

/.  (a2  +  &2)  cos2  ^  -  2ac  cos  ^  +  c2  -  &2 = 0. 

The  roots  of  this  quadratic  in  cos  d  are  cos  a  and  cos  /S ; 

^^(^ 
.'.  cosa  +  cos^=^-^2   (1), 

c^  -  62 
and  cosacos/3  =  -^ — r^  (2). 

And  4  cos2 -  cos2  ^  =  ( 1  +  cos  a)  (1  +  cos  /3) 

/  _  2ac       c^-b^ 

~        a24-62"^a2  +  62 

TT  TT 

From  the  data,  we  see  that  -^-a  and  -  -  j8  are  values  of  9  which 
satisfy  the  equation  a  sin  ^  +  6  cos  ^  =  c. 

By  writing  a  for  b  and  b  for  a,  equation  (1)  becomes 

COs(^-a)+cos(^-^)=^-^, 

•    o       26c 
or  sma  +  sin^=^2-j-p. 

Similarly,  from  equation  (2)  we  have 

C    ■"  (t 

sin  a  sin /3=   ^    ,„. 
a^  +  b^ 

These  last  two  results  may  also  be  derived  from  the  equation 
(6sin^-c)2  =  a2cos2^  =  a2(l-sin2^). 

Example  3.  If  a  and  j3  are  two  different  values  of  6  which  satisfy 
the  equation  a  cos  ^  +  6  sin  ^ = c,  prove  that  tan  —^  =  -  .  Also  if  the 
values  of  a  and  /3  are  equal,  shew  that  a2  +  62=c2, 

1  -  tan2  -  2  tan  - 

By  substituting    cos  9=  and  sin^= 


l  +  tan2^  l  +  tan2^ 
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in  the  given  equation  a  cos  0  +  6  sin  ^ = c,  we  have 

a  (l  -  ta.iiP^+2b  ta.n^=c  Tl  +  tanS^j; 

that  is,  (c  +  a)  tan2--26tan-  +  (c-a)  =  0    (1). 

The  roots  of  this  equation  are  tan  -  and  tan  ^ ; 

.-.  tan-+tan^  = ,     and     tan-tan^=— — ; 

2  2      c  +a  2        2     c  +  a 

2         c  +  a  /  \       c  +  aj      a 

If  the  roots  of  equation  (1)  are  equal,  we  have 

b^=:[c  +  a){c-a); 

whence  a-  +  b'^=c^. 

Note.     The  substitution  here  employed  is   frequently  used  in 
Analytical  Geometry. 

Example  4.  If  cos  ^  +  cos  0  =  a  and  sin  ^  +  sin  0  =  6,  find  the  values 
of  cos  {d  +  0)  and  sin  20  +  sin  20. 

From  the  given  equations,  we  have 

sin  6  +  sin  0  _  & . 
cos0  +  cos0~a' 

:.  tan— ^=-. 
2         a 

ft  A-  th 

For  shortness  write  t  instead  of  tan  -^ ;  then 
and  sm  (0  +  0)  = 


Multiplying  the  two  given  equations  together,  we  have 
sin 20  +  sin 20  +  2  sin(0  +  0)=2a&; 

/.  sin20  +  sin20=2fl&  ^1  -  ^^^  • 
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Example  5.    Eesolve  into  factors  the  expression 

cos^  a  +  cos^  ^  +  cos^  7  +  2  cos  a  cos /3  cos  7  -  1, 

and  shew  that  it  vanishes  if  any  one  of  the  four  angles  a±j3±7  is 
an  odd  multiple  of  two  right  angles. 

The  expression  =  cos^  a  +  (cos^/S  +  COS27  - 1)  +  2  cos  a  cos  j8  cos  7 

=  cos2  a  +  (cos^  j3  -  sin^  7)  +  2  cos  a  cos  /3  cos  7 

=  cos2 a  +  cos  (j8  +  7)  cos  (j3  -  7)  +  cos  a  {cos  (/S  +  7)  +  cos  (jS  -  7)} 

=  {cos  a  +  cos  (/3  +  7) }  {cos  a  +  cos  (/3  -  7)} 

.^     a  +  j3  +  7        a-B-y        a  +  3-y        a-B  +  y 
=  4  cos  — ^ — '-  cos  — ^ — -  cos  — ^-^^ — ^  cos  —^-—^ . 

<i  Z  Z  a 

a^  B^y 
The  expression  vanishes  if  one  of  the  quantities  cos g — ^=0; 

that  is,  if  one  of  the  four  angles  - — ^ — ^=  (2n  +  l)  ^ ; 
that  is,  if  a±/3±7=(2n+l)  ir,  where  n  is  any  integer.  . 

sin  a  sin  ^ 


Example  6.    If         tan^= 


cos  a  +  cos /S' 


prove  that  one  value  of    tan  -  is  tan  \  tan  § . 

From  the  given  equation,  we  have 

„.     ,        sin2asin2/3         (cosa  +  coSi8)2  +  (l -cos2a)(l-cos2i3) 
(cos  a  +  cos  Py  (cos  a  +  cos  /3)^ 

_  1  +  2  cos  a  cos  jS  +  cos^a  cos^/S 
"~  (cosa  +  cos/3)=^ 

rp  ,  .       , ,           ...            ,           .     1  +  cosacos/S 
Taking  the  positive  root,  sec  ^= ; 

cos  a  +  cos  j8 

cos  a  +  cos  S 

.'.   cos^  =  - S;. 

1  +  cos  a  cos  /3 

1  -  cos  ^  _  1  -  cos  a  -  cos  /3  +  cos  a  cos  /S  _  (1  -  cos  a)  (1  -  cos  /3) 
* '  1  +  cos  ^  ~  1  +  cos  a  +  cos  /3  +  cos  a  cos  ^  ~  (1  +  cos  a)  (1  +  cos  j8) ' 

.-.  tan2^=tan2^tan2f ; 
and  therefore  one  value  of  tan  ^  is  tan  -  tan  ^ . 
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Example  7.    In  any  triangle,  shew  that 

Za^cos  A  =  abc  {1  +  4:11  GOB  A). 

Let  k=- — -  =  —. — ^=   .     „  ; 

sin  A     sm  B     sinC 

so  that  a=A;sin^,     b  =  JcaiD.B,     c  =  k  sin  G. 

By  substituting  these  values  in  the  given  identity,  and  dividing 
by  k^,  we  have  to  prove  that 

2  sin^^  cos  A  =  sin  A  sin  J5  sin  C  (1 + 411  cos  A). 

Now  82  sin5^cos.4=4Ssin2xI  sin2^ 

=22(1 -cos 2^)  sin 2.1 
=  22  sin  2^ -S  sin  44; 

and  it  has  been  shewn  in  Example  1,  Art.  135,  that 

2  sin  24  =  411  sin4; 

and  it  is  easy  to  prove  that 

2  sin  44  =  - 4n  sin  24=  -  3211  sin  4  .  11  cos 4 ; 

.-.  82!?in34  cos4  =  8nsin4  +  32IIsin4  .IIcos4; 

..  2sin34  cos4=nsin4  (l  +  4ncos4). 


EXAMPLES.    XXIV.  a. 

1.  U  d=ay  and  ^=/3  satisfy  the  equation 

1        ^1.^1 
-cos^+rsm  ^=-, 
a  0  c 

prove  that        a  cos  — -—  =  o  sm  — —  =  c  cos  — -— . 

A  ^  .^ 

Solve  the  simultaneous  equations  : 

^  Of  00  'U 

2.  -cosa+f  sina=l,  -  cosi3+|sin^=l. 
a             0                        a  0 

3.  -cosa  +  Tsina=l,  -sina -rC0Sa=l. 
ah               ^          a  0 
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If  a  and  /3  are  two  different  solutions  of  acos  ^  +  6sin^  =  c,      « 
prove  that 

4.    cos(a+/3)=^.  5.     cos2^  =  ^^^,. 

6.     sin2a  +  sin2/3=        ^  ' 


7.    sin2a  +  sin2j3= 


(aH&2)2 

2a2(a2^52)_2c2(^2_52) 

(a.2+62)2 


8.  If  acosa+6sina  =  acos/3  +  6sin/3  =  c,  prove  that 

.    ,       ^.       2a6             .        ,            ,  ^      2a6 
sm(a+/3)=   9  ,  79)    and    cot  a+cot/3  =  -^ 5. 

If  cos^+cos^=a  and  sin^  +  sin<^  =  6,  prove  that 

A       ^     (^2  + 52)2  _  452 

9.  cos^cos<^=     ^^^,_^^,^     . 

o.        (a2-62)(a2^52_2) 

10.  cos  2^  +  cos  2d) =-!^ -h^ -- 

11.  tan^  +  tan(/)  =  ^-^2-j-^2p-^^. 

.r.     .      0    ,      (b  46 

12.  tan  -+tan  ^  =    o  ,  7  0  ,  o   • 

2  2      «2-j-62+2c6 

13.  Express 

1  —  C0S2  a  -  C0S2  /3  —  C0S2  y  4-2  cos  a  cos  /3  COS  y 

as  the  product  of  four  sines,  and  shew  that  it  vanishes  if  any  one 
of  the  four  angles  a±/3±y  is  zero  or  an  even  multiple  of  tt. 

14.  Express 

sin2  a + sin2  /3  —  sin2  y + 2  sin  a  sin  j8  cos  y 
as  the  product  of  two  sines  and  two  cosines. 

15.  Express 

sin2  a+sin2  /3+sin2y  —  2  gin  a  sin  j3  sin  y  —  1 
as  the  product  of  four  cosines. 
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COS  a  —  COS  /3 


16.      If  COS^  = 


1  —  COS  a  cos  /3 ' 


prove  that  one  value  of  tan  -  is  tan  -  cot  ^ . 

17.  If  tan2  e  cos2-^^ = sin  a  sin  /3, 
prove  that  one  value  of    tan^  -  is  tan  -  tan  ^ . 

A  A  A 

18.  If  tan  6  (cos  a + sin  /3)  =  sin  a  cos  /3, 
prove  that  one  value  of  tan  -  is  tan  -  tan  ( -7  ~  9  )  • 

In  any  triangle,  shew  that 

19.  iSa^  sin  B  sin  C=  2abc  (1  +  cos  A  cos  B  cos  C). 

20.  %a  cos^A  =  -fii  (1-4  cos  A  cos  B  cos  C). 

21.  '2,a^co&{B-C)  =  3abc. 

22.  If  o  and  ^  are  roots  of  the  equation  «cos  ^+6sin^=c, 
form  the  equations  whose  roots  are 

(1)     sin  a   and   sin  ^  ;         (2)     cos  2a  and   cos  2/3. 


Alternating  Expressions. 

305.  An  expression  is  said  to  be  alternating  with  respect  to 
certain  of  the  letters  it  contains,  if  the  sign  of  the  expression  but 
not  its  numerical  value  is  altered  when  any  pair  of  these  letters 
are  interchanged. 

Thus  cos  a- cos /3,     sin(a-/3),     tan(a-/3), 

cos2  a  sin  (i3  -  y )  +  cos^  j3  sin  (y—  a) + cos^  y  sin  (a  -  /3) 

are  alternating  expressions. 

306.  Alternating  expressions  may  be  abridged  by  means  of 
the  symbols  %  and  n.     Thus 

^  sin^  a  sin  (/3  -  y )  =  sin^  a  sin  O  -  y ) + sin^  /3  sin  (y  -  a) 

+  sin2'ysin(a-/3); 

11  tan  (^  -  y) = tan  (/3  -  y)  tan  (y  -  a)  tan  (a  -  /S). 
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"We  shall  confine  our  attention  chiefly  to  alternating  expres- 
sions involving  the  three  letters  a,  /3,  y,  and  we  shall  adopt  the 
cyclical  arrangement  ^-y,  y-a,  a-^  in  which  /3  follows  a, 
y  follows  /3,  and  a  follows  y. 

Example  1.    Prove  that  S  cos  (a + 6)  sin  (/S  -  7)  =  0. 
Sees  (a  +  6)  sin  (j3  -  7)  =  S  (cos  a  cos  0  -  sin  a  sin  d)  sin  (/3  -  7) 

=  cos  0  S  cos  a  sin  (j8  -  7)  -  sin  ^  S  sin  a  sin  (/3  -  7) 
=  0, 
since  S  cos  a  sin  (j3  -  7)  =  0  and  S  sin  a  sin  {j3  -  7)  =  0. 

Example  2.     Shew  that  S  sin  2  (/3  -  7)  =  -  411  sin  (/S  -  7). 
sin  2  (/3  -  7)  +  sin  2  (7  -  a)  +  sin  2  (a  -  j3) 

=  2  sin  {/3- a)  cos  (a  +  ^- 27) +  2  sin  (a -j8)  cos  (a -^) 
=  2  sin  (a  -  ]8)  {cos  (a  -  /8)  -  cos  (a +/3  -  27) } 
=  4  sin  (a  -  /3)  sin  (a  -  7)  sin  (^  -  7) 
= -411  sin  (/3- 7). 

Example  3.    Prove  that 

(1)  Stan(/3-7)=ntan(/3-7); 

(2)  S  tan  /3  tan  7  tan  (j3  -  7)  =  - 11  tan  (/3  -  7). 

(1)  From  Art.  118,  if  4  +  JB  +  (7=0,  we  see  that 

tan  ui  +  tan  5  +  tan  (7 = tan -4  tan  J5  tan  C. 

Hence  by  writing  ^=j8- 7,  B=y-a,  (7= a -/3,  we  have 
S  tan  (j3-7)=n  tan  (/3- 7). 

(2)  From  the  formulas  for  tan(jS-7),  tan (7 -a),  tan  (a -/3),  we 
have 

S(l+tan/Stan7)tan(jS-7)  =  S(tanjS-tan7)  =  0; 

whence  by  transposition 

,    Stan/3tan7tan(/3-7)= -Stan(j8-7) 

=  -n  tan  03 -7). 
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Example  4.     Shew  that 

S  cos  3a  sin  (/3  -  7)  =  4  cos  {a  +  ^  +  y)U  sin(/3-7). 

Since      2cos3asin(jS-7)  =  sin(3a  +  /3-7)-sin(3a-/3  +  7), 
we  have 

2S  cos  3a  sin  (/3  -  7)  =  sin  (3a  +  /3  -  7)  -  sin  (3a  -  j3  +  7)  +  sin  (3/3  +  7  -  a) 
-  sin  (3/3  -  7  +  a)  +  sin  (Sy  +  a-^)-  sin  (37-  a  +  |3). 

Combining  the  second  and  third  terms,  the  fourth  and  fifth  terms, 
the  sixth  and  first  terms,  and  dividing  by  2,  we  have 

S  cos  3a  sin  (/3  -  7) 

=cos  (a  +  /3  +7)  {sin  2  (j3  -  a)  +  sin  2  (7  -  ^)  +  sin  2  (a  -  7)} 

=4cos(a  +  /3+7)IIsin(/3-7).  [See  Example  2.] 

307.     The  following  example   is  given  as  a  specimen  of  a 
concise  solution. 

Example.  If  {y  +  z)ta,na  +  {z  +  x)tsinp  +  {x  +  y)i3iny  =  0, 
and  a;  tan /3  tan  7 +  ?/ tan  7  tan  a  +  2  tan  a  tan /3 = a; +  1/ +  2;, 
prove  that  X8in2a  +  y  sin  2^  +  z  sin  27  =  0. 

From  the  given  equations,  we  have 

x{l~  tan /3  tan  7)  +^  (1  -  tan  7  tan  a)  +  z{l-  tan  a  tan  /3)  =  0, 
and  x  (tan  ^  + tan  7) +  2/  (tan  7  +  tan  a)  +  2  (tan  a  +  tan/3)  =  0. 

If  we  find  the  values  oi  x  :  y  :  z  by  cross  multiplication,  the 
denominator  of  x 

=  (1  -  tan  7  tan  a)  (tan  a  +  tan  /3)  -  (1  -  tan  a  tan  /3)  (tan  7  +  tan  a) 

=  (tan  j3  -  tan  7)  +  tan^  a  (tan  /3  -  tan  7) 

=  (1  +  tan2  a)  (tan  ^  -  tan  7) 

=  sec^  a  (tan  /3  -  tan  7) 

_  sec  a  sin  (/3  -  7) 

""  cos  a  cos  /3  cos  7  * 

Hence  ^-^ r=       .  .    , r  =  - ^—, ^='k  say. 

secasm(/3-7)      secj8sm(7-a)      sec7sm(a-|8) 

.-.  ;b  sin  2a  +  y  sin  2/3  +  2  sin  27  =  fcS  sin  2a  sec  a  sin  (/3  -  7) 

=  IliZ  sin  a  sin  (/3  -  7) 

=0. 

H.  K.  E.  T.  20 
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Allied  formulse  in  Algebra  and  Trigonometry. 

308.     From  well-known  algebraical  identities  we  can  deduce 
some  interesting  trigonometrical  identities. 

Example  1.     In  the  identity 

{x -a){b-c)  +  {x-  h) (c - a)  +  {x- c) {a -h)  =  0, 
put  a;  =  cos  2^,     a  =  cos  2a,     6  =  cos  2/3,     c  =  cos27; 

then  a;-a  =  cos2^-cos2a  =  2sin  (a-t-^)  sin(a-^), 

and  h-c  =  cos  2/3  -  cos  27  =  -  2  sin  (/3  +  7)  sin  (/3  -  7) ; 

.-.  S  sin  (a  +  6)  sin  (a  -  6)  sin  ifi  +  y)  sin  (/3  -  7)  =  0. 

Example  2.     In  the  identity 

2a^b-c)=-U{b-c), 
put  a  =  sin2a,     b  =  sin^^,     c  =  sin27; 

then  &-c  =  sin2^-sin27=sin(/3-|-7)sin(j3-7); 

.'.  2sin'^asin(/3  +  7)  sin(/3-7)= -IIsin(/3  +  7)  .nsin(j3-7). 

Example  3.     In  the  identity 

^a^{b-c)=-{a  +  b  +  c)Il{b-c), 
put  a=cosa,     6  =  cos^,     c=coS7; 

.•.  Scos^a  (cos/3-cos7)=  -  (cos  a  +  cos/3+cos7)  n  (COS/3-COS7). 

But  2cosa(cos/3-coS7)=0; 

.•.  S  (4  cos^  a  -  3  COS  a)  (cos  ^  -  cos  7) 

=  -  4  (cos  a  +  cos  p  +  cos  7)  11  (cos  p  -  cos  7) ; 
that  is, 

S  cos  3a  (cos  /3  -  cos  7)  =  -  4  (cos  a  +  cos  /3  +  cos  7)  IT  (cos  /3  -  cos  7). 

Example  4.     li  a +  b  +  c  =  0,  then  a^  +  b^  +  c^^Sabc. 

Here  a,  6,  c  may  be  any  three  quantities  whose  sum  is  zero;  this 
condition  is  satisfied  if  we  put  a  =  cos  (a  +  ^)  sin  (/3-7),  and  b  and  c 
equal  to  corresponding  quantities. 

Thus    S  cos3  (a  +  6)  sin^  (j3  -  7)  =  311  cos  (a  +  6)  sin  (/3  -  7) . 
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309.     An  algebraical  identity  may  sometimes  be  established 
by  the  aid  of  Trigonometry. 

Example.    If  x  +  y  +  z=xyz,  prove  that 

x{l-i/){l-z'')  +  tj{l-z^){l-x^)+z{l~x'-){l-y'i=4:xyz. 

By  putting  03= tan  a,  y  =  tan/3,  2= tan  7,  we  have 
tan  a  +  tan /S + tan  7 = tan  a  tan /3  tan  7 ; 

,  ,  tan/S  +  tan  7         t.      ,0  ,    \ 

whence  tan  a  =  -  ■;; — r— -777 — -  =  -  tan  [B  +  7) ; 

1  -  tan  /3  tan  7 

.-,  a = nTT  -  (/3  +  7) ,  where  n  is  an  integer ; 

.-.  a+p  +  y  =  mr; 
.:  2a  +  2^  +  27  =  2n7r. 
From  this  relation  it  is  easy  to  shew  that 

tan  2a  +  tan  2/3  +  tan  27  =  tan  2a  tan  2/3  tan  27 ; 

2x  2y  22  ._  8xyz 

•'*  1^  ^2  +  1:^2  +  iT^s  -  (l-a;2)(l-?/2)(l-22) ' 

EXAMPLES.    XXIV.  b. 

Prove  the  following  identities  : 

1.  ^sin(a-^)sin(/3-y)=0. 

2.  ^cos^cos7sin(/3-y)=;Ssin^sinysin(/3-y). 

3.  2sinO-7)cos(i3  +  y  +  (9)  =  0. 

4.  :Scos2(|3-y)=4ncos(^-y)-l. 

5.  S  sin  /3  sin  y  sin  (/3  -  y)  =  - 11  sin  (/3  -  y). 

6.  2cot(a-^)cot(a-y)  +  l=0. 

7.  ^sin3asin(/3-y)=4sin(a+/3  +  y)IIsin(/3-y;. 

8.  IS  cos3asin(/3-y)^cos(a  +  /3+y)nsin(/3-y). 

9.  S  cos  (^  +  a)  cos  (/3  +  y)  sin  (^-a)  sin  (/3-y)=0. 

10.    2  sin^  /3  sin2  y  sin  (/3  4-  y)  sin  (/3  -  y) 

=  -  n  sin  (/3 +y) .  n  sin  O  -  y). 
20—2 
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Prove  the  following  identities  : 

11.  ^  cos  2/3  cos  2y  sin  (/3  +  y)  sin  (/3  —  y) 

=  -  411  sin  (/S+y) .  n  sin  (/3  -  7). 

12.  %  cos  4a  sin  (/3 + y)  sin  0  -  y) 

=  -  811  sin  (/3+7) .  n  sin  (/3  -  y). 

13.  2  sin  3a  (sin  /3  —  sin  y) 

=  4  (sin  a + sin  /3 + sin  y)  II  (sin  /3  —  sin  y). 

14.  2sin3(/3  +  y)sin3(/3-y)  =  3nsinO  +  y).nsin(/3-y). 

15.  :Scos3(/3  +  y  +  ^)sin3(/3-y) 

=  311  cos  0+y+<9) .  n  sin  (/3-y). 

16.  If  A' +y  +  s =^3/2;,  prove  that 

17.  If  yz-\-zx-\-xy=\,  prove  that 

%x{l-y^){l--z'^)  =  4^^yz. 

310.     From  a  trigonometrical  identity  many  others  may  be 
derived  by  various  substitutions. 

For  instance,  it  A,  B,  C  are  any  angles,  positive  or  negative, 
connected  by  the  relation  A  +  B+G=ir,  we  know  that 

sm  J.  +  sm^+smC/=4cos—  cos—  cos  —  . 

A  A  Ji 

Let  ^=77- 2a,     5=77-2/3,     C=7r-2y; 

then  sin  ^=  sin  2a,  and  cos  — =  sin  a. 

A 

Also  2(a  +  /3+y)  =  37r-(.l+5  +  C)  =  27r; 

.-.  a  +  ^+y  =  7r, 
and  sin  2a  4-  sin  2/3  +  sin  2y = 4  sin  a  sin  /3  sin  y. 

Again, let  ^=1-?,    ^=|-f,    (r=|-|; 

,,  ..  a  ^  A  17—  a 

then  sm-4  =  cos-,  and  cos— =  cos — -. — . 

-  2'  2  4 
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ALso  a  +  ^  +  y  =  37r-2(^  +  5  +  C)  =  3n--27r  ; 

J  a  B  y      .        77  — a        tt  — jS        ir  —  y 

and       cos-+cos^  +  cos^  =  4cos  -^cos— J- cos— ^' . 

Example.     If  ^+£  +  (7 =7r,  shew  that 

A                  B                  G         ,             TT  +  A  TT  +  B  TT-G 

cos  —  +  COS  TT  -  COS  TT  =  4  cos  — -. cos  — - —  COS  —. — . 

2  2  2  4  4  4 

TT  +  A  _a        TT  +  B  _^        G-T  _y 
^"*  4~  ~  2  '      ^r~  ~  2  '       ^T"  ~  2  ' 

4  /       7r\       .  ^  G  f        Tr\  . 

then   cos— =  cosI  a-     j=sma,  and  cos-^=Cos(  7  +  ^  1=  "^^^V* 

so  that  the  above  identity  becomes 

•    ^      •  ^        a       5       7 

sin  a  +  sm  j3  +  sm  7  =  4  cos  -  cos  ^  cos  ^ , 

which  is  clearly  true  since 

TT        A+B  +  G        IT        IT 

a  +  /3  +  7=2+ 2— ^2+2=''- 

311.     When  ^  +  ^  +  (7=  ^itt, 

tan  {A  +  i5) =tan  (titt  -  (7)  =  -  tan  C ; 
whence  we  obtain  S  tan  ^1  =  11  tan  A. 

When  71=0,  the  given  condition  is  satisfied  in  the  case  of  any 
three  angles  whose  sum  is  0 ;  as  for  instance  if 

A=^+y-^a,     B  =  y  +  a-2^,     C=a  +  ^-2y. 

Hence  S  tan  (/3+7-2a)  =  ntanO+7-2a). 

Example.    If  a  +  /3  +  7 = 0,  shew  that 

Scot(7  +  a-j3)  cot(a  +  /3-7)  =  l. 

Put  p  +  y-a=A,     7  +  a-/3=5,     a  +  ^-y=G', 

then,  by  addition, 

A  +  B  +  G  =  a  +  ^  +  y  =  0; 

.:  cot  (^  +  5)=  -cot  (7; 
whence  S  cot  J^  cot  B  =  1, 

that  is,  Scot  (7  +  a-/3)  cot  (a  +  j3-7)  =  l. 
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312.  The  following  example  is  a  further  illustration  of  the 
manner  in  which  an  identity  may  be  established  by  appropriate 
substitutions  in  some  simpler  identity. 

Example.    Prove  that 

2X1  cos  (/3  +  7)  + 11  cos  2a = S  cos  2a  cos2  (/3  +  7) . 

In  Example  5,  Art.  133,  we  have  proved  that 

4cosacos/3cos7=Scos(j3  +  7-a)  +  cos(a  +  j3  +  7). 

In  this  identity  first  replace  a,  j3,  7  by  /3  +  7,  7  +  a,  a+/3  respec- 
tively, and  secondly  replace  a,  j3,  7  by  2a,  2^,  27  respectively. 

Thus        8ncos(/3  +  7)  =  2Scos2a  +  2cos2(a  +  /3  +  7), 
and  4n  cos  2a  =  S  cos  2  (]3  +  7  -  a)  +  cos  2  (a  +  /3  +  7) ; 

whence  by  addition 
8n  cos  (j8  +  7)  +  411  cos  2a 

=  2Scos2a  +  Scos2(^  +  7-a)  +  3cos2(a  +  /3  +  7) 

=  2S  cos2a  +  S{cos  2(/3  +  7-a)  +  COs2(a  +  j3  +  7)} 

=  2S  COS  2a  +  22  cos  2  (^  +  7)  cos  2a 

=  2Scos  2a  {1  +  cos  2  {^  +  y)} 

=  4Scos2acos2(j3  +  7); 
.-.  2n  cos  (j8  +  7)  +  n  COS  2a = S  cos  2a  cos^  {j3  +  7). 

313.  Suppose  that  A'B'C  is  the  pedal  triangle  of  ABC,  and  let 
the  sides  and  angles  of  the  pedal  triangle  be  denoted  by  a',  h\  c\ 
and  A\  B\  C,  and  its  circum-radius  by  R'.  Then  from  Arts.  224 
and  225,  we  have 

a'  =  acosJ,  b'  =  h  cos B,  c'  =  ccos(7,        R'  =  —  , 

^'  =  180° -2^,     ^'  =  180° -25,     C  =  180° -2a 

By  means  of  these  relations,  we  may  from  any  identity  proved 
for  the  triangle  ABC  derive  another,  as  in  the  following  case. 

In  the  triangle  ABC,  we  know  that 

2  a  cos  J.  =  4i2  sin  J.  sin  5  sin  (7 ; 

hence  in  the  pedal  triangle  A'B'C, 

2a'  cos  A'  =  4R'  sin  A'  sin  B'  sin  C; 

.-.  2a  cos  ^  cos  (180°- 2^)  =  2i?n  sin  (180° -2^);    ' 

that  is,         -%a  cos  A  cos  2 A = 2R  sin  2 A  sin  2B  sin  2(7. 
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Example.     In  any  triangle  ABC,  shew  that 
a2  cos2  A-b^  cos2  B-c^  cos^  G 
26c  cos  B  cos  C 

In  the  pedal  triangle  A'B'C,  we  have 


cos  2^. 


&'2  +  c'2-a'2 

— 26V— ='°'^' 

hence,  by  substituting  the  equivalents  of  a',  b',  c\  A',  we  have 

62 cos^ 5  +  c^  cos^  C -  a^  cos2  ^  .^^^^    ^  .,  ^' 

XT :p: 7= =  cos(180°-2ii)=  -cos 2^  ; 

26c  cos  £  cos  0  ^  ' 

whence  the  required  identity  follows  at  once. 

314.  If  AiB^Ci  be  the  ex-central  triangle  of  ABC,  we  may, 
as  in  the  preceding  article,  from  any  identity  proved  for  the 
triangle  ABC  derive  another  by  means  of  the  relations 

ai=acosec— ,      6i  =  6cosec  — ,      Ci  =  c  cosec  —  ,     Rj^  =  2R, 

315.  The  following  Exercise  consists  of  miscellaneous  ques- 
tions on  the  subject  of  this  Chapter. 

EXAMPLES.    XXIV.  c. 

1.  Shew  that 

2  cot  (2a  +  ^  -  3y)  cot  (2i3  + -y  -  3a)  =  1. 

2.  Shew  that 

(1)  211  sin  (/3-l-y)  +  n  sin  2a  =  2  sin  2a  sin2  (/3-t-y); 

(2)  nsinO-i-7-a)-{-2nsina=2sin2asin(j3  +  y— a). 

3.  In  any  triangle,  prove  that 

(1)  a^  cos^  A -¥- Gos^  B= Re  cos  Csm2{B- A); 

(2)  a^  cosec^  —  —b^  cosec^  —  =  4i?c  cosec  —  sin  — - —  ; 
^  '         2         2  2     2 

(3)  S  (6  cos  J5  4  c  cos  C)  cot  ^  =  -  2i22  cos  2 A. 
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4.  If  sin  2^ = 2  sin  a  sin  -y, 

and  cos  2d  =  cos  2a  cos  2/3 = cos  2y  cos  2S, 

prove  that  one  value  of  tan  6  is  tan  /3  tan  5. 

6        (h  7 

5.  If  tan  -  tan  |- = tan  | , 

and  sec  a  cos  6  =  sec  /3  cos  <^  =  cos  y, 

prove  that  sin^  y  =  (sec  a  - 1 )  (sec  /3  - 1 ). 

cos  ^  —  cos  a      sin^  a  cos  /3 


6.    If 


cos  6  —  cos  /3     sin^  /3  cos  a ' 


prove  that  one  value  of  tan  -  is  tan  -  tan  -  . 

7.  If     sin  ^  =  cot  a  tan  y   and  tan  ^= cos  a  tan /3, 
prove  that  one  value  of  cos  6  is  cos  /3  sec  y. 

8.  If  a  and  /3  are  two  different  values  of  6  which  satisfy 

6c  cos  ^  cos  0 -f  ac  sin  ^  sin  <|) = a6, 
prove  that 

(52  +  c2_  ^2)  cos  a  cos  i3  +  (c2+«2  _  2,2)  gin  a  sin  ^=a^  +  h^  _  c2. 

9.  If  /3  and  y  are  two  different  values  of  6  which  satisfy 

sin  a  cos  6  +  cos  a  sin  ^  =  cos  a  sin  a, 

, ;   .  cos  3  cos  y     sin  /3  sin  y    , 

prove  that  ■  „ — ^  H r-^ — -  =  1 . 

^  cos^  a  sm^  a 

10.  If  /3  and  y  are  two  different  values  of  6  which  satisfy 

P  cos  a  cos  ^  +  X'  (sin  a+ sin  ^)  + 1  =  0, 

prove  that       k^  cos  /3  cos  y + ^  (sin  ^ + sin  y)  + 1  =  0. 

11.  If  j3  and  y  are  two  different  values  of  6  which  satisfy 

cos  6  cos  <f>     sin  d  sin  ^ 

9 1 — -  •  9 1-1=0, 

cos^a  sm^a 

cos  ^  cos  y     sin  /3  sin  y     _     ^ 

prove  that  ^ — ^H P-^ — ^  +  1=0. 

^  cos-^  a  sin^  a 
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MISCELLANEOUS  THEOREMS  AND   EXAMPLES. 

Inequalities.    Maxima  and  Minima. 

316.  The  methods  of  proving  trigonometrical  inequalities 
are  in  many  cases  identical  with  those  by  which  algebraical 
inequaUties  are  established. 

Example  1.    Shew  that  a^tan^^ +62  cot2^>2a&.        - 

We  have  a^  tan2  d  +  b^  cot^  ^  =  (a  tan  ^  -  &  cot  ^)2 + 2a6 ; 
.-.  a^tsin^d  +  h^cot^d>2ab, 
unless  atan^-&cot^  =  0,  or  atan^^^^. 

In  this  case  the  inequality  becomes  an  equaHty. 

This  proposition  may  be  otherwise  expressed  by  saying  that  the 
minimum  value  of  a^tan^^  +  ft^eot-^  is  2ab. 

Example  2.     Shew  that 

1  +  sin^  a  +  sin^  /3  >  sin  a  +  sin  jS  +  sin  a  sin  /3. 

Since  (1  -  sin  a)^  is  positive, 

l  +  sin2a>2sina; 
similarly  1  +  sin^/S  >  2  sin  j8, 

and  sin^  a  +  sin^  /3  >  2  sin  a  sin  /S. 

Adding  and  dividing  by  2,  we  have 

1  +  sin2  a+ sin2/3>sin  a  +  sin  j3  +  sin  a  sin  j8. 

Example  3.    When  is  12  sin  ^  -  9  sin^  d  a  maximum  ? 

The  expression=4  — (2-3sin^)2,  and  is  therefore  a  maximum 
when  2  -  3  sin  ^  =  0,  so  that  its  maximum  value  is  4. 
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317.     To  find  the  numerically  greatest  values  of 
a  cos  ^  +  b  sin  9. 

Let  a=rcosa  and  6=rsina, 

so  that  r^=a^-\-h^  and  tana  =  -: 

a 

then  «  cos  ^  +  6  sin  ^=r  (cos  6  cos  a+sin  6  sin  a) 

=  rcos{d  —  a). 

Thus  the  expression  is  numerically  greatest  when 
cos  {6-a)=  ±1; 
that  is,  the  greatest  positive  Yalue=r  =  \/a^-\-b% 


and  the  numerically  greatest  negative  value  =  —r=  —t^/a^  +  b^. 

Hence,  if  c^>a^+b% 

the  maximum  value  of  a  cos  ^  +  &  sin  ^  +  c  is  c  +  \/a^-\-b% 
and  the  minimum  value  is  c  -  ^a^  +  b'^. 

318.  The  expression  a  cos  (a+6)  +  b  cos  (/3 + 6) 

=  {a  cos  a+6  cos  /3)  cos  ^  -  (a  sin  a  +  &  sin  /3)  sin  ^ ; 

and  therefore  its  numerically  greatest  values  are  equal  to  the 
positive  and  negative  square  roots  of 

(a  cos  a  +  6  cos /3)2  +  (<x  sin  a  +  <^  sin /3)2 ; 

that  is,  are  equal  to 

+  \Ja^ +62  4-  2a&  cos  (a  -  /3). 

In  like  manner,  we  may  find  the  maximum  and  minimum 
values  of  the  sum  of  any  number  of  expressions  of  the  form 
a  cos  (a  +  ^)  or  a  sin  (a  +  ^). 

319.  If  a  and  /3  are  two  angles,  each  lying  between  0  aifid  — , 

whose  sum  is  given,  to  find  the  maximum  value  of  cos  a  cos  /3  and 
of  cos  a  +  cos  /3. 

Suppose  that  a^-^=(r', 

then  2cosacoS^  =  cos(a  +  /3)  +  cos(a-/3) 

= cos  o- + cos  (a  - /3), 
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and  is  therefore  a  maximum  when  a-/3  =  0,  ora=/3=„. 
Thus  the  maximum  value  of  cos  a  cos  /3  is  cos^  — . 

Agam,  cos  a  +  cos  j3  =  2  cos        -  cos  —~ 

„         or         a  — /3 

=  2  cos  -  COS  , 

and  is  therefore  a  maximum  when  a=/3=-x . 

Thus  the  maximum  vakie  of  cos  a  4-  cos  /3  is  2  cos  ^  . 

Similar  theorems  hold  in  case  of  the  sine. 

Example  1.  li  A,  B,  G  are  the  angles  of  a  triangle,  find  the 
maximum  value  of 

sin  A  +  ainB  +  sin  G  and  of  sin  A  sin  B  sin  G. 
Let  us  suppose  that  G  remains  constant,  while  A  and  B  vary. 

A +B       A—B 
sin4  +  sinB  +  sinC=2sin  — ^r — cos — ^— +  sin(7 

a  A 

G        A-B      .    ^ 
=  2  cos  — cos — - — t-smC. 
A  A 

This  expression  is  a  maximum  when  A—B, 

Hence,  so  long  as  any  two  of  the  angles  A,  B,  G  are  unequal,  the 
expression  sin -4  +  sin  £  +  sin  C  is  not  a  maximum;  that  is,  the 
expression  is  a  maximum  when  A  =  B  =  0=  60°. 

3/3 
Thus  the  maximum  value =3  sin  60°= -^  . 

A 

Again, 

2  sin  A  sin  B  sin  G=  {cos  (A-B)-  cos  (A+B)}  sin  G 

=  {cos  {A-B)  +  cos  C}  sin  G. 

This  expression  is  a  maximum  when  A=B. 

Hence,  by  reasoning  as  before,  sin  A  sin  B  sin  C  has  its  maximum 
value  when  A=B=G=60°. 

3*73 
Thus  the  maximum  value=sin3  60°=— ^. 

o 
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Example  2.    If  a  and  /3  are  two  angles,  each  lying  between  0  and 
— ,  whose  sum  is  constant,  find  the  minimum  value  of  sec  a  +  sec  j3. 

„,    ,  ^11         cos  a  +  cos  S 

We  have    sec  a  +  sec  fi= 1 = 3- 

•^     cos  a      cos/3       cos  a  cos  ^ 

4  cos  —rr^  cos  — -^        2  cos  --r-i-  cos  —~ 


cos(a  +  /3)  +  cos(a-/3)  0^-/3       .  „a  +  j3 

a+-^   / 1 1 N 

~^^^     2      I         a-B       .    a  +  jS"^         a-iS       .    a  +  ^S 
ycos  ^  +  sm  -^      cos-^  -  sm  ^^ 


nators  are  greatest;  that  is,  when  a=§=—^ 


Since  a  +  j8  is  constant,  this  expression  is  least  when  the  denomi- 

Thus  the  minimum  value  is  2  sec  -—. 

320.     If  a,  ^,  y,  d, are  n  angles^  each  lying  hetwe&n  0  and 

-  ,  whose  sum  is  constant,  to  find  the  maxwnum  value  of 

cos  a  cos  /3  cos  y  COS  S 

Let  a+/3  +  7  +  5  + =  0-. 

Suppose  that  any  two  of  the  angles,  say  a  and  /3,  are  unequal ; 
then  if  in  the  given  product  we  replace  the  two  unequal  factors 

cos  a  and  cosjS  by  the  two  equal  factors  cos         -  and  cos — ^— , 

the  value  of  the  product  is  increased  while  the  sum  of  the  angles 
remains  unaltered.  Hence  so  long  as  any  two  of  the  angles 
a,  /3,  7,  S,  ...  are  unequal  the  product  is  not  a  maximum;  that 
is,  the  product  is  a  maximum  when  all  the  angles  are  equal.     In 

this  case  each  angle=-  . 
°       n 

Thus  the  maximum  value  is  cos"  - .  ^        ■ 

n 

In  Hke  manner  we  may  shew  that 

the  maximum  value  of  cos  a + cos  B  +  cos  7  + =  w  cos  -  . 

'  n 
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321.  The  methods  of  solution  used  in  the  following  examples 
are  worthy  of  notice. 

Example  1.     Shew  that  tan  3a  cot  a  cannot  lie  between  3  and  - . 

o 

_T    -1  J      «        ,        tan  3a       3  —  tan^  a 

We  have     tan3acota  =  -T =  - — -ttt — s— =  wsay; 

tan  a      1-3  tan-^  a 

,     ^        n-3       3-w 

.-.  tan2a  =  ^ z- =  - — ^. 

3n-l      l-3n 

These  two  fractional  values  of  tan^  a  must  be  positive,  and  there- 
fore n  must  be  greater  than  3  or  less  than  ^  . 

Example  2.  If  a  and  b  are  positive  quantities,  of  which  a  is  the 
greater,  find  the  minimum  value  of  a  sec  6  -b  tan  6. 

Denote  the  expression  by  x,  and  put  tan  6  =  t', 
then  x  =  a  Jl  +  t^~bt; 

.-.  bH^  +  2bxt  +  x^  =  a^{l  +  t^); 
:.  t2(&3_^2)  +  26a;«  +  a;2-a2  =  0. 
In  order  that  the  values  of  t  found  from  this  equation  may  be  real, 

.-.  0>a2(a2_62_^^2). 
.*.  a;2>a2-  b^. 
Thus  the  minimum  value  is  ^Ja^  -  62. 

Example  3.  li  a,  b,  c,  k  are  constant  quantities  and  a,  /3,  7 
variable  quantities  subject  to  the  relation  a  tan  a  +  6  tan  /S  +  c  tan  7=  fc, 
find  the  minimum  value  of  tan2  a + tan2  p + tan2  7. 

By  multiplying  out  and  re-arranging  the  terms,  we  have 
(a2 + 62  +  c2^  ^tan2  a  +  tan2  j3  +  tan2  7)  -  (a  tan  a  +  6  tan  /3 + 0  tan  7)2 
=  (6  tan  7  -  c  tan  /3)2  +  (c  tan  a  -  a.  tan  7)2+  (a  tan  jS  -  6  tan  a)2. 

But  the  minimum  value  of  the  right  side  of  this  equation  is  zero; 
hence  the  minimum  value  of 

(a2  +  62  +  c2)  (tan2  a  +  tan2 /3 + tan2  7)  - /c2 = 0 ; 
that  is,  the  minimum  value  of 

tan2a  +  tan2/3  +  tan2  7=  — — — — ^. 
a^  +  b^-\-c^ 
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When  6  is  variable  find  the  minimum  value  of  the  following 
expressions  : 

I.  jocot^  +  2'tan^.  2.    4sin2^+cosec2^. 
3.    8sec2^+18cos2(9.                4.     S-Scos^+cos^^ 

Prove  the  following  inequalities : 

5.  tan2a+tan2/3  +  tan2'y>tan/3tany 

+  tan  y  tan  a  +  tan  a  tan  j3. 

6.  sin2a  +  sin2/3>2(sina  +  sin/3-l). 

When  B  is  variable,  find  the  maximum  value  of 

7.  sin^+cos^.  8.     cos^+v'Ssin  <9. 

9.     acos(a  +  ^)  +  6sin^.  10.    p  cos  ^  +  g' sin  (a  +  ^). 

If  (r=a  +  /3,  where  a  and  /3  are  two  angles  each  lying  between 
0  and  ^ ,  and  a  is  constant,  find  the  maximum  or  minimum 
value  of 

II.  sin  a  +  sin /3.  12.     sin  a  sin /3. 

13.     tan  a + tan /3.  14.     coseca+cosec/3. 

li  A,  B^  C  are  the  angles  of  a  triangle,  find  the  maximum 
or  ^nimum  value  of 

15.     cos  A  cos  B  cos  C.  16.    cot  A  -f  cot  B  +  cot  C. 

ABC 
17.    sin^  — +  sin''*  — +  sin2  — .     18.     sec  ^1+ sec  5+ sec  (7. 
A  Jt  Ji 

19.  tan2^  +  tan2|+tan2|.   rf7-5e2tan|tan^=1.1 

20.  cot2^+cot2  5  +  cot2a     {Use '%  cot  B 0010=1.] 

21.  If  62<4ac,  find  the  maximum  and  minimum  values  of 

a  sin2  ^  +  6  sin  ^  cos  6-\-c  cos2  6. 
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22.  If  a,  /3j  y  lie  between  0  and  - ,  shew  that 

sin  a  +  sin  ^  +  sin  •y>sin  (a  + /S + 7). 

23.  Vl  a  and  6  are  two  positive  quantities  of  which  a  is  the 
greater,  shew  that  a  cosec  ^>6  cot  ^  +  sj o?  -  W. 

24.  Shew  that  — 5- r — : — -^  hes  between  3  and  - . 

sec2^  +  tan^  3 

oc      T7-   J  4-1,  •  1        »tan2^-cot2^  +  l 

25.  1  md  the  maximum  value  of  7 — n-^- — 70-7 — :r . 

tan  0  "T  cot^  a  —  i 

26.  If  a,  6,  c,  h  are  constant  positive  quantities,  and  a,  /3,  y 
variable  quantities  subject  to  the  relation 

a  cos  a  + 6  cos  /3+ccosy  =  ^, 

find  the  minimum  value  of 

cos^a+cos^/S+cos^y  and  of  a  cos^  a  +  5  cos^ /3  +  c  cos^  y. 

Elimination. 

322.  No  general  rules  can  be  given  for  the  elimination  of 
some  assigned  quantity  or  quantities  from  two  or  more  trigono- 
metrical equations.  The  form  of  the  equations  will  often  suggest 
special  methods,  and  in  addition  to  the  usual  algebraical  artifices 
we  shall  always  have  at  our  disposal  the  identical  relations  sub- 
sisting between  the  trigonometrical  fimctions.  Thus  suppose  it 
is  required  to  eUminate  6  from  the  equations 

a?cos^=a,    ^  cot  6=h. 

Here  sec^=-,  and  tan^=v; 

a  0 

but  for  all  values  of  ^,  we  have 

sec2^-tan2^=l. 

.•.by  substitution, 

'^^~¥ 

From  this  example  we  see  that  since  6  satisfies  two  equations 
(either  of  which  is  sufficient  to  determine  6)  there  is  a  relation, 
independent  of  6j  which  subsists  between  the  coefficients  and 
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constants  of  the  equations.  To  determine  this  relation  we 
eliminate  d,  and  the  result  is  called  the  eliminant  of  the  given 
equations. 

323.  The  following  examples  will  illustrate  some  useful 
methods  of  elimination. 

Example  1.     Eliminate  6  between  the  equations 

Zoos ^  +  w  sin ^  +  w=0  and  ^cos  d  +  qQm.d  +  r=0. 
From  the  given  equations,  we  have  by  cross  multiplication 
cos  ^   _    sin  ^  _       1 
mr-  nq  ~  up  -  Ir  ~  Iq-  mp  ' 

„     mr-nq        .    .    ^     np-lr 

.:  cos  6  = ,  and  sm  6=  ^ : 

Iq  -  mp  Iq  -  mp 

whence  by  squaring,  adding,  and  clearing  of  fractions,  we  obtain 
{mr  —nqf  +  {np  -  lr)-=  {Iq  -  mp)^. 

The  particular  instance  in  which  q  =  I  and  p=  -m  is  of  frequent 
occurrence  in  Analytical  Geometry.  In  this  case  the  eliminant  may 
be  written  down  at  once ;  for  we  have 

I  cos  6  +  m  sind=  -n, 

and  lsia6-m  cos  d=  -r; 

whence  by  squaring  and  adding,  we  obtain 

P  +  m^  =  n^+r''^. 

Example  2.     Eliminate  6  between  the  equations 

<^         by        o       -.  , .      ^ 

-.  — ^^=c2  and  lta,nd=:m. 

cos  d     sm  0 

From  the  second  equation,  we  have 

sin  ^  _  cos  ^  _  ^ysm^T+cos^ _       1        . 


m 


,*.  smg=-  . ,  and  cos^= 


Jm^  +  l^  s/m^  +  P 

By  substituting  in  the  first  equation,  we  obtain 
ax     by  _       c2 
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Example  3.     Eliminate  6  between  the  equations 
a;  =  cot^  +  tan^  and  7/ =  sec  ^  -  cos  0. 

From  the  given  equations,  we  have 


and 


U/  • 

tan^ 

tan  (9 

sec2^ 

tan^' 

y 

=  sec  ^- 

1 

sec-  6  - 

1 

sec  6 

seed 

tan2^ 

sec<? 


From  these  values  of  x  and  y  we  obtain 

x^y  =  se(^d   and   xy'^  =  tan^d. 

.    But  sec2^-tan2^  =  l; 

.-.  {a;2r/)§-(a;i/2)§  =  l; 
that  is,  x^y^-x^y^  =  l. 

Example  4.    Eliminate  d  from  the  equations 

-= cos  ^  + cos  2^  and  f  =  sin  ^  +  sin  2^. 
a  0 

From  the  given  equations,  we  have 

X    ^       3d       0 

-=2COS-7r-COSK. 

a  2        2 

and  ^=;2sm  — COS-; 

whence  by  squaring  and  adding,  we  obtain 

x'^     v'^  6 

-,  +  ^=4  cos'' 2- 


But  -=2cosk  (  4cos3^-3cos 

a  2 


f  4  cos^  -  -  3  cos  _  j 
=:2cos2|/'4cos2|-3V 


H.  K.  E.  T. 


21 
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324.     The  following  examples  are  instances  of  the  elimination 
of  two  quantities. 

Exainple  1.    Eliminate  6  and  cp  from  the  equations 
a  sin^  6 +  b  005^6  =  111,     hsin^  (p  +  acos^(p  =  n,     a  tan  ^  =  i  tan  0. 

From  the  first  equation,  we  have 

a  sin^  d  +  h  cos^  d  =  m  (sin^  6  +  cos^  6) ; 
.-.  (a  -  m)  sin2  e=[m-'b)  cos^  6  ; 

a-m 

From  the  second  equation,  we  have 

h  sin-  0  +  a  cos^  0  =  7i  (sin^  0  +  cos^  0) ; 

.*.  tan2  0=5 —  . 

0-71 

From  the  third  equation, 

a^  tan^  ^  =  &2  t^n^  0  ; 

a"^  [m-h)  _  b'^  {7i  -  a)  _ 

a-m/  b  -n    ^ 

.'.  a^  {bm  -b^-  mn  +  bn)  =  b^  (an  -a^-  mn  +  a7n) ; 
.*.  mab  {a-b)+  nab  {a-b)  =  mn  [a^  -  b^) ; 
.'.  mab  +  nab  =  vin{a  +  b); 

1111 

.-.-  +  -  =  -  +  -. 
»     ?7i     a     0 

Example  2.     Eliminate  ^  and  0  from  the  equations 

^   •    <9    .    0     , 
a;  cos  d  +  ysin  6:=x  cos  <f)  +  y  sin  (p  =  2a,     2sm-sm^  =  l. 

From  the  data,  we  see  that  6  and  0  are  the  roots  of  the  equation 
X  cos  a  +  y  sin  a=  2a  ; 
.'.  (a;  cos  a  -  2a)^=y^  sin^  a^y^  (1  -  cos^  a) ; 
.•.  [x'^  +  y^)  cos^  a  -  iax  cos  a  +  4a2  -  ?/2= 0, 
which  is  a  quadratic  in  cos  a  with  roots  cos  6  and  cos  0. 

But  1=4  sin2 1 8in2  ^  =  (1  -  cos  ^)  (1  -  cos  0) ; 
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whence  cos^  +  cos  0=cos^cos  0; 

4:ax    _  4a2  -  y-  ^ 
"  x^  +  y-^~  x^  +  y'^  ' 

.-.  y^  =  4:a  (a-x). 

325.  The  method  exhibited  in  the  following  example  is  one 
frequently  used  in  Analytical  Geometry. 

Example.  If  a,  h,  c  are  unequal,  find  the  relations  that  hold 
between  the  coefficients,  when 

a  cos  d  +  b  sin  6  =  c, 
and  acos^^  +  2acos  ^  sin  ^  +  &  sin2^=c. 

The  required  relation  will  be  obtained  by  eliminating  6  from  the 
given  equations.  This  is  most  conveniently  done  by  making  each 
equation  homogeneous  in  sin  6  and  cos  6. 

From  the  first  equation,  we  have 

a  cos  ^  +  6  sin  ^= c  ^/cos^  d  +  sin^  d  ; 
whence,  by  squaring  and  transposing, 

(a2-c2)cos2^  +  2a&cos^sin^  +  (62_c2)sin2^  =  0 (1). 

From  the  second  equation,  we  have 

a  cos^  d  +  2a  cos  ^  sin  ^  +  &  sin^  d  =  c  (cos^  6  +  sin^  d) ; 
.-.  (a-c)cos2^  +  2acos^sin^  +  (6-c)sin2^=0   (2). 

From  (1)  and  (2)  we  have  by  cross-multiplication, 
cos^  0  cos  6  sin  6 


2ab  (6  -  c)  -  2a  (b^  -  c^)      {b^  -  c^)  (a-c)-  {a^  -  c^)  {b  -  c) 

sin^  d 
~  2a  (a2  -  c2)  -  2ab  (a-c)' 

eos^  0  cos  0  sin  0  sin^  0 


or 


~2ac{b-c)      {b-c){a-c){b-a)      2a{a-c){a  +  c-b)' 
.'.  -  4a2c  {b-c){a-c){a  +  c-b)  =  {b-  c)^  {a  -  cf  (b  -  a)K 

By  supposition,  the  quantities  a,  b,  c  are  unequal ;  hence  dividing 
by  (6  -c){a-  c),  we  obtain 

4a2c{a  +  c-6)  +  (&-c)(a-c)(a-6)2  =  0. 

21—2 
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EXAMPLES.    XXV.  b. 

Eliminate  6  between  the  equations : 

1.  -cos^+f  sin^=l,      -sin^-f  cos^=l. 
a  0  a  0 

2.  a  sec  <9-^  tan  ^=3/,      h^QQ.6+yid.n6=x. 

3.  cos^+sin^=a,      cos  2^=6, 

4.  A^=sin^  +  cos^,      3/  =  tan^  +  cot<9. 

5.  a==cot  ^  +  cos^,      6  =  cot^-cos^. 

Find  the  eliminant  in  each  of  the  following  cases  : 

6.  ^=cot^  +  tan^,     y  :=  cosec  ^  -  sin  ^. 

7.  cosec  6  —  sin  6 = #,      sec  6  —  cos  6  =  b^. 

8.  4,27 = 3a  cos  6+a  cos  3d,      Ay  =  3a  sin  6 -a  sin  3^. 

9.  ^  =  tan2^(atan  ^-j*7),      y  =  sec^  6  {y-aaecd). 

10.  ,iP=acos(9(2cos2^-l),      ?/  =  &sin  ^  (4cos2^-l). 

11.  If  cos(^-a)  =  a,  and  sin  ((9-^)  =  6, 

shew  that     a^  —  2ab  sin  {a-^)  +  b^  =  cos^  (a  -  /3). 
Find  the  relation  that  must  hold  between  a;  and  y  if 

12.  .r+y=3-cos4^,     ,a7-y  =  4sin2^. 

13.  £c = sin  ^ + cos  ^  sin  2B,      y  =  cos  ^+ sin  ^  sin  2^. 

14.  If  sin  ^  + cos  ^= a,  and  sin  2^  +  cos  2^  =  ?>, 
shew  that  {a^-b-  Vf=a^  (2 - a\ 

15.  If  cos  6  -  sin  B  =  b,  and  cos  3^  +  sin  3^ = of, 
shew  that  a =36 -263. 

16.  Eliminate  B  from  the  equations : 

a  cos  ^  -  6  sin  ^ = c,      2a6  cos  2(9  +  (a^  -  6^)  sin  2^ = 2c2. 

17.  If  ,2;= a  cos  ^  +  6  cos  2^,  and  y  =  asin^+6sin2^, 
shew  that        a^ {{x^bf-\-y^\  =  {x^^y'^-b'^f. 
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--      -r„tan((9  +  a)      a+b         ,  -.     .  r        oa 

18.  it ,  =  — ,- ,  and  a  cos  2a -^-o  cob  26 =c, 

tan(^-a)      a -6'  ' 

shew  that  a^  +  c^—  2ao  cos  2a  =  6^. 

19.  If  a;=a  (sin  3^  —  sin  0),  and  y  =  a  (cos  ^  -  cos  3^), 
shew  that         {x^+y^)  {2a^  —  x^-  y^f  =  4(2%^. 

Eliminate  6  from  the  equations : 

20.  ^'cos^— y  sin^=acos  2^,      .r  sin  ^  4- 3/ cos  ^  =  2a  sin  2^. 

«^  .    >,  yi      /-o 5     cos2(9  .  sin2^         1 

21.  ^sm^-vcos^=V^^+y^    — —  +    ,0    =    g  .    » ■ 

^cos^     ysin^     ^  .     .  .       /  .,   .   „  - — ^ 5-7, 

22. V—i —  =  1,     ^sm^-'ycos^=V«^sm2^  +  62cos2^. 

a  0 

23.  If  cos  (a  -Z6)  =  m  cos^  ^,  and  sin  (a  -  3^)  =  m  sin^  6, 
shew  that  m^  4-  m  cos  a = 2. 

Ehminate  6  and  0  from  the  equations : 

24.  tan^+tan0  =  ^,     cot  (9  + cot  0=3/,     6  +  (f)  =  a. 

25.  sin  ^+ sin  ^  =  a,     cos  ^  + cos  0  =  5,     ^  — 0  =  a. 

26.  asin^  ^-)-6  cos^  ^=<xcos2  0  +  5sin2<jf)  =  l,     atan  ^  =  6tan(/). 

27.  If -cos^+f  sin^=-cos(f)+f  sin<i)  =  l,  and  d-(b=a, 

a  0  ah  -r      > 


shew  that  -5  +  ttj  =  sec^  ^ , 

a-^      0^  2 


x^     y^  „ a 


28.  If  tan  ^+ tan  0  =  a,     cot  ^  +  cot  (^  =  6,     6  —  (^  —  a^ 
shew  that  a6  (a6  —  4)  =  (a  +  6)^  tan^  a. 

Eliminate  6  and  (jf)  between  the  equations : 

29.  « cos2  B-\-h  sin^ ^ = m  cos^ 0,     a sin^  ^ + 6  cos^  ^ = % sin^ 0, 

m  tan^  ^  —  ?z.  tan^  <^ = 0. 

30.  A'cos^+ysin^  =  2a-v^3,     ^cos(^  +  0)+3/sin(^+0)  =  4a, 

X  cos  (^  —  0)  +y  sin  {B-(j))  =  2a. 

31.  csin^=asin(^+0),     (X  sin  (/>  =  6  sin  ^,     cos  ^  —  cos  0  =  2m. 
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Application  of  Trigonometry  to  the  Theory  of 
Equations. 

326.  In  the  Theory  of  Equations  it  is  shewn  that  the  solu- 
tion of  any  cubic  equation  may  be  made  to  depend  on  the  solution 
of  a  cubic  equation  of  the  form  ^■\-ax-\-h  =  h.  In  certain  cases 
the  solution  is  very  conveniently  obtained  by  Trigonometry. 

327.  Consider  the  equation 

cfi  —  q^x  —  r=^^ (1), 

in  which  each  of  the  letters  c[  and  r  represents  a  positive  quantity. 

From  the  identity  cos  3^=4  cos^  ^  -  3  cos  ^, 

o .,     3        ,     cos  Z6    ^ 

we  have  cos^^  — -cos^ ;; — =0  (2). 

4  4  ^  ' 

Let  x=y  cos  ^,  where  y  is  a  positive  quantity;  then  from  (1), 

cos3(9--^cos^-^=0 (3). 

If  the  equations  (2)  and  (3)  are  identical,  we  have    2  ~  I  ?  ^^  ^^^* 

y 


y=  + 


^  /  -^ ,  since  y  is  positive ;  and 


cos  3^  _  r  _      /27r2  ^ 
4      ~2^3-\/64^3  5 

/27r2 
whence  cos  3^  =  W  XT  • 

Hence  the  values  of  6  are  real  if  '^^r^<^(f  ; 

that  is,  if  ©'<(!)'• 

/27r2 
Let  a  be  the  smallest  angle  whose  cosine  is  equal  to  W  -j-3- ; 

then  cos  3^  =  cos  a ;  whence  3^ = 2?^7^  ±  a. 

Thus  the  values  of  cos  6  are 

a  27r+a  %r  —  a      ^-c*       *    ,    <n/>/«  n 

cos  - ,     cos  ,     cos  -^r —  ,    [See  Art.  264.J 
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But  ^=y  COS  6=  f.       -^  COS 


3 
and  therefore  the  roots  oi  x^  —qx  —  r—0  are 


Stt  —  a 

-COS-—, 


328.     Following  the  method  explained  in  the  preceding  article, 
we  may  use  the  identity 

.   „  ,     3    .     .     sin  3^     _ 
sm^^--  sm  6-{ : —  =0 

4  4 

to  obtain  the  solution  of  the  equation 

x^—qx-\-r  =  0, 
each  of  the  quantities  represented  by  q  and  r  being  positive. 

Example.     Solve  the  equation  x^  -  12x  +  8  =  0. 

fTT   1  •  o  ^     3   .     „     sin  3^     . 

We  have  sin3^--7Sin^H -. — =0. 

4  4 

In  the  given  equation  put  x=y  sin  6,  where  y  is  positive ;  then 

12  8 

sin3^-  — sin  ^  +  —  =  0. 

y.  yi 

3      12 

•*•  i  =  "p'  whence  y  =  4; 

^  sin  3^       8       1       ,  •    Q.     1 

and  — i —  =  --  =  -;  whence  sin  3^  =  - . 

4         2/       S  2 

Suppose  that  d  is  estimated  in  sexagesimal  measure ;  then 
36'  =  7i.l80°  +  (-l)"30°. 

By  ascribing  to  n  the  values  0,  1,  2,  3,  4  we  obtain 

^  =  10°,     ^  =  50°,     d  =  nQ°,     6  =  110°,     ^  =  250°; 

and  by  further  ascribing  to  n  the  values  5,  6,  7, ...  it  will  easily  be  seen 
that  the  values  of  sin  d  are  equal  to  some  one  of  the  three  quantities 

sin  10°,     sin  50°,     -  sin  70°. 

But  x=y  sin  ^=4  sin  ^,  and  therefore  the  roots  are 
4  sin  10°,     4  sin  50°,     -4  sin  70°, 
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Application  of  the  Theory  of  Equations  to 
Trigonometry. 

329.    In  the  Theory  of  Equations  it  is  shewn  that  the  equation 
whose  roots  are  a^,  «2,  Og,  ,  a^is, 

{x -  a-^  {x  —  a,^  {x  —  a^ (.r-a„)=0, 

or       .^" -  >S'i.r"-i  +  >S'2:r«-2  - /S'g.r"-^  + +  (  -  1)">S'„= 0, 

where  S-^  =  sum  of  the  roots ; 

>S'2  =  sum  of  the  products  of  the  roots  taken  two  at  a  time ; 

>S'3  =  sum  of  the  products  of  the  roots  taken  three  at  a 
time; 

>S'„= product  of  the  roots. 
[See  Hall  and  Knight's  Higher  Algebra,  Art.  538  and  Art.  539.] 

Example  1.     If  a,  ^,  y  are  the  values  of  6  which  satisfy  the 
equation 

at&n^e  +  {2a-x)t&ne  +  rj  =  0  (1), 

shew  that  (i)  if  tan  a  +  tan  /3=  7t,  then  ah^  +  {2a  -x)h  =  y; 

(ii)  if     tan  a  tan  ^  =  A-,  then  y^  +  (2a  -  x)  ak^  =  a^k^. 

(i)  From  the  theory  of  equations,  we  have  from  (1), 
tan  a  +  tan /3  + tan  7=:0 ; 
.•.  7?+tan7  =  0,  or  tan7=-/t. 

But  atan37  +  (2a-.'c)  tan7  +  2/=:0; 

.-.  aW-\r{2a-x)  h-y  =  0. 

(ii)  From  the  theory  of  equations,  we  have  from  (1), 

V 
tan  a  tan /Stan  7=  --; 
•^  a 

.'.  fctan7= --,  or  tan7= --^. 
'a  ak 

Substituting  in  a  tan^  7  +  (2a  -  x)  tan  7  +  ?/  =  0,  we  have 
.-.  2/2  +  (2a  -  x)  ak^  -  a^k^=0. 
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Example  2.     Shew  that 

./27r       \  ,/27r       \      3 

eos2  a  +  cos^  l  "o"  +  "  )  +  ^^^  I  T  ~  "^  )  ~  •? ' 

Suppose  that  cos3^=/!;j 

then  4cos3^-3cos^  =  cos30=fc; 

3  k 

.'.  COS^  ^  -  -  COS  ^  -  -  =  0. 

4  4 

The  roots  of  this  cubic  in  cos  6  are 

/27r       \         ,         /27r       \ 
cos  a,  cos  I  "v  +  a  )  »  aiid  cos  I  —  -a  \ , 

where  a  is  any  angle  which  satisfies  the  equation  cos3a  =  fc.    For 
shortness,  denote  the  roots  by  a,  b,  c;  then 

a^  +  h~  +  c'^  =  {a  +  b  +  c)^-2{bc  +  ca  +  ah) 
.•.  cos^ 


«  +  cos2^^  +  a)+cos2(^^-a^=|. 


330.     If  56  =  2n7r,  where  n  is  any  integer,  we  have 
3d=2mr-2d', 
.-.  sin 3^= -sin 2(9. 
The  values  of  sin  d  found  from  this  equation  are 

^      .    Stt       .    47r       .    Qtt       .    Stt 
0,  sin  — ,  sm  — ,  sin  —  ,  sm  —  , 

0  0  0  0 

being  obtained  by  giving  to  n  the  values  0,  1,  2,  3,  4.  It  will 
easily  be  seen  that  no  new  values  of  sin  6  are  obtained  by 
ascribing  to  n  the  values  5,  6,  7, 


-—=  —  sm  — -  =  —  sm  - 
5  5  5 


But  sin  -^=  —  sin  -^  =  —  sin  - , 


,  .    Stt  .    27r 

and  sm  —  =  —  sm  —  ; 

5  D 

hence  rejecting  the  zero  solution,  the  values  of  sin  B  found  from 
the  equation  sin  3^=  —  sin  2^  are 

+  sm  - ,  and   +  sin  -;r  . 
~        5  ~         o 
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If  we  put  sin  6= a;,  the  equation  sin  3^=  -  sin  2^  becomes 
3x  —  427^  =  —  '2aj  a/I  —  •^^• 
Dividing  by  x,  and  thus  removing  the  solution  ^=0,  we  have 

or  16^-20^24.5  =  0. 

This  is  a  quadratic  in  x'^,  and  as  we  have  just  seen  the  values 

of  ^2  are 

77        J     .    „  27r 
sm-^  -  and  siU'*  -  . 
5  5 

From  the  theory  of  quadratic  equations,  we  have 
.   „7r       .   oStt      20      5 

.   „7r    .   „27r       5 
sm2-sm2-  =  -. 

Example.     Shew  that 

.    2ir       .    47r       .    Stt      1    -_ 
sm  _  +  sm-y  +  sm  y  =  --  ^7, 

If  16=2mr,  where  n  is  any  integer,  we  have 
sin  4^= -sin  3^. 

The  values  of  sin  6  found  from  this  equation  are 

.    27r  .    47r       .     .     Stt 

0,    ±sm— -,    ±siny,    ±smy, 

.    Gtt  .    Sir 

since  sm  -=-  =  -  sm  y- . 

If  sin  d  =  x,  the  equation  sin  4:6=  -  sin  Bd  becomes 
Ax  (1  -  2x^)  jr^=  4a;3  -  3a; ; 
whence  rejecting  the  solution  a;  =  0,  we  obtain 

16  (1  -  4:x^  +  4:x^)  (1  -  a;2)  =  Ux^  -  24:X^  +  9, 
or  64x6- 112a;H56a;2- 7  =  0  (1). 

The  values  of  x^  found  from  this  equation  are 

.   „27r        .  „47r        .  ^Stt 
sm2y,    sm2y,    sm-y; 
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,  .   ,27r        .   „47r        .  „87r      112      7 

hence  sm^  —  +  sm^  —  +  sm^  —  =  -— -  =  - . 

Ill  Uu:  rx. 

T,  ^  .    27r    .     47r       .    27r    .    Stt       .    ^tt    .    Stt 

But  sm  -7=-  sm  —  +  sin—  sin  — +  sm  —  sm  — 


1    if       2x  GttN       /       Gtt  IOttX       /       47r 


127r 

COS  — 


=  0. 


.    27r  ,    .    47r  ,    .    SttV       •   o27r  ,    .   ,47r       .   „87r      7 
siny  +  smy+smyj  =sm2— +  sin2— +  s:u2— =  -; 


.     27r       .    47r       .    Stt      1    ,„ 
.-.  smy  +  siny  +  smy  =-V7. 

331.     If  ^d  =  27i7r,  where  n  is  any  integer,  we  have 

4<9=2»7r-3^; 
.'.  cos  4^= cos  3^. 

By  giving  to  n  the  values  0,  1,2,  3,  the  values  of  cos  B  obtained 
from  this  equation  are 

_  27r  4:77  Gtt 

1,    cos  -=-  ,   cos  --- ,   cos  — -  . 

'  7  '  7  '  7 

It  will  easily  be  seen  that  no  new  values  of  cos  6  are  found  by 
ascribing  to  n  the  values  4,  5,  6,  7, ;  for 


Stt  Gtt  IOtt  47r 

-=-  =  cos  -Tz- ,    cos  — — =  cos  — - . 

7  7  7  7  ' 


Now  cos4^=8cos*^-8cos2^  +  l, 

and  therefore  if  ;r  =  cos  6,  the  equation  cos  46  =  cos  ZO  becomes 

8^4  _  8^2  _{.  1  =  4:^3 -3^, 

or  8x^-4a!^-8x^+3x  +  l=0. 

Eemoving  the   factor  x-1,  which  corresponds  to  the  root 
cos  6=1,  we  obtain 

8^3+4^^-4^^-1=0, 

the  roots  of  which  equation  are 

277  47r  Gtt 

cos  —  ,  cos  -;=-  ,  cos  -^ . 
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Example  1.     Find  the  values  of 

tan^  -  +  tan^  —  +  tan^  —  and  tan  -  tan  —  tan  -^ . 

If  ld=mr,  where  n  is  any  integer,  we  have 
tan  4^= -tan  3^. 

By  writing  tan  d  =  t,  this  equation  becomes 
4f-4f3   _      U-t^ 
l_6f2  +  ^-     l-3f2' 

or  f6_  21^4  +  35^2  _  7  =  0. 

The  roots  of  this  cubic  in  t^  are 

tan^^,     tan^y,     tan^^. 
.-.  tan2  ^  +  tan2  ^  +  tan^  ^ = 21, 

and  tan  -  tan  —  tan  -   =  sjl, 

the  positive  value  of  the  square  root  being  taken,  since  each  of  the 
factors  on  the  left  is  positive. 

Example  2.     Shew  that 

.  TT  .  27r  .  Stt     13 

cos4  -  +  cos4  —  +  cos4  y  =  jg ; 

-•  1  1*  .  27r  .  OTT         .  ^  _ 

and  sec^  -  +  sec*  —  +  sec*  —  =  416. 

Let  y  denote  any  one  of  the  quantities 

„7r  „27r  „  37r 

C0S2-,     COS2y,     C0S2y; 

then  1'y  =  l  +  x,  where  x  denotes  one  of  the  quantities 

27r  47r  Gtt 

cos  -=-  ,      cos  -=-  ,      COS  -^  . 

7  7  7 

From  Art.  381,  the  equation  whose  roots  are 

1ir  4:17  GtT 

COS  — - ,    COS  -=- ,     cos  -=- 

7  7  7 

is  8ic3+4a;2-4a;-l  =  0: 
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whence  by  substituting  x  =  2y-l,  it  follows  that 

C0S2-,     C0S2y,     C0S2y 

are  the  roots  of  the  equation 

8  (27/-l)3  +  4(22/- 1)2-4  (2^-1)- 1=0, 

or  64?/3  -  802/2  +  24'j/  -1  =  0. 

^TT  ,27r  ^Stt      80     5 

•••  cos-'-  +  cos-'-  +  cos--=g^  =  -; 

and  ^cos2-cos2y  =  — =  -. 

By  squaring  the  first  of  these  equations  and  subtracting  twice  the 
second  equation,  we  have 

.IT  .lir  .  Stt      13 

cos*  „  +  cos*  y  +  cos*  y-  =  JQ  • 

By  putting  2  =  -  ,  we  see  that 

.,  TT  ^  27r  „  37r 

sec-^,    sec-y,    sec^  y 

are  the  roots  of  the  equation 

23  _242H  80^-64  =  0; 

.-.  sec*  ^  +  sec*  y  +  sec*  y  =  (24)2  -  (2  x  80) = 416. 

332.     To  find  cos  bO  and  sin  5^,  we  may  proceed  as  follows : 
cos  5^+ cos  ^  =  2  cos  3^  cos  2^ 

=  (4  cos'^  (9  -  3  cos  6)  (4  cos^  ^  -  2)  > 
.-.   cos5(9=16cos5^-20cos3^+5cos^. 

sin  5^ + sin  ^ = 2  sin  3^  cos  2^ 

=  (3  sin  ^  -  4  sin^  <9)  (2  -  4  sin'^  &) ; 
.'.  sin  5^=16  sin^  ^  -  20  sin^  ^+5  sin  6. 

It  is  easy  to  prove  that 

cos6^=32cos6^-48cos*^+18cos2  8-1, 
and  sin  QB  =  cos  6  (32  sin^  ^  -  32  sin^  ^  +  6  sin  6). 
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EXAMPLES.    XXV.  c. 

Solve  the  following  equations  : 

1.    ^-3^^-1=0.  2.  ^^3_3_;j;^i=o. 

3.     ^-3^'-V3  =  0.  4.  8^-6^-+v/2=0. 

5.     8a^x^-eax  +  2ain3A  =  0.      6.  ^-3a%- 2^3  cos  3^=0. 

7.  If  sin  a  and  sin  /3  are  the  roots  of  the  equation 

asin^^-f  6sui^  +  c  =  0, 
shew  that  (1)  if  sin  a  +  2sin/3  =  l,  then  a^-\-2b^+dab-\-ac=0j 
(2)  if  csina=asin/35  then  a  +  c=+6. 

8.  If  tan  a  and  tan  /3  are  the  roots  of  the  equation 

a  tan^  d  —  b  tan  d  +  c  =  0,  and  if  a  tan  a  +  b  tan  /3  =  2&, 
shew  that  62  (2a  -  5) +  c  (a -6)2=0. 

9.  If  tan  a,  tan  /S,  tan  y  are  the  roots  of  the  equation 

atan^  ^  +  (2a  — ^^)tan^+3/=0, 
and  if  a  (tan^  a  ^tan^  /3)  =  2^  —  5a,  shew  that  ^  ±3/  =  3a. 

10.  If  cos  a,  cos  /3,  cos  y  are  the  roots  of  the  equation 

cos^  ^  +  a  cos^  ^  +  6  cos  ^+c  =  0, 
and  if  cos  a  (cos  /3  +  cos  y)  =  26,  prove  that  abc-\-2b'^-\-c^=0. 

Prove  the  following  identities : 

11.  seca+sec(  — +  aj+secf  — -aj=  -3 sec  3a. 

12.  sm^a+sm^(^+a\+sm^(^  +  a}j  =  ^. 

13.  cosec  a  +  cosec  ( -^  +  a  )  +  cosec  (  -^  +  a  j  =  3  cosec  3a. 

14.  cosec^  -  +  cosec^  -^^  =  4, 

5       o 

277  .    47r    1    ,    27r    47r    1 

15.  cos  -^  +  cos  -^  =  —  ^ ,  and  cos  -^  cos  -=-  =  -  7 . 

o      5     2        o     5     4 
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16.  Form  the  equation  whose  roots  are 

(1)  cos^,  cosy  ,  cosy; 

(2)  sm2-,  sm--,  sm^  — . 

17.  Form  the  equation  whose  roots  are 

7'  7  '  7  * 

«  =  3  ^2,7j-       21  '^^^  wtt 

and  shew  that    2  sin^  "tt  "^  TH  ^^^  ^  cosec*  -^r-  =32. 
71=1  7       ib  ,1=1  7 

18.  Form  the  equation  whose  roots  are 

,^.  ^TT  47r  Gtt  Stt 

(1)  cos  —  ,  cos—,  cos—,  cosy; 

,^.  TT  StT  StT  777 

(2)  COS-,    COS—,    COS  —  ,    COS—. 

19.  Form  the  equation  whose  roots  are 

„7r  „27r  „37r  „47r 

C0S2-,    C0S2  — ,    C0S2  — ,    COS^  —  , 


and  shew  that  2  cos^-r-  =t^,  and   ^  sec^  -^-  =  1120. 
n=i         y       lo  n=i        y 


20.     Form  the  equation  whose  roots  are 

■         9  77        .         „  277       ,         „  377       ,         „  477 

tan^  - ,  tan^  — ,  tan-^  —  ,  tan^  — 
y  y  y  y 


and  shew  that    cot^  -  +  cot^  —  +  cot^  -5-  =  9. 
y  y  y 

21.     Form  the  equation  whose  roots  are 

77  277  377  477  577 

cos—,  cos  —  ,  cos  —  )  cos  —  ,  cos  —  ; 

and  shew  that  ^  sec^  — -  =  60,  and  11  sec  jj  =  32. 
»=i        11  n=i       11 
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MISCELLANEOUS  EXAMPLES.    L 

1.  If  <x  tan  a  +  6  tan /3  =  (ct  +  &)  tail 
prove  that  a  cos  /3  =  6  cos  a. 

sin*  a      cos*  a         1 

2.  If  + 


2 


..    ^  sin^  a  ,  cos^  a  1 

prove  that  --j_+_^  =  ^-— ^ 


^-f')Utaai-if^'°°°°!^Ay 

4      2/ J  \cosa  +  sm/3y 


3.  Shew  that 
2  tan~^  ^tan  ^tan(  ^  — 

4.  If  the  equation 

sin2»  +  2^     cos2»  +  2^_ 

sin^"  a  COS^""  a 

is  true  when  ?2-  =  l,  prove  that  it  will  be  true  when  n  is  any 
positive  integer. 

5.  If  acos^  +  6sin^=c  and  acos^^  +  ^sin^  ^  =  c, 
prove  that  4a^b^  +  {b  —  c){a- c)  (a -  b)^ = 0.     • 

6.  Prove  the  following  identities  : 

(i)      S  sin  (/3  -  y)  cos  (a  -  /3)  cos  (a  -  y)  =  - 11  sin  (/3  -  7) ; 

(ii)     ^  sinasin  (/3  — y)  cos(/3+7-a)  =  0; 

(iii)     2  sin  a  sin  O  -  7)  sin  (/3 +7  -  a)  =  211  sin  (/3  -  7). 

7.  If  P  be  a  point  within  a  triangle  ABC,  such  that 

lPAB=  lPBC=  lPCA=<o, 

prove  that  ( 1 )     cot  co  =  cot  A  4-  cot  B  +  cot  C ; 

(2)     cosec^  0)  =  cosec^  A  +  cosec'^  5  -|-  cosec^  C. 

8.  A  hill  of  inclination  1  in  169  faces  West.  Shew  that  a 
railway  on  it  which  runs  S.E.  has  an  inclination  of  1  in  239. 

9.  Two  vertical  walls  of  equal  height  a  are  inclined  to  one 
another  at  an  angle  a.  At  noon  the  breadth  of  their  shadows 
are  6  and  c  :  shew  that  the  altitude  6  of  the  sun  is  given  by  the 
equation 

aP'  sin2  7  cot2  ^  =  62  +  ^2  +  26c  cos  7. 
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10.  VI+c3^     Vr+coP^.  11.     6. 

cot  a 

12  ^^  Jm^  +  n^  20      29 

V^^^^+^''  ^        '  '21'    20- 

18.     10°.  20.     (1)   30°;     (2)    45°.  22.     30°. 

26.     —.  29.     (1)   30°;     (2)    30°. 

V.  a.    Page  37. 

1.  c  =  2,  5  =  60°,  C  =  30°.  2.  a= 6  ^3,  ^  =  60°,  (7  =  30°. 

3.  c  =  8^3,  ^  =  30°,  B  =  60°.  4.  0  =  30^3, -B  =  30°,  C=  60°. 

5.  6  =  20^2,^  =  0  =  45°.  6.  0=10^/3,  ^  =  30°,  5  =  60°. 

7.  a=2^2,  .B=C=45°.  8.  a  =  9,  .4=60°,  C  =  30°. 

9.  5  =  60°,  6  =  27,  c  =  18V3.         10.     C  =  60°,  6  =  2,  0  =  2^3. 

11.  .5  =  30°,  a  =  4;^3,  6  =  4.  12.  5  =  90°,  a  =  3^3,  c  =  3. 
13.  ^  =  30°,  a  =  50,  c  =  50^3.  14.  0=90°,  a  =  20,  c  =  40. 
15.  ^  =  90°,  a  =  4;^2,  6=4.  16.  ^  =  90°,  6  =  4,  0  =  4^3. 
17.  700.               18.     31.  19.  86-47.  20.     97*8. 

21.     0=54°,  a  =  73,  6  =  124.  22.     5  =  68°  17',  0  =  21°  43',  6  =  93. 

23.  0=50°  36',  a  =  34-3875,  c  =  30-435. 

24.  c  =  353,  A  =  39°  36',  B  =  50°  24'. 

V.  b.    Page  39. 

1.  10^3.  2.     a=10V2,  c  =  20. 

3.  ^5  =  10  ^3  ft.,  ^0=10  ft.,  ^D  =  5  ^3  ft.  4.     12,4. 

6.  24^3.  6.     20(^3-1). 

7.  20(3  +  ^3).  8.    DO =5X>  =  100. 

22—2 
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VI.  a.  Page  42. 

1.     173-2  ft.  2.     277-12  ft.  3.     60°.  4.     50  ft.;  100  ft. 

5.     22-5  ft.;  38-97  ft.  6.  30  ft.  7.     200  yds. 

8.  51  yds.,  81  yds.  9.  86-6  yds.  10.    46-19  ft. 
11.     273-2  ft.                 12.     Each  =  70-98ft.            13.    Smiles. 
14.     73-2  ft.                    15.     64  ft.  16.     300  ft. 
17.     1193  yds.                18.     277-12  yds. 

VI.  b.  Page  47. 

1.     665-6  yds.;  1131-2  yds.  2.     3-464  miles ;  6  miles. 

3.     29  miles.  4.     10  miles  per  hour. 

5.     10  miles;  24-14  miles.  6.     16  miles  ;  S.  25°  W. 

7.    9-656  miles.  8.     5*77  miles;  11-54  miles. 

9.  295-1  knots.  10.     5-196  miles  per  hour ;  18  miles. 
11.     31  minutes  past  midnight.  12.    38-97  miles  per  hour. 

VII.  a.  Page  54. 


TT  _         TT 


lir  TT  TT 

1.     J.  2.      g.  3.      jg.  4.     -.  6.     jg. 

11.  1-4399.  12.  1-1999.  13.  2-7489.  14.  '9163. 

15.  135°.  16.  28°.  17.  33°  20'.  18.  37°  30'. 

19.  22°  30'.  20.  30°.  21.  37°  30'.  22.  165°. 

23.  -638.  24.  1-332.  25.  2-0262.  26.  2-9979. 

VII.  b.     Page  56. 
1.     |.  2.     A^.        3.     4i.  4.     -|.  5.     9. 

3  TT      27r  la.      ^^      ^'"' 

6.  ^.  7.     1.  13.     ^,     ^.  14.     -g-,    —. 

VII.   C.     Page  60. 

1.     -.  2.     300  ft.  3.     A  radian. 

5 

4.     5-85  yards.  5.     330.  6.     tt  of  a  second. 

7.  58§.  8.     40  yds.  9.     1-15192  miles. 
10.     3-581.                      11.     2°  6'.                      12.     45  feet. 
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MISCELLANEOUS  EXAMPLES.    B.    Page  61. 


95-26. 


221°,  I 


1.  9°.  2. 

6.  30°.  8.     -^2  ,  ^ 

10.  a  =  6  v/3,  c  =  12,  perp.  =  8  JS. 

14.  120°,  36°,  24°.  15. 

17.  (1)  possible;     (2)  impossible. 


54°. 
67i°. 

35 

8  ' 


4.     3438  inches. 


12.     17-32  ft. 


18.     8-66  miles. 


13' 


19. 

5'     3'    15 

• 

21.     90.          24. 

4  miles  per  hour,  1-732  : 

25. 

TT 
8' 

26.     (1)   30°;     (2)    30°. 

27.       : 

29. 

200  yards. 

30. 

33  feet. 

VIII.   a.    Page  69. 

1. 

Second. 

2. 

Third.             3. 

First. 

4.     Third. 

5. 

Second. 

6. 

Second.           7. 

Third. 

8.     Third. 

9. 

Sine. 

10. 

Cosine.          11. 

Tangent. 

12.     Sine. 

13. 

Sine. 

14. 

Tangent.       15. 

/O 

Sine. 

/Q 

16.     All. 

17. 

Cosine. 

18. 

60°,  Y  •       19- 

80",  ^^ 

20.     45°,  1. 

21. 

45°,  ^2. 

22. 

30°,  2.            23. 

''°'  Tr 

24.     45°,  1. 

25. 

60°,  2. 

26. 

60°,  V3. 

VIII.  b.     Page  72. 

1. 

-x/3. 

1 

3. 

1 
2* 

12      12 

^        ^ 

4        3 

4. 

l3'    T" 

5-     -4.   -4. 

6. 

3'      5" 

7. 

x/3          1 

2  '      V3" 

8.     1,  -^^2. 

9. 

13 '      12 

IX.    Page  79. 
1.    cot  J^  decreases  from  qo  to  0,  then  increases  numerically  from 
0  to  -  00 ,  then  decreases  from  00  to  0,  then  increases  numerically 
from  0  to  -  00  .  2.     cosec  d  decreases  from  co  to  1,  then  increases 

from  1  to  00  .  3.     cos  d  decreases  numerically  frora  -  1  to  0, 

then  increases  from  0  to  1.  4.     tan  A  decreases  from  00  to  0, 

then  increases  numerically  from  0  to  -  00  .  5.     sec  d  decreases 

numerically  from  -  od  to  - 1,  then  increases  numerically  from  - 1 
to  -00.  6.     3.  7.     1.  8.     -2.  9.     2. 
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MISCELLANEOUS  EXAMPLES.    0.    Page  81. 
1.     i|.  3.     A  =  &0°,B  =  SO-,a  =  ^-.  4.     ^. 


5. 

1313  miles,  nearly. 

6.     301  feet. 

7. 

10* 

8. 

12-003  inches. 

10.     200  feet. 

X.  a. 

Page  87. 

1. 

1 
v/2- 

..  |. 

3. 

s/S. 

4. 

-s/2. 

5. 

n/3 
2  • 

6.     1. 

7. 

-1. 

8. 

1 
2' 

9. 

2. 

10.     - 1. 

11. 

v/3 
2  " 

12. 

-2. 

13. 

-2. 

''■     -J2' 

15. 

V3. 

16. 

sin^. 

17. 

tan  J. 

18.     —cos  4. 

19. 

-  sec  A. 

20. 

-cos^. 

21. 

-tan^. 

22.     -  cos  9. 

23. 

tan  0. 

24. 

-  cosec  6 

25. 

1. 

26.     2  sin  A. 

27. 

1. 

X.  b, 

.    Page  91. 

1. 

1 
2* 

2. 

-f  •   ^• 

1 
2* 

4. 

1 
2' 

5.     -1. 

6. 

1. 

7. 

;!■     «■ 

1 

v/3 

9. 

-v/2. 

-;^- 

11. 

0. 

12. 

;^-     - 

-V2. 

14. 

1 
2' 

15.     -V2 

16. 

1 

"V2" 

17. 

- 1.          18. 

2. 

19. 

1 
x/3" 

2 

21. 

±30°, 

±330°. 

22. 

210°, 

330°, 

-30 

1°,  -150°. 

23. 

120°, 

300°, 

-60°,  -240°. 

24. 

135°, 

315°, 

-45 

°,  -225°. 

30. 

3. 

31.     cot2^. 

32. 

-1. 

34. 

-4. 

XI.  a.    Page  97. 
^'  25'  ^'     65'    65*  36 
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XI.  b.    Page  100. 

,      n  1  n     12  ^        278     1 

I.  1.  2.     -.  3.     0;    3^.  4.     -^;    -. 

II.  cos  A  cos  B  cos  G  -  cos  A  sin  B  sin  C  -  sin  A  cos  S  sin  C 

-  sin  jL  sin  B  cos  C; 
sin  A  cos  J5  cos  (7  -  cos  A  sin  B  cos  G  +  cos  4  cos  £  sin  C 

+  sin  A  sin  B  sin  C 
tan  .4  -  tan  B  -  tan  G  -  tan  J.  tan  B  tan  G 


12. 
13. 


1  -  tan  B  tan  C  +  tan  C  tan  ,4  +  tan  A  tan  J5  * 

cot  A  cot  J5  cot  G  -  cot  ^  -  cot  B  -  cot  C 
cot  B  cot  C  +  cot  C  cot  A  +  cot  ^  cot  B-1' 


XI.  d.    Page  104. 

7                  ^17  ,24                           3 

^*     "§•                ^*     25-  ^'     25-                  *•     4* 

^     24                  1  1 

^'    25'   25*         ^'     3'  ''^     T 

XI.  e.    Page  106. 

23                    117  9 

27*                     125'  •"     13* 

XII.  a.    Page  112. 

1.     sin 4(9  + sin  2<?.           2.  sin  9^ -sin  3^.          3.     cos  12^  + cos 24, 

4.     cos .4 -cos  5^.           5.  sin  9^- sin  ^.            6.     sin  12^ -  sin 4(9. 

7.     cos  6^  -  cos  12^.          8.  sin  16^  -  sin  26.       9.     cos  13a  +  cos  9a. 

10.     cos  5a  -  cos  15a.  11.     -  (sin  11a  -  sin  3a). 

12.     ^  (cos  2a  -  cos  4a).  13.     -  (sin  2^ +  sin^). 


2 '  ''  2 

1  IB 

-  (sin  6^  -  sin  A).  15.  cos  — - 


16.  2  (cos --cose*  j  .  17.  cos  (a  4-/3)  +  cos  (a -3^). 

18.  cos  (2a-/3)-cos  (4a+/3).    19.  sin  (3i9- 0)  + sin  ((9  +  30). 
20.  sin  (4^-0) -sin  (2^  +  30).    21.  '^{^~^hi1<^. 
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XII.  b.    Page  114. 

1.     2  sin  6^  cos  2^.  2.     2  cos  3^  sin  2^.         3.     2  cos  5^  cos  2^. 

llct        5a 

4.  2  sm  10^  sm  6.  5.     2  cos  6a  sin  a.  6.     2  cos  -^  cos  -^- . 

IIJ.        7  A 
7.     2  sin  8a  cos  5a.  8.     -  2  sin  3a  sin  2a.     9.     2  cos  —^  cos  -^  . 

10.     -2  cos  7^  sin  4^.     11.     -  sin  20°.  12,.     ;^3cosl0°. 

XIII.  a.    Page  128.    | 

1.     60°.  2.     120°.  3.     ^  =  30°,  £  =  120°,  C=  30°.         4.     45°. 

5.  90°.  6.     ^  =  75°,  £  =  45°,  (7  =  60°. 

7.  .4  =  30°,  £  =  185°,  (7=15°.  8.     28°  56'.             9.     111°  33'. 

10.  JQ.          11.     7.             12.  8.             13.     14.           14.     9. 

15.  &  =  2^6,  ^  =  75°,  (7  =  30°.  16.     a=^5  +  l,  £  =  36°,  (7=72°. 

17.  (7  =  75°,  a  =  c  =  2V3  +  2.  18.     ^  =  105°,  a  =  ^3  +  l,  0  =  ^3- 1.    j 

19.  C  =  30°,  a  =  2,  6  =  ^3  +  1.  21.     2.           22.     6.           23.     60°.      ' 

24.     105°,  45°,  30°.  25.     105°,  15°,  60°.  26.     ^ ,  105°,  15°. 

XIII.  b.     Page  132. 

1.  £  =  60°,  120°;  (7  =  90°,  30°;  c  =  2,  1. 

2.  £  =  60°,  120°;  ^  =  75°,  15°;  a  =  3  +  ^3,  3-^3. 

3.  .4  =  45°,  £  =  75°,  &=,^y3  +  l;  no  ambiguity.  4.     Impossible. 

5.  (7=45°,  135°;  ^  =  105°,  15°;  a=3  +  V3,  3-^8. 

6.  (7=75°,  105°;  ^  =  45°,  15°;  a=2^8,  3-^8. 

7.  ^  =  75°,  105°;  £  =  90°,  60°;  6  =  2^6,  3^2. 

8.  £  =  90°,  C  =  72°,  c  =  4  ^5  +  2^5 ;  no  ambiguity.      9.    Impossible. 

XIII.  d.    Page  136. 

1.  72°,  72°,  36°;  each  side  =  ^5  +  l. 

2.  yl  =  60°,  a  =  9-3V3,  &  =  3(V6-V2),  c  =  3;^2. 

3.  ^  =  105°,  £  =  15°,  (7=60°.  4.    £  =  54°,  126°;  (7=108°,  36°. 

5.  (7=60°,  120* ;  ^  =  90°,  30°;  a  =  75^3.     No,  for  (7=90°. 

6.  18°,  126°.  8.     ^  =  90°,  £  =  30°,  (7=60°;  2c  =  a  V3. 
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MISCELLANEOUS  EXAMPLES.   D.    Page  138. 
2.     43.  3.     00,1.  4.     -1.  6.     a  =  2,  jB  =  30°,  C  =  105°. 

9.     ^  =  30°,  B  =  lo°,  C  =  75°. 

XIV.  a.    Page  145. 
3    2    1 


1.     10,  8,  - 
3.     2401,  -5 


4. 

6. 

8. 
11. 
14. 
17. 
20. 
23. 


1. 

4. 

8. 

12. 

13. 
14. 
15. 


2'  3'  2' 

10000 


2. 


4    5 


1    7 
2'  4 


9      '    '  4 
5,  3,  3,  4,  0. 

1-8091488,  6-8091488,  4-8091488, 
2-8853613.  9.     3-3714373 


3'  4 
,  1000,  10000. 

5.     0,  2,  2,  0,  4,  3,  1. 


1-9163822. 

1-6989700. 

log  2  =  -3010300. 

-0260315. 

7;  4. 


7.  3-25,  325,  -000325. 

10.  1-5475286. 

12.     1-4419030.  13.  2-2922560. 

15.     1-8125918.  16.  -0501716. 

18.     1- log  2  =  -6989700.  _    19.     1-320469. 

21.     -2898431.  22.  7-2621538. 

24.     2058. 


XIV.  b.    Page  149. 

9-076226.  2.     3-01824.  3.     2467-266. 

2-23.  5.     3-54.  6.     1-72.  7.     96,  79. 

22-2398.  9.     3-32.  10.     5*77.  11.     2-05. 

a;  =  2  log  2  =  -60206,  i/  =  -  2  log  5  =  -  1-39794. 
log  3  «.^, .  ,._       log  2 


x  = 


log  3  -  log  2 


=  2-71;  y  = 


log  3  -  log  2 


=  a;-l  =  l-71. 


3{6-a-c  +  2),  -(2a-3c  +  6). 
&  +  C-2,  ^(3a+26  +  3c-5). 

MISCELLANEOUS  EXAMPLES.  E.    Page  150. 
6  =  ^3  -  1,  ^  =  135°,  G  =  30°.  8.     A  =  105°,  B  =  45°. 

XV.   a.    Page  155. 


1. 

8-6947485. 

2. 

-5404924. 

3. 

6-4547860. 

4. 

1-7606731. 

5. 

6-7840083. 

6. 

55740-83. 

7. 

673-5469. 

8. 

•0106867. 

9. 

-008287771. 

10. 

•2531925. 

11. 

2-031324. 

12. 

1-389495. 

13. 

2-424463. 

14. 

2-069138. 
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XV.  b.    Page  159. 

1. 

•6164825. 

2. 

•7928863.         3.     1-2154838. 

4.     62°  42' 31". 

5. 

30°  40' 23". 

6. 

48°  45' 44". 

7. 

9-8440554. 

8. 

10-1317778. 

9. 

9-7530545. 

10. 

44°  17' 8". 

11. 

55°  30' 39". 

12. 

9-6653952. 

13. 

10-1912872. 

XV.  c.    Page 

161. 

1. 

2-36952. 

2. 

84336. 

3. 

33-27475. 

4. 

•03803143. 

5. 

11218-4. 

6. 

1225-508. 

7. 

27-901983. 

8. 

-580303. 

9. 

6-848293. 

10. 

3-288754, 

1-236122. 

11. 

2273-54. 

12. 

-5095328. 

13. 

7-29889. 

14. 

-045800373. 

15. 

•08603526. 

16. 

•0001706364. 

17. 

•644065. 

18. 

9-52912. 

19. 

•3175272. 

20. 

•335859. 

21. 

•4221836. 

22. 

124272^2. 

23. 

250-2357. 

24. 

(1)  36°  45' 22"; 

(2)ic 

1°  28'  16".       25, 

.     -441785.      26.     68°  25' 6". 

XVI.  a.    Page 

166. 

6. 

1 
2* 

'•!• 

XVI.  b.    Page  169. 
1.     113°  34' 41".  2.     49°  28' 26".  3.     55°  46' 16". 

4.  78°  27' 47".  5.     64°  37' 23".         6.     35°  5' 49".         7.     93°  35'. 

8.  ^  =  67°  22' 49",  B  =  63°  7' 48",  (7  =  59°  29' 23". 

9.  ^  =  46°  34'  3",  B  =  104°  28'  39",  G  =  28°  57'  18". 

XVI.  c.    Page  173. 
1.    4  =  79°  6' 24",  £  =  40°  53' 36".      2.     ^  =  6°  1' 54",  5  =  108°  58' 6". 
3.     ^  =  24°10'59", -B  =  95°49'l".     4.     i?  =  78°  48' 52",  C= 56°  41' 8". 

5.  ^  =  27°  38' 45",  C= 117°  38' 45".  6.     82°  57' 15",  36°  32' 45". 

7.  ^=74°  32' 44",  C=48°59'16". 

8.  5  =  100°  47' 1",  0=14°  12' 59". 

9.  A  =  136°  35'  21-5",  B  =  13°  14'  33-5". 
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XVI.  d.  Page  174 

1.     89-646162.       2.     255-3864.  3.     92-788.       4.     6  =  185,  c  =  192. 

5.     321-0793.  6.     a  =  765-4321,  c  =  1035-43. 
7.     6  =  767-72,  c  =  1263-58. 

XVI.  e.    Page  176. 
1.     32°  25'  35".  2.     41°  41'  28"  or  138°  18'  32". 

3.  ^  =  100°  33',  5  =  34°  27'.  4.     51°  18' 21"  or  128°  41' 39". 

5.  A=  28°  20'  50",  C  =  39°  35'  10".       6.     4  =  81°  45'  2",  or  23°  2'  58". 

7.  (1)  Not  ambiguous,  for  C  =  90°  ; 
(2)  ambiguous,  6  =  60-3893  ft.; 
(8)  not  ambiguous. 

XVI.  f.     Page  180. 

1.  4  =  58°  24' 43",  5  =  48°  11' 23",  (7  =  73°  23' 54". 

2.  112°  12' 54",  45°  53' 33",  21°  53' 33".        3.     75°  48' 54". 

4.  4227-4718.  5.     B  =  108°  12' 26",   C  =  49°27'34". 

6.  4  =  105°  38' 57",  5  =  15°  38' 57".  7.     17-1  or  3-68. 

8.  108°  26'  6",  53°  7'  48",   18°  26'  6".  9.     96°  27',  or  126°  22'. 
10.    B  =  80°  46'  26-5",  0=  63°  48'  33  -5".    11.     70°  0'  56",  or  109°  59'  4". 
12.     2-529823.                                              13.     41°  45' 14". 

14.  4=42°0'14",  5  =  55°  56' 46",  (7=82°  3'. 

15.  41°  24' 34".  16.     J[  =  60°5'34",   C  =  29°54'26". 
17.     889-2554  ft.                18.     72°  12' 59",  47°47'1". 

19.  44-4878  ft.  20.     zl  =  102°  56' 38",  5  =  42°  3' 22". 

21.  5  =  99°  54' 23",  (7  =  32°  50' 37",  a  =  18 -7254.  22.     72°  26' 26". 

23.  4  =  27°  29' 56",  5  =  98°  55',  C=53°35'4". 

24.  jB  =  32°15'49",  0  =  44°  31' 17",  a  =  1180-525. 

25.  a  =  20-9059,  c  =  33-5917.  26.     a  =  2934-124,  6  =  3232-846. 

27.  5  =  1°  1' 23",  C  =  147°  28' 37",  a  =  4390. 

28.  4  =  26°  24' 23",  5  =  118°  18' 25",  6  =  642-756. 

29.  53°  17'  55",  or  126°  42'  5". 

30.  4  =  1°  51' 56",  C  =  125°  49' 4",  fl  =  67. 
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31.  &  =  4028-5,  c  =  2831-7. 

32.  JB  =  75°  53'  29",  or  104°  6'  31"  j  A  =  60°  54'  19",  or  32°  41'  17". 

33.  Base  =  2 -44845  ft.,  altitiide= '713322  ft. 

34.  90°.  35.     (1)  impossible;  (2)  ambiguous;  (3)64. 

36.     ^=72°  31' 53",  c  =  12-8255.        37.     ^  =  60°  13' 52",  c  =  19-523977. 

XVII.  a.    Page  185. 
1.     146-4  ft.  2.     880  ^3  =  1524  ft.  5.     a6/(a-&)ft. 

6.    iv6  = -816  miles.  7.     10  (^10 +  ^2)  =45 '76  ft. 

9.     lor^.  10.     9fft.  12.     48^6  =  117-6  ft. 

14.     750^6  =  1837  ft.  15.     2640  (3 +  ^3)  =  12492  ft. 

XVII.  b.     Page  190. 
1.     30  ft.  2.     a^/2it.  5.     100  ft. 

12.     7^00-200  ^3  =  12 -4  ft. 

XVII.  c.    Page  195. 

1.     1060-5  ft.  2.     ^^^^^  =  408  ft. 

o 

3.     120^/6  =  294  ft.  5.     106  ft. 

10.  Height  =  40  ^6  =  98  ft. ;  distance  =  40  (^14  +  ^2)  =  206  ft. 

11.  50  ^120  +  30  ^6  =  696  yds. 

XVII.  d.     Page  197. 

1.  5  miles  nearly. 

2.  Height  =  19-5375  yds.;  distance  =  102-9093  yds. 

3.  200-017  ft.         4.     Height  =  418 -4045  ft.;  distance  =  430  ft. 

5.  Height  =  916-8624  ft. ;  distance  =  -984808  mUes. 

6.  Height  =  46-140214 ft.;  distance  =  99 "92 ft. 

7.  11  -550316  or  25  -9733  miles  per  hour. 

8.  Height  =  159 -432 1ft.;  distance= 215-6762  ft. 
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XVIII.  a.    Page  206. 
1.     9000  sq.  ft.  2.     15390.  3.     ^ . 

4.     24,  i^  ,    ^ .  5.     225  sq.  ft.  6.     672  sq.  ft. 

7.     36  yds.  8.     r=4,  E  =  8i.  9.     12,6,28. 

10.     12,  16,  20. 

XVIII.  b.     Page  210. 

1.     26-46  sq.ft.  2.  9-585  yds.,   7-18875  sq.  yds. 

4.     216-23  sq.ft.  5.  128-352  in.  6.     203-56  ft. 

7.     57-232  ft.  8.  61-803  sq.ft. 

XVIII.  c.    Page  218. 


F(-i)-^.(i'-|). 


XVIII.  d.     Page  223. 

1.  If,  2|-.  4.     Diagonals  65,  56 ;  area  1764. 

5.     2^77  +  6^11. 

XVIII.  e.    Page  225. 

2.  14142  sq.  yds.  5.      a  /-  +  -  +  -  •  13.     20,  21,  29. 

\  y      z      X 

MISCELLANEOUS  EXAMPLES.    F.    Page  228. 

3.  Expression=:cot  ^  +  cotJ5  +  cot  (7. 

4.  J5  =  45°,  135°;  C=105°,  15°;  c  =  je  +  ^2,  J6-^2. 
6.     126.  7.     68-3  yds.,  35 -35  yds. 

11,  C=45°,  135°;  ^  =  105°,  15°;  a=2^3,  4^3-6. 

12.  10(2-^3)  =  2-68mUes;  10  (V6-^y2)  =  10-35  miles. 

24.  (1)  90°-|,  90°-|,   90°-|; 

(2)  180° -2^,  180° -2B,  180° -2C. 

25.  Expression  =  sin^  (a  -  (3).  28.     21  -3  miles  per  hour, 
29.     1  hr.  30' ;  2  hrs.  16'. 
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XIX.  a.    Page  235. 
1.     n7r+(-l)"|.  2.     W7r  +  (-l)»|.  3.     2mr±~. 

4.     W7r+-.  5.     WTT--.  6.     2w7r±-7-. 

o  o  4 

7.     n9r±v  8.     7i7r±-.  9.    mr^-. 

4  6  3 

10.     2w7r±a.  11.     nw^a.  12.     W7r±o. 

13.     WTT.  14.     — +(-l)"a.  15.     2v.Tr,ox—^ 

16.     ^,orn7rig.         17.     - ,  or -  +  (- 1)- ^. 

(2n+l)7r  „  (2/i  +  l)7r 

18.  ^^ 5-^—,  or  2n7r,  or  ^ ■^-!—. 

(2w+l)7r  (2w  +  l)7r  (2n  +  l)7r 

19.  i 2^^'  °^  ^^ 4-'  ^'^  ^ 8~- 

(2»+l)7r  „,       mr  nir 

20.  WIT,  or  ^ — .,  ■  21.     -^,  or  -r-. 

14  o  9 

(271  +  1)  TT  ,  IT  (2w  +  l)7r  nir     ,     -.„7r 

22.     "^ g-^^,  orjiTTi-.  23.     3^ _J_,  or  — +  (- 1)«^ 

24.     (2n+l)  TT,  or  2w7ri-  .  25.     2w7r,  or  'Imr^-K-. 

o  o 

26.     W7r+ (-l)"g,  or  2re7r+  — .     27.     -g- +  3  • 

28.     2w.7r  +  -5-  .  29.     2w7r  -  y  . 

o  4 


XIX.  b.    Page  237. 

,       (2»  +  l)7r        „      (4Jt  +  l)7r         (4/b-l),r        ^      „  «  Stt 

1.    -Vt ^  •      2.     ~, hr  ,  or  —-. — -~  .      3.     2n7r,  or  2n7r  -  -— 

2(^  +  2)  2(;i-;?i)  '       2(n  +  m)  '  3 

4.     2n7r  +  ^,  or  (2n+l)7r  +  ^.  5.     2w7r  + 1^ ,  or  2w7r  +  ^  . 

6.     2n7r  +  — ,  or  27i7r-  — .  7.     2w7r  +  — ,  or  2w7r  - -^ . 


57r  „  Stt 


TT 


8.     27i7r  +  — ,  or  2mr--T-,  9.     27i7r+-,  or  (2w+l)7r. 


4  »  --  -• '"      4 
2      '       M2  4         ' 6 


tix        '"'^   ,    t       -,\n'^  -.-.  (27l  +  l)7r  ,   TT 
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12.     mr,  or  nir^^.  13.     mr,  or  — . 

14.  WTT  +  j,  or  27i7r,  or  2?i7r  +  -. 

[Jw  some  of  the  folloiving  examples,  the  equations  have  to  be  squared, 
so  that  extraneous  solutionis  are  introduced.'] 

15.  7i7r  +  -,  or  — +  (-l)"+i^.  16.     nr-j,  or  — +  (-1)"-. 

,„      (2w+l)7r  {2w  +  l)7r  ,„      {27i+l)7r  ,  tt 

17.     -^^,  or  1-2-'-.  18.     ^-^-,orn7ri-. 


19.     ?i7r  +  j,or  TiTT  +  g.  20.     — +  (- l)'^+i^,  or  —  . 

TT  TT 

j,0  =  W7r±g- 


21.     ^=W7r±j,  0  =  W7r±^.  22.     6=mr:L- ,  (f>=nT^^ . 


«iV« 

--'-     4, 

V'  — 

3  * 

XIX.  d. 

Page  244. 

1. 

'i- 

2. 

±1. 

3. 

±2. 

4. 

4 

5. 

1 
1,  or  -. 

6. 

0,  or  ±^. 

7. 

v/2 

8. 

25 

24' 

9. 

1 
2* 

10. 

a~b 

1  +  ab' 

11. 

12. 

v/3. 

13. 

a;  =  ac  —  &d, 

y= 

be  +  ad. 

14. 

il,  or 

±(1 

=^v/2). 

15. 

TT 

mr,  or  wtt  +  -  . 

19. 

a;  =  l,  y 

=  2; 

x  = 

:2,  2/  =  7. 

MISCELLANEOUS  EXAMPLES.   G.    Page  246. 

6.     78°  27' 4".  9.     6.  10.     800  yds,  146-4  yds,  546-4  yds. 

XX.  a.    Page  255. 

^       .    A       5  A         12  .    A         15  A       8 

2.     sm-  =  -,cos-=--.        3.     sm-=--,cos-.  =  -. 
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4.  2  sm--=  -  >yi  +  sin  ^+ A^/l-sin  4; 

2  cos -=  -  ^1  +  sin  ^  -  >/l  -  sin  ^. 

j[  

5.  2sin— =  -  ^yi  +  sin^  -  A^l -sin  J.; 

A  

2cos  — =  -  ^/l^-sin^  +  ^yl-sin^. 

6.  2sin— = +  .v/l  +  sin^  +  >y'l-sin^; 

2  cos  -  =  +  ^1  +  sin  ^  -  ^/l  -  sin  ^. 

.    A      4.  A      ^  ^        .    A      It)  A  8 

7.  sm-=.-,  cos-  =  ^.  8.     «m2=i7.  cos-=-- 

9.     (1)  2mr~-  and   2TO7r  +  -r;    (2)  2?i7r  +  -—    and   2w7r+-T-: 
4  4  4  4 

(3)  2w7r  +  -T-   and   2?i7r+— -. 
4  4 

10.     No;   2sin-=  Vl+'sirTZ+^n^'sin'I. 

14.  (1)    =V2cos(^^-^^;    (2)    =2sin(^^-|). 

15.  (1)   =-sec2^;    (2)   =tan2^. 

XX.  b.  ■  Page  260. 
1  1 

XXI.  a.    Page  267. 

1.  1440  yards.     2.  342f  yards.       3.  22  yards. 
4.  6' 34".         5.  13' 45".  6.  11  ft.  11  in. 

7.  210  yards.      8.  9' 49".  10.  50  ft. 

1  1   v/3 

13.  g.  14.  m-n.  15.  g  "  200 

16   l  +  yV3-.503  17   !1n^^-39.7' 
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XXL  b.     Page  271. 
1.     12  miles.  2.     150  ft.  3.     15  miles.  4.     80  ft.  8  in. 

5.     204  ft.  2  in.  6.     104  ft.  2  in.  7.     54' 33". 

8.     10560  ft.  9.     610  ft.,  |v'110i^iiiutes  =  26'13". 

11.     8.  12.     -1.  13.     (1)  cos  a;    (2)  -sin  a. 

14.     45°  54' 33",   44°  5' 27". 

MISCELLANEOUS  EXAMPLES.    H.    Page  283. 

3.     18°  26'  6".  6.     35  miles  or  13  miles  per  hour. 

» 
XXIII.  a.     Page  291. 

sin  27za  ^        .    nQ        (       ''  - 1  o\   /    •    /^ 

1.     ^. .  2.     sm-^cos(  a--^— /3     /  sm^. 

2  sm  a  2  \  2     '  )  I  2 


{"■^^^/'^k-    *• 


mr         (n  +  l)ir  /    .     ir 
cos  I  a  +  —  J  /  sm  —  .         4.     sm  ^  cos  ^-i^ —  /  sm  — 


5. 

1 
2' 

1  „           .  TT                      „                  27r 
6.     -K-               7.     cot   -.                8.    -cos — . 

2  2»                                   n 

9. 

sin  na. 

10.     sm    \     hmi     2     ^+    2    ")/'^"'  2    ' 

.     w(7r-/3)           f       (?i-l)(7r-/3)]     /    .     7r-/3 
11.     sm     ^       ^^  cos  ja+ ^^ -^ —>  /  sm  —~ 


71  cos  ^     sin  n^  cos  (71  + 2)  ^ 


7r-2i3 
sm — ~-, 
4 


13. 


14. 


2  2  sin  ^ 

sin  27?a  sin  2  (ti  + 1)  a     n  sin  2a 


2  sin  2a  2 

15.  coseca{tan(7i  +  l)a -tana}. 

16.  cosec  26  {cot  ^  -  cot  {2n  + 1)  ^ } .  17.    tan  a  -  tan  — . 

18.     ^  (cosec  a -cosec  3"' a).  19.     -  (tanS^a-tana). 

H.  K,  E.  T.  23 
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XXIII.  b.    Page  294. 


n     sm4w^  „      n  „      ^* 

1.    - -I .  2.     -.  3.     -. 

2^4sm20  2  2 

^   .    nd    .    {n^l)d       .    Snd        d(n+l)d 
3  sm  -^  sm  -^^ — ~-      sm  -^  cos  — ^— 

4.     ;; 


4  sm  -  4  sm  — 

^  <^ 

5.     0.         6.     0.         7.     cot  d*  -  2"  cot  2^^^. 

1              ,        ,       ,.                .                           sin  2^     sin  2"+!^ 
8.     -  coseca{tan(n  +  l)  a-tana}.  9.     — x ^z^ — . 

10.     sin2e-2'*sin2  — .  11.    tan-^a;- tan"! 


2"  n+1 

12.    tan-i(?i  +  l)-^.  13.    tan-i{lf7i(n+l)}  -  ^, 

14.    tan~i?i(n  +  l). 

XXIV.  a.    Page  301. 


a  +  3   I         a-8  ,     .     a  +  8    /         a-/S 

2.  a;  =  ticos— 2"^  /  COS— 2^,     ?/ =  6  sm  — ^-^  /  cos  "2"  . 

3.  a;  =  a  (cosa  +  sina),  ?/  =  b  (sina-cos  a). 

A    •     a  +  i3  +  7    .    3  +  y-a.    .    7  +  a-^    .    a  +  /3-7 

13.  4  sm ^ — -  sm  ^^ — | sm  -^^ — - — -  sm  — ^ — '- . 

14.  4  sm  — ^ — -  sm  — ^ — ^  cos "- — | cos  -- — ^-^  . 

X,.    _4oos(^±to-^)ncos(^-±p-%^). 


22.    (1)  (a2  +  &2)a;2_2&ca;+c2-a2=0; 
(2)  (a2  +  &2)2  a;2  -  2  (a^  -  62)  (2c^  _  a 

[Use  cos  2a cos  2j8=cos2(a  -  /3)  -  sin2(a  +  |S).] 


(2)  (a2  +  &2)2  a;2  -  2  (a^  -  62)  (2c2  -a^-b^)  x  +  a'^  +  ¥  +  4c4  -  2a262 

-4a2c2-462c2  =  0. 
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XXV.  a.    Page  318. 

1.     2VS-  2.     4.  3.     24.  4.     2.  7.     V^.  8.     2. 

9.     ^a^  -  2a&  sin  a  +  6^.  10.     iJp^-{-2yqB\na-\-q^. 


11 .     Maximum  =  2  sin  - . 


12.    Maximum = sin^  - . 


13.     Minimum  =  2  tan  ■ 


15.     Maximum  =  -. 
8 


14.     Minimum  =  2  cosee  ^ . 


16.     Minimum  =  ^3. 


17.     Minimum  =  - . 
4 

19.     Minimum  =  1. 


18.     Minimum  =  6. 


21.     -(a  +  c)±- v'6^  +  (a-c)2. 
26.     fcV(«'  +  &'  +  c2);  A;2/(a  +  &  +  c). 


20.     Minimum  =  1. 

25      5 
25.     3. 


1.  ^+r=2. 


XXV.  b.     Page  324. 


2.     x'^  +  y-  =  d^  +  h\  3.     6^  3,  ^2  (2  _  a^). 


4    2  2    4 

4.    y[x^-l)  =  2.  5.     (a2-62)2^16„^,  6.     xhf-x^y^=l. 

222  f    ?  6    4 

7.     a2&2(a2  +  62)_i,     3.     a;3  +  ^3=a=l  9.     xh/-x^y^=a\ 


X"      y     , 

10.    ^  +  75  =  1. 


11  22 

12.     x^  +  ^f'  =  2.  13.     (a;  +  ?/)^+{a;-?/)3=2. 


2  2  2  9  9 

16.     ft2  +  52^2c2.  20.     (a;  +  ?/)3+(a;-i/)3=2a3.         21.     |:2  +  ^  =  1. 

2  2 

22.     ^  +  |-zz:a  +  &,  or  {a(i/2-&2)-?;(a;2-a2)}2=-4a&a;2i/2. 

24.     xy  =  {y-x)ia,-n.a.        25.     «2^^2_2cos  a  =  2.        26.     a  +  6  =  2a6. 
29.     (a  +  &)(m  +  w)  =  2mw.  30.     a;2  +  2/2  =  16a2. 

31.     (a  -  6)  {c2  -  (rt  +  &)2}  =iahcm. 
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XXV.    c.     Page  334. 

1.  2  cos  20°,  -2  cos  40°,  -2  cos  80°. 

2.  2  sin  10°,  2  sin  50°,  -2  sin  70° 

3.  2  cos  10°,  -2  cos  50°,  -  2  cos  70°. 

4.  sin  15°,  sin 45°,  -sin 75°. 

11  1 

5.  -sin^, -sin  (60°-^),  --sin  (60°+^). 
a  a  a 

6.  2acos^,  2acos(120°±^). 

16.  (1)  8x^-4x^-4cx  +  l  =  0-    (2)  64?/3-80?/2+242/-l  =  0. 

17.  64?/8-112?/2  +  567/-7  =  0. 

18.  (1)  16x^  +  Sx^  -  12a;2  _  4;c  + 1  =  0 ;  (2)  IQx^  -  8x^  -  12^2  +  4a;  + 1  =  0. 

19.  256?/^ -4482/3  +  2401/2 -40?/ +  1  =  0. 

20.  i8  _  36^6 +  i26f4_84«2  + 9^0. 

21.  32a;5  -  16^4- 32x3 +  12a;2  +  6x- 1  =  0. 
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Academy: — "We  will  not  say  that  this  is  the  best  Elementary 
Algebra  for  school  use  that  we  have  come  across,  but  we  can  say  that 
we  do  not  rememlDer  to  have  seen  a  better  ....  It  is  the  outcome  of 
a  long  experience  of  school  teaching,  and  so  is  a  thoroughly  practical 
hook.  All  others  that  we  have  in  our  eye  are  the  works  of  men  who 
have  had  considerable  experience  with  senior  and  junior  students  at 
the  universities,  but  have  had  little,  if  any,  acquaintance  with  the  poor 
creatures  who  are  just  stumbling  over  the  threshold  of  Algebra  .... 
Buy  or  borrow  the  book  for  yourselves  and  judge,  or  write  a  better 
....  A  higher  text-book  is  on  its  way.  This  occupies  sufficient 
ground  for  the  generality  of  boys." 

Educational  Times :  " ....  A  very  good  book.  The  explanations 
are  concise  and  clear,  and  the  examples  both  numerous  and  well 
chosen." 


KEY  TO   ELEMENTARY  ALGEBRA  FOR 

SCHOOLS.  Adapted  to  the  Sixth  Enlarged  Edition  of  the 
Elementary  Algebra.  Second  Edition,  revised  and  corrected. 
Crown  8vo.    8s.  Qd. 

HIGHER  ALGEBRA.  A  Sequel  to  Elementary  Algebra 
for  Schools.  Fourth  Edition,  revised  and  enlarged.  Crown 
Svo.     7s.  Qd. 

*^*  The  Fourth  edition  contains  a  collection  of  three  hundred  Mis- 
cellaneous Examples  which  will  be  found  useful  for  advanced  Students. 
These  examples  have  been  selected  mainly  from  recent  Scholarship  or 

Senate  House  papers. 

The  Athenceum: — "The  Elementary  Algebra  by  the  same  authors, 
which  has  already  reached  a  third  edition,  is  a  work  of  such  excep- 
tional merit  that  those  acquainted  with  it  will  form  high  expectations 
of  the  sequel  to  it  now  issued.  Nor  will  they  be  disappointed.  Of  the 
authors'  Higher  Algebra  as  of  their  Elementary  Algebra,  we  unhesi- 
tatingly assert  that  it  is  by  far  the  best  work  of  its  kind  with  which 
we  are  acquainted.     It  supplies  a  want  much  felt  by  teachers." 
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KEY   TO    HIGHER    ALGEBRA.    Adapted    to    the 

Fourth  and  enlarged  Edition  of  the  Higher  Algebra.  Crown  8yo. 
10s.  Gd. 

ALGEBRAICAL  EXERCISES  AND  EXAMINA- 
TION PAPEES.  With  or  without  Answers.  Third  Edition. 
Globe  8vo.     2s.  6d. 

This  book  has  been  compiled  as  a  suitable  companion  to  the 
Elementary  Algebra  by  the  same  Authors.  It  consists  of  one  hundred 
and  twenty  progressive  Miscellaneous  Exercises,  followed  by  a  com- 
prehensive collection  of  Papers  set  at  recent  Examinations. 

ARITHMETICAL  EXERCISES  AND  EXAMINA- 

TION  PAPEES.  With  an  Appendix  containing  Questions  in 
LOGAEITHMS  AND  MENSUEATION.  With  or  without 
Answers.     Third  Edition,  enlarged.    Globe  8vo.    2s.  6d. 

In  the  Second  Edition  the  Appendix  has  been  increased  by  a  new 
series  of  Examples  lohich  are  intended  to  he  worked  by  the  aid  of 
Logarithmic  Tables.  In  vieio  of  the  increasing  importance  of  logarithmic 
calculation  in  many  Examinations  this  last  section  will  be  found 
especially  useful. 

ELEMENTARY    TRIGONOMETRY.      Globe    8vo. 

4s.  6d,  [Ready  in  December. 

EXTRACT  FROM  THE  PREFACE. 

"This  work  will  be  found  to  comprise  all  the  parts  of  Elementary 
Trigonometry  which  can  conveniently  be  treated  without  the  use  of 
infinite  series  and  imaginary  quantities. 

"The  manuscript  and  proof  sheets  have  been  tested  with  pupils  in 
all  stages  of  proficiency;  we  hope,  therefore,  that  our  treatment  of 
the  subject  will  be  found  sufficiently  simple  for  beginners,  and  at  the 
same  time  complete  enough  for  all  who  do  not  require  to  study  the 
more  advanced  parts  of  the  subject. 
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"In  the  early  pages  special  prominence  has  been  given  to  easy 
identities  and  equations,  so  as  to  familiarise  the  reader  as  soon  as 
possible  with  the  Trigonometrical  Eatios  and  their  apphcation ;  with 
the  same  end  in  view  the  subject  of  Eadian  Measure  has  been  post- 
poned later  than  usual.  The  sections  which  treat  of  Logarithms  and 
Problems  in  Heights  and  Distances  have  been  dealt  with  very  fully, 
and  illustrated  by  a  selection  of  examples  carefully  classified  and 
graduated.  Throughout  the  work  the  chapters  have  been  divided 
into  short  sections,  and  the  examples,  which  are  very  numerous,  have 
been  arranged  with  considerable  care ;  the  easier  ones  in  each  section 
being  simple  enough  for  any  student  to  whom  the  subject  is  new, 
while  the  later  chapters,  and  the  miscellaneous  examples  scattered 
through  the  book,  will  furnish  good  practice  for  readers  of  some 
Mathematical  ability." 


HIGHER    TRIGONOMETRY.      By   S.    R.   Knight, 

B.A.,  M.B.,  Ch.B.  [In  preparation. 


A  TEXT-BOOK   OF   EUCLID'S   ELEMENTS,  in- 

eluding  Alternative  Proofs,  together  with  additional  Theorems 
and  Exercises,  classified  and  arranged.  By  H.  S.  Hall,  M.A., 
and  F.  H.  Stevens,  M.A.,  Masters  of  the  Military  Side,  Clifton 
College. 

THIRD    EDITION,    ENLARGED. 
Books  I.-VI.  and  XI.     GlolDe  8vo.    4s.  6d. 

Also  in  parts  separately  as  follows  : — 

Book  I.  ...     Is. 

Books  I.  and  II.  .  .  Is.  6d. 
Books  II.  and  III.  [In  the  Press. 
Books  III.  and  IV.         .     2s. 

KEY  TO  A   TEXT-BOOK  OF   EUCLID'S  ELEMENTS. 
Books  I.-IV.    Crown  8vo.     6s.  6d. 
Books  VI.  and  XI.     Crown  8vo.    3s.  6d. 
Books  I.-VI.  and  XI.    Crown  Svo.    8s.  6d. 


Books  III. -VI. 

.  3s. 

Books  I.-IV. 

.  3s. 

Books  v.,  VI.,  and  XI. 

2s.  6d. 

Book  XI. 

Is. 
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GREEK  AND   I.ATIN   CLASSICS. 

Elementary  Classics ;  Classical  Series  ;  Classical  Library,  (1)  Texts,  (2)  Trans- 
lations; Grammar,  Composition,  and  PMlology;  Antiquities,  Ancient 
History,  and  Philosopliy. 

^ELEMENTARY    CLASSICS. 

18mo,  Eigliteenpence  each. 

The  following  contain  Introductions,  Notes,  and  Vocabularies,  and 

in  some  cases  Exercises. 

ACCIDENCE,  LATIN,  AND  EXERCISES  ARRANGED  FOR  BEGINNERS.— By 

W.  Welch,  M.A.,  and  C.  G.  Duffield,  M.A. 
AESCHYLUS.— PROMETHEUS  VINCTUS.     By  Rev.  H.  M.  Stephenson,  M.A. 
ARRIAN.— SELECTIONS.     With  Exercises.     By  Rev.  John  Bond,  M.A.,  and 

Rev.  A.  S.  Walpole,  M.A. 
AULUS  GELLIUS,  STORIES  FROM.— Adapted  for  Beginners.    Witli  Exercises. 

By  Rev.  G.  H.  Nall,  M.A.,  Assistant  Master  at  Westminster. 
OiESAR.— THE  HELVETIAN  WAR.     Selections  from  Book  I.,  adapted  for  Be- 
ginners.    With  Exercises.     By  W.  Welch,  M.A.,  and  C.  G.  Duffield,  M.A. 
THE  INVASION  OF  BRITAIN.    Selections  from  Books  IV.  and  V.,  adapted  for 

Beginners.     With  Exercises.     By  the  same. 
SCENES  FROM  BOOKS  V.  and  VI.     By  0.  Colbeck,  M.A. 
SCENES  FROM  THE  CIVIL  WAR.     By  C.  H.  Keene. 
THE  GALLIC  WAR.     BOOK  I.     By  Rev.  A.  S.  Walpole,  M.A. 
BOOKS  II.  AND  HI.      By  the  Rev.  W.  G.  Rutherford,  M.A.,  LL.D. 
BOOK  IV.     By  Clement  Bryans,  M.A.,  Assistant  Master  at  Dulwich  College. 
BOOK  V.     By  C.  Colbeck,  M.A.,  Assistant  Master  at  Harrow. 
BOOK  VI.    By  C.  Colbeck,  M.A. 

BOOK  VII.     By  Rev.  J.  Bond,  M.A.,  and  Rev,  A.  S.  Walpole,  M.A. 
THE  CIVIL  WAR.     BOOK  I.     By  M.  Montgomrey,  M.A. 
CICERO.— DE  SENECTUTE.     By  E.  S.  Shuckbubgh,  M.A. 
DE  AMICITIA,     By  the  same. 

STORIES  OF  ROMAN  HISTORY.     Adapted  for  Beginners.     With  Exercises. 
By  Rev.  G.  E.  Jeans,  M.A.,  and  A.  V.  Jones,  M.A. 
CURTIUS  (QTiintus).  — SELECTIONS.     Adapted  for  Beginners.      With  Notes, 
Vocabulary,  and  Exercises.     By  F.  Coverley  Smith.  [In  preparation. 

EURIPIDES.— ALCESTIS.     By  Rev.  M.  A.  Bayfield,  M.A. 
MEDEA.     By  Rev.  M.  A.  Bayfield,  M.A. 

HECUBA.     By  Rev.  J.  Bond,  M.A.,  and  Rev.  A.  S.  Walpole,  M.A. 
EUTROPIUS.— Adapted  for  Beginners.     With  Exercises.     By  W.  Welch,  M.A., 
and  C.  G.  Duffield,  M.A. 
BOOKS  I.  and  II.     By  the  same. 

EXERCISES  IN  UNSEEN  TRANSLATION  IN  LATIN.     By  W.  Welch,  M.A,, 
and  Rev.  C.  G.  Duffield,  M.A. 
HERODOTUS,  TALES  FROM.     Atticised.    By  G.  S.  Faenell,  M.A. 
HOMER,— ILIAD.   BOOK  I.    By  Rev.  J.  Bond,  M.  A.,  and  Rev,  A.  S.  Walpole,  M.A. 
BOOK  VI.     By  Walter  Leaf,  Litt.D.,  and  Rev.  M,  A,  Bayfield, 
BOOK  XVIII,     By  S,  R,  Jajvies,  M.A.,  Assistant  Master  at  Eton, 
BOOK  XXIV,    By  W.  Leaf,  Litt.D,,  and  Rev,  M,  A.  Bayfield,  M.A.  [In  the  Press. 
ODYSSEY.     BOOK  I.     By  Rev.  J.  Bond,  M.A.,  and  Rev.  A,  S.  Walpole,  M.A. 
HORACE,— ODES.      BOOKS   I.  II.  III.  and   IV.  separately.      By  T,  B,  Page, 

M.A.,  Assistant  Master  at  the  Charterhouse.     Each  Is.  6d. 
LIVY,— BOOK  I.     By  H.  M.  Stephenson,  M.A, 
BOOK  V,     By  M,  Alford, 
BOOK  XXI.     Adapted  from  Mr.  Capes's  Edition.     By  J,  E,  Melhuish,  M,A. 
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BOOK  XXII.     Adapted  from  Mr.  Capes's  Edition.     By  J.  E.  Melhuish,  M.A. 

SELECTIONS  FROM  BOOKS  V.  and  VI.     By  W.  Cecil  Laming,  M.A. 

THE   HANNIBALIAN  WAR.      BOOKS  XXI.   and   XXII.   adapted   by  G.   C. 

Macaulay,  M.A. 
BOOKS  XXIII.  and  XXIV.  adapted  by  tbe  same.  [In  preparation. 

THE  SIEGE  OF  SYRACUSE.     Being  part  of  the  XXIV.  and  XXV.  BOOKS  OF 

LIVY,  adapted  for  Beginners.     With  Exercises.     By  G.  Richards,  M.A.,  and 

Rev.  A.  S.  Walpole,  M.A. 
LEGENDS  OF  ANCIENT  ROME.     Adapted  for  Beginners.     With  Exercises. 

By  H.  Wilkinson,  M.A. 
LUOIAN.— EXTRACTS  FROM  LUCIAN.  With  Exercises.   By  Rev.  J,  Bond,  M.A., 

and  Rev.  A.  S.  Walpole,  M.A. 
NEPOS.— SELECTIONS  ILLUSTRATR^  OF  GREEK  AND  ROMAN  HISTORY. 

With  Exercises.     By  G.  S.  Farnell,  M.A. 
OVID.— SELECTIONS.     By  E.  S.  Shuckburgh,  M.A. 
EASY  SELECTIONS  FROM  OVID  IN  ELEGIAC  VERSE.    With  Exercises,    By 

H.  Wilkinson,  M.A. 
METAMORPHOSES.     BOOK  I.  By  Charles  Simmons,  M.A.     [In  preparation. 
STORIES  FROM  THE  METAMORPHOSES.   With  Exercises.   By  Rev.  J.  Bond, 

M.A.,  and  Rev.  A.  S.  Walpole,  M.A. 
TRISTIA.— BOOK  I.     By  E.  S.  Shuckburgh,  M.A.  [In  preparation. 

BOOK  III.     By  E.  S.  Shuckburgh,  M.A.  [In  preparation. 

PHiEDRUS.— SELECT  FABLES.     Adapted   for    Beginners.     With    Exercises. 

By  Rev.  A.  S.  Walpole,  M.A. 
THUCYDIDES.-THE  RISE  OF  THE  ATHENIAN  EMPIRE.     BOOK  L     Chs. 

89-117  and  228-238.     With  Exercises.     By  F.  H.  Colson,  M.A. 
SELECTIONS  FROM  BOOKS  II.  and  III.     THE  SIEGE  OF  PLAT.EA.     By 

W.  T.  SuTTHERY,  M.A.,  and  A.  S.  Graves,  M.A.  [In  the  Press. 

VIRGIL,— SELECTIONS.     By  E.  S.  Shuckburgh,  M.A. 
BUCOLICS.     By  T.  E.  Page,  M.A. 
GEORGICS.     BOOK  I.     By  T.  E.  Page,  M.A. 
BOOK  II.     By  Rev.  J.  H.  Skrine,  M.A. 

BOOK  III.    ByT.  E.  Page,  M.A.  [In  preparation. 

BOOK  IV.     By  T.  E.  Page,  M.A.  [In  preparation. 

iENEID.     BOOK  I.     By  Rev.  A.  S,  Walpole,  M.A. 
BOOK  L     By  T.  E.  Page,  M.A. 
BOOK  IL     By  T.  E.  Page,  M.A. 
BOOK  IIL     By  T.  E.  Page,  M.A. 
BOOK  IV.     By  Rev.  H.  M.  Stephenson,  M.A. 
BOOK  V.     By  Rev.  A.  Calvert,  M.A. 
BOOK  VI.     By  T.  E.  Page,  M.A. 
BOOK  VII.     By  Rev.  A.  Calvert,  M.A. 
BOOK  VIII.     By  Rev.  A.  Calvert,  M.A. 
BOOK  IX.     By  Rev.  H.  M,  Stephenson,  M.A. 
BOOK  X.     By  S.  G.  Owen,  M.A. 
XENOPHON.— ANABASIS.     Selections,  adapted  for  Beginners.     With  Exercises. 

By  W.  Welch,  M.A.,  and  C.  G.  Duffield,  M.A. 
BOOK  I.     With  Exercises.     By  E.  A.  Wells,  M.A. 
BOOK  L     By  Rev.  A.  S.  Walpole,  M.  A. 
BOOK  IL     By  Rev.  A.  S.  Walpole,  M.A. 
BOOK  III.     By  Rev.  G.  H.  Nall,  M.A. 
BOOK  IV.     By  Rev.  E.  D.  Stone,  M.A. 
BOOK  V.     By  Rev.  G.  H.  Nall,  M.A. 
BOOK  VI.     By  Rev.  G.  H.  Nall,  M.A. 

SELECTIONS  FROM  BOOK  IV.     With  Exercises.     By  Rev.  E.  D.  Stone,  M.A. 
SELECTIONS    FROM    THE    CYROP^DIA.       With    Exercises.      By    A.    H. 

TALES  FROM  THE  CYROP.ffiDIA.     With  Exercises.     By  Charles  H.  Keene. 

The  following  contain  Introductions  and  Kotes,  but  no  Vocabulary  :— 
CICERO.- SELECT  LETTERS.    By  Rev.  G.  E.  Jeans,  M.A. 

HERODOTUS.— SELECTIONS  FROM  BOOKS  VII.  and  VIII.     THE  EXPEDI- 
TION OF  XERXES.     By  A.  H.  Cooke,  M.A. 
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HORACE.— SELECTIONS  PROM  THE  SATIRES  AND  EPISTLES.     By  Rev.  W. 

J.  V.  Baker,  M.A. 
SELECT  EPODES  AND  ARS  POETICA.     By  H.  A.  Dalton,  M.A. 
PLATO.— EUTHYPHRO  AND  MENEXENUS.     By  C.  E.  Graves,  M.A. 
TERENCE.— SCENES  FROM  THE  ANDRIA.     By  F.  W.  Cornish,  M.A.,  Assistant 

Master  at  Eton. 
THE    GREEK    ELEGIAC    POETS.— FROM   CALLINUS    TO    GALLIMACHUS. 

Selected  by  Rev.  Herbert  Kynaston,  D.D. 
THUCYDIDES.— BOOK  IV.  Chs.  1-il.     THE  CAPTURE  OP  SPHACTERIA.    By 

C.  E.  Graves,  M.A. 

CLASSICAL  SERIES 
FOR  COLLEGES  AND  SCHOOLS. 

Fcap.  8vo. 

.ffiSCHINES.— IN    CTESIPHONTA.      By  Rev.  T.   Gwatkin,   M.A.,  and   E.   S. 

Shuckburgh,  M.A.     5s. 
.fflSCHYLUS.— PERS^.     By  A.  0.  Prickard,  M.A.,  Fellow  and  Tutor  of  New 
College,  Oxford.     "With  Map.     2s.  6d. 
SEVEN  AGAINST  THEBES.    SCHOOL  EDITION.   By  A.  W.  Verrall,  Litt.D., 
and  M.  A.  Bayfield,  M.A.     2s.  6d. 
ANDOCIDES.— DE  MYSTERIIS.     By  W.  J.  Hickie,  M.A.     2s.  6d. 
ATTIC  ORATORS.— Selections  from  ANTIPHON,  ANDOCIDES,  LYSIAS,  ISO- 
CRATES,  and  ISAEUS.     By  R.  C.  Jebb,  Litt.D.,  Regius  Professor  of  Greek 
in  the  University  of  Camhridge.     5s. 
*OiESAR.— THE  GALLIC  WAR.    By  Rev.  John  Bond,  M.A.,  and  Rev.  A.  S. 

Walpole,  M.A.     "With  Maps.     4s.  6d. 
CATULLUS.- SELECTPOEMS.    By  F.  P.  Simpson,  B.  A.    3s.  6d.    The  Text  of  this 

Edition  is  carefully  expurgated  for  School  use. 
*CICERO.— THE  CATILINE  ORATIONS.    By  A.  S.  Wilkins,  Litt.D.,  Professor  of 
Latin,  Owens  College,  Manchester.     2s.  6d. 
PRO  LEGE  MANILIA.     By  Prof.  A.  S.  "Wilkins,  Litt.D.     2s.  6d. 
THE  SECOND  PHILIPPIC  ORATION.    By  John  E.  B.  Mayor,  M.A.,  Professor 

of  Latin  in  the  University  of  Cambridge.    3s.  6d. 
PRO  ROSCIO  AMERINO.     By  E.  H.  Donkin,  M.A.     2s.  6d. 
PRO  P.  SESTIO.     By  Rev.  H.  A.  Holden,  Litt.D.     3s.  6d. 
PRO  MILONE.     By  F.  H.  Colson,  M.A.     2s.  6d. 
SELECT  LETTERS.     By  R.  Y.  Tyrrell,  M.A.     4s.  6d. 
DEMOSTHENES.— DE  CORONA.    By  B.  Drake,  M.A.     7th  Edition,  revised  by 
E.  S.  Shuckburgh,  M.A.    3s.  6d. 
AD  VERS  US  LEPTINEM.     By  Rev.  J.  R.  King,  M.A.,  Fellow  and  Tutor  of  Oriel 

College,  Oxford.     2s.  6d. 
THE  FIRST  PHILIPPIC.    By  Rev.  T.  Gwatkin,  M.A.     2s.  6d. 
IN  MIDIAM.     By  Prof.  A.  S.  "Wilkins,  Litt.D.,  and  Herman  Hager,  Ph.D.,  the 
Owens  College,  Victoria  University,  Manchester.  [In  preparation. 

EURIPIDES.— HIPPOLYTUS.     By  Rev.  J.  P.  Mahaffy,  D.D.,  Fellow  of  Trinity 
College,  and  Professor  of  Ancient  History  in  the  University  of  Dublin,  and  J. 
B.  Bury,  M.A.,  Fellow  of  Trinity  College,  Dublin.     2s.  6d. 
MEDEA.     By  A.  "W.  Verrall,  Litt.D.,  Fellow  of  Trinity  College,  Cambridge. 

2s.  6d. 
IPHIGENIA  IN  TAURIS.    By  E.  B.  England,  M.A.     3s. 

ION.     By  M.  A.  Bayfield,  M.A.,  Headmaster  of  Christ  College,  Brecon.    2s.  6d. 
BACCHAE.  By  R.  Y.  Tyrrell,  M.A.,  Regius  Professor  of  Greek  in  the  University 
of  Dublin.     3s.  6d. 
HERODOTUS.— BOOK  III.     By  G.  C.  Macaulay,  M.A.     2s.  6d. 
BOOK  V.     By  J.  Strachan,  M.A.,  Professor  of  Greek,  Owens  College,  Man- 
chester. [In  preparation. 
BOOK  VI.     By  the  same.     3s.  6d. 
BOOK  VII.     By  Mrs.  Montagu  Butler.    3s.  6d. 
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HOMER.— ILIAD,     In  4  vols.     Edited  by  W.  Leaf,  Litt.D.,  and  Rev.   M.  A. 
Bayfield,  M.A.  [Vol.  I.  in  the  Press. 

ILIAD.    BOOKS  L,  IX.,  XL,  XVI.-XXIV.     THE  STORY  OF  ACHILLES.     By 
the  late  J.  H.  Pkatt,  M.A.,  and  Walter  Leaf,  Litt.D.,  Fellows  of  Trinity 
College,  Cambridge.     5s. 
ODYSSEY.    BOOK  IX.     By  Prof.  John  E.  B.  Mayor.     2s.  6d. 
ODYSSEY.     BOOKS  XXI.-XXIV.     THE  TRIUMPH  OF  ODYSSEUS.     By  S. 
G.  Hamilton,  M.A.,  Fellow  of  Hertford  College,  Oxford.     2s.  6d. 
HORACE.— *THE  ODES.     By  T.  E.  Page,  M.A.,  Assistant  Master  at  the  Charter- 
house.    5s.     (BOOKS  I.  II.  III.  and  IV.  separately,  2s.  each,) 
THE  SATIRES.     By  Arthur  Palmer,  M.A.,  Professor  of  Latin  in  the  University 

of  Dublin.     5s. 
THE  EPISTLES  AND  ARS  POETICA.     By  Prof.  A.  S.  Wilkins,  Litt.D.     5s. 
JUVENAL.— *THIRTEEN  SATIRES.     By  E.  G.  Hardy,  M.A.     5s.    The  Text  is 
carefully  expurgated  for  School  use. 
SELECT  SATIRES.      By  Prof.  John  E.  B.  Mayor.     XII.-XVI.     4s.  6d. 
LIVY.— *BOOKS  II.  and  III.    By  Rev.  H.  M.  Stephenson,  M.A.     3s.  6d. 
*BOOKS  XXl.  and  XXII.     Bv  Rev.  W.  W.  Capes,  M.A.     With  Maps.     4s.  6d. 
*BOOKS  XXIII.  and  XXIV.     By  G.  C.  Macaulay,  M.A.     With  Maps.     3s.  6d. 
*THE  LAST  TWO  KINGS  OF  MACEDON.     EXTRACTS  FROM  THE  FOURTH 
AND  FIFTH  DECADES  OF  LIVY.      By  F.  H.  Rawlins,  M.A.,  Assistant 
Master  at  Eton.     With  Maps.     2s.  6d. 
LUCRETIUS.— BOOKS  I.-IIL     By  J.  H.  Warburton  Lee,  M.A.,  late  Assistant 

Master  at  Rossall.     3s.  6d. 
LYSIAS.— SELECT  ORATIONS.     By  E.  S.  Shuckbtjrgh,  M.A.     5s. 
MARTIAL.— SELECT  EPIGRAMS.     By  Rev.  H.  M.  Stephenson,  M.A.     5s. 
*OVID.— FASTI.     By  G.  H.  Hallam,  M.A.,  Assistant  Master  at  Harrow.     3s.  6d. 
*HEROIDUM  EPISTUL^  XIIL     By  E.  S.  Shuckburgh,  M.A.     3s.  6d. 
METAMORPHOSES.     BOOKS  L-IIL     By  C.  Simmons,  M.A.     [In  preparation. 
BOOKS  XIIL  and  XIV.     By  the  same.     3s.  6d. 
PLATO.— LACHES.     By  M.  T.  Tatham,  M.A.     2s.  6d. 
THE  REPUBLIC.     BOOKS   I.-V.     By  T.  H.   Warren,    M.A.,   President  of 
Magdalen  College,  Oxford.     5s. 
PLAUTUS.— MILES  GLORIOSUS.     By  R.  Y.  Tyrrell,  M.A.,  Regius  Professor  of 
Greek  in  the  University  of  Dublin.     2nd  Ed.,  revised.     3s.  6d. 
AMPHITRUO.     By  Prof.  Arthur  Palmer,  M.A.     8s.  6d. 
CAPTIVL     By  A.  R.  S.  Hallidie,  M.A.     3s.  6d. 
PLINY.— LETTERS.     BOOKS  I.  and  II.     By  J.  Cowan,  M.A.,  Assistant  Master 
at  the  Manchester  Grammar  School.     3s. 
LETTERS.    BOOK  III.     By  Prof.  John  E.  B.  Mayor.     With  Life  of  Pliny  by 
G.  H.  Rendall,  M.A.     3s.  6d. 
PLUTARCH.— LIFE  OF  THEMISTOKLES.  By  Rev.  H.  A.  Holden,  Litt.D.  3s.6d. 
LIVES  OF  GALBA  AND  OTHO.     By  E.  G.  Hardy,  M.A.     5s. 
LIFE  OF  PERICLES.     By  Rev.  H.  A.  Holden,  Litt.D.  [In  the  Press. 

POLYBIUS.— THE  HISTORY  OF  THE  ACH^AN  LEAGUE  AS  CONTAINED  IN 

THE  REMAINS  OF  POLYBIUS.     By  Rev.  W.  W.  Capes,  M.A.     5s. 
PROPERTIUS.— SELECT  POEMS.   By  Prof.  J.  P.  Postgate,  Litt.D.    2nd  Ed.    5s. 
SALLUST.— *CATILINA  and  JUGURTHA.    By  C.  Merivale,  D.D.,  Dean  of  Ely. 
3s.  6d.     Or  separately,  2s.  each. 
*BELLUM  CATULINiE.     By  A.  M.  Cook,  M.A.     2s.  6d. 

JUGURTHA.     By  the  same.  [In  preparation. 

TACITUS.— THE  ANNALS.     BOOKS  I.  and  II.    By  J.  S.  Reid,  Litt.D.  [In  prep. 
BOOK  VL     By  A.  J.  Church,  M.A.,  and  W.  J.  Brodribb,  M.A.     2s. 
THE  HISTORIES.     BOOKS  I.  and  II.    By  A.  D.  Godley,  M.A.     3s.  6d. 
BOOKS  III.-V.    By  the  same.    3s.  6d. 
AGRICOLA  and  GERMANIA.     By  A.  J.  Church,  M.A.,  and  W.  J.  Brodribb, 

M.A.    3s.  6d.     Or  separately,  2s.  each. 
AGRICOLA  AND  GERMANIA  (separately).     By  F.   J.   Haverfield,  M.A., 
Student  of  Christ  Church,  Oxford.  [In  preparation. 

TERENCE.— HAUTON  TIMORUMENOS.     By  E.  S.  Shuckburgh,  M.A.     2s.  6d. 
With  Translation.     3s.  6d. 
PHORMIO.    By  Rev.  John  Bond,  M.A.,  and  Rev.  A.  S.  Walpole,  M.A.    2s.  6d. 
ADELPHOE.     By  Prof.  S.  G.  Ashmore.    3s.  6d. 
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THTJCYDIDES.— BOOK  I.     By  Clement  Brtans,  M.A.  [In  preparation. 

BOOK  II.     By  E.  C.  Marchant,  M.A.,  Fellow  of  St.  Peter's  Coll.,  Cam.    3s.  6d. 

BOOK  III.     By  B.  0.  Marchant,  M.A.  [In preparation. 

BOOK  IV,     By  C.  E.  Graves,  M.A.,  Classical  Lecturer  at  St.  John's  College, 
Cambridge.     3s.  6d. 

BOOK  V.     By  C.  E.  Graves,  M.A.     3s.  6d. 

BOOKS  VI.  AND  VII.     By  Rev.  Percival  Frost,  M.A.     With  Map.     8s.  6d. 

BOOK  VI.     Bv  E.  C.  Marchant,  M.A.  [In  preparation. 

BOOK  VII.     By  B.  C.  Marchant,  M.A.     3s.  6d. 

BOOK  VIII.     Bv  Prof.  T.  G.  Tucker,  Litt.D.     3s.  6d. 
TIBULLUS.— SELECT  POEMS.    By  Prof.  J.  P.  Postgate,  Litt.D.  [In preparation. 
VIRGIL.— ^NEID.      BOOKS   IL  and  III.      THE   NARRATIVE   OP  iENEAS. 

By  E.  W.  HowsoN,  M.A.,  Assistant  Master  at  Harrow.     2s. 
XENOPHON.— *THB  ANABASIS.      BOOKS  I.-IV.     By  Profs.  W.  W.  Goodwin 
and  J.  "W.  White.    Adapted  to  Goodwin's  Greek  Grammar.    With  Map.    3s.  6d. 

BOOKS  V.-VII.     By  Rev.  G.  H.  Nall,  M.A.  [In  preparation. 

HELLENICA.     BOOKS  L  and  II.    ByH.  Hailstone,  B.A.   With  Map.    2s.  6d. 

BOOK  III.     By  H.  G.  Dakyns,  M.A.  [In  the  Press. 

BOOK  IV.     By  the  same.  [In  preparation. 

CYROP^DIA.     BOOKS  VIL  and  VI IL     By  A.  Goodwin,  M.A.     2s.  6d. 

MEMORABILIA  SOCRATIS.  By  A.  R.  Cluer,  B.A.,  Balliol  CoUege,  Oxford.  5s. 

HIERO.     By  Rev.  H.  A.  Holden,  Litt.D.     2s.  6d. 

OECONOMICUS.     By  the  same.     With  Lexicon.     5s. 

CLASSICAL    LIBRARY. 

Texts,  Edited  with   Introductions  and   Notes,   for  the  use   of 
Advanced  Students  ;  Commentaries  and  Translations. 

.ffiSCHYLUS.— THE   SURPLICES.      A  Revised  Text,  with  Translation.     By  T. 

G.  Tucker,  Litt.D.,  Professor  of  Classical  Philology  in  the  University  of  Mel- 
bourne.    Svo.     10s.  6d. 
THE  SEVEN  AGAINST  THEBES.     With  Translation.      By  A.  W.  Verrall, 

Litt.D.,  Fellow  of  Trinity  College,  Cambridge.     Svo.     7s.  6d. 
AGAMEMNON.     With  Translation.     By  A.  W.  Verrall,  Litt.D.     Svo.     12s. 
THE  CHOEPHORL     With  Translation.    Bv  A.  W.  Verrall,  Litt.  D.    Svo.    12s. 
AGAMEMNON,   CHOEPHORI,  AND   EUMENIDES.      By  A.    0.   Prickard, 

M.A.,  Fellow  and  Tutor  of  New  College,  Oxford.     Svo.  [In  preparation. 

THE  EUMENIDES.     With  Verse  Translation.     By  B.  Drake,  M.A.     Svo.     5s. 
^SCHYLUS.    Translated  into  English  Prose  by  Prof.  T.  G.  Tucker.    Cr.  Svo. 

[In  preparation. 
ANTONINUS,   MARCUS  AURELIUS.— BOOK  IV.    OF  THE  MEDITATIONS. 

With  Translation.     By  Hastings  Crossley,  M.A.     Svo.     6s. 
ARISTOPHANES.— THE   BIRDS.     Translated  into  English  Verse.      By  B.  H. 

Kennedy,  D.D.     Cr.  Svo.     6s.     Help   Notes  to  the   Same,  for  the   Use  of 

Students.     Is.  6d. 
SCHOLIA  ARISTOPHANICA;   being  such  Comments  adscript  to  the  text  of 

Aristophanes  as  are  preserved  in  the  Codex  Ravennas,  arranged,  emended,  and 

translated.     By  Rev.  W.  G.  Rutherford,  M.A.,  LL.D.     Svo.        [In  the  Press. 
ARISTOTLE.— THE   METAPHYSICS.     BOOK  I.     Translated   by  a  Cambridge 

Graduate.     Svo.     5s. 
THE  POLITICS.     By  R.  D.  Hicks,  M.A.,  Fellow  of  Trinity  College,  Cambridge. 

Svo.  [In  the  Press. 

THE  POLITICS.     Translated  by  Rev.  J.  E.  C.  Welldon,  M.A.,  Headmaster  of 

Harrow.     Cr.  Svo.     10s.  6d. 
THE  RHETORIC.     Translated  by  the  same.     Cr.  Svo.     7s.  6d. 
AN  INTRODUCTION  TO  ARISTOTLE'S  RHETORIC.     With  Analysis,  Notes, 

and  Appendices.     By  E.  M.  Cope,  Fellow  and  late  Tutor  of  Trinity  College, 

Cambridge.     Svo.     14s. 
THE  NICOMACHEAN  ETHICS.    Translated  by  Rev.  J.  B.  C.  Welldon,  M.A. 

Cr.  Svo.     7s.  6d. 
THE  SOPHISTICI  ELENCHL     With  Translation.    By  E,  Poste,  M.A.,  Fellow 

of  Oriel  College,  Oxford.     Svo.     8s.  6d. 
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ON  THE  CONSTITUTION  OF  ATHENS.    By  J.  E.  Sandys,  Litt.D.    8vo.    15s. 
ON  THE  CONSTITUTION  OF  ATHENS.     Translated  by  E.  Poste,  M.A.     2nd 

Ed.     Cr.  8vo.     3s.  6d. 
ON    THE    ART    OF    POETRY.      A    Lecture.      By   A.    0.    Prickard,   M.A., 
Fellow  and  Tutor  of  New  College,  Oxfurd.     Cr.  8vo.     3s.  6d. 
ATTIC  ORATORS.— FROM  ANTIPHON  TO  ISAEOS.     By  R.  C.  Jebb,  Litt.D., 
Regius  Professor  of  Greek  in  the  University  of  Cambridge.    2  vols.    Svo.    25s. 
BABRIUS.— With  Lexicon.     By  Rev.  W.  G.  Rutherford,  M.A.,  LL.D.,  Head- 
master of  Westminster.     Svo.     12s.  6d. 
CATULLUS.     By  Prof.  Arthur  Palmer.  [In  preparation. 

CICERO.— THE  ACADEMICA.     By  J.  S.  Reid,  Litt.D.,  Fellow  of  Caius  College, 
Cambridge.     Svo.     15s. 
THE  ACADEMICS.     Translated  by  the  same.     Svo.     5s.  6d. 
SELECT  LETTERS.     After  the  Edition  of  Albert  Watson,  M.A.     Translated 
by  G.  E.  Jeans,  M.A.,  Fellow  of  Hertford  College,  Oxford.     Cr.  Svo.     10s.  6d. 
EURXPIDES.- MEDEA.     By  A.  W.  Verrall,  Litt.D.     Svo.     7s.  6d. 
IPHIGENEIA  AT  AULIS.     By  E.  B.  England,  Litt.D.     Svo.     7s.  6d. 
*INTRODUCTION  TO   THE   STUDY   OF  EURIPIDES.       By  Professor  J.  P. 
Mahaffy.     Fcap.  Svo.     Is.  6d.     (Classical  Writers.) 
HERODOTUS.— BOOKS   I.-IIL     THE  ANCIENT  EMPIRES  OF    THE   EAST. 
By  A.  H.  Sayce,  Deputy-Professor  of  Comparative  Philology  in  the  University 
of  Oxford.     Svo.     16s. 
BOOKS  IV.-IX.     By  R.  W.  MACAiJ,  M.A.,  Reader  in  Ancient  History  in  the 
University  of  Oxford.     Svo.  [In  the  Press. 

THE  HISTORY.    Translated  by  G.  C.  Macaulay,  M.A.     2  vols.     Cr.  Svo.     ISs. 
HOMER.— THE  ILIAD.     By  Walter  Leaf,  Litt.D.     Svo.    Books  I.-XIL     14s. 
Books  XIII.-XXIV.     14s. 
COMPANION  TO  THE  ILIAD  FOR  ENGLISH  READERS.     By  the  same. 

Cr.  Svo.     7s.  6d. 
THE  ILIAD.    Translated  into  English  Prose  by  Andrew  Lang,  M.A.,  Walter 

Leaf,  Litt.D.,  and  Ernest  Myers,  M.A.     Cr.  Svo.     12s.  6d. 
THE   ODYSSEY.     Done  into  English  by  S.  H.  Butcher,  M.A.,  Piofessor  of 
Greek  in  the  University  of  Edinburgh,  and  Andrew  Lang,  M.A.    Cr.  Svo.    6s. 
^INTRODUCTION  TO  THE  STUDY  OF  HOMER.     By  the  Right  Hon.  W.  E. 

Gladstone.     ISmo.     Is.     (Literature  Primers.) 
HOMERIC  DICTIONARY.     Translated  from  the  German  of  Dr.  G.  Autenrieth 
by  R.  P.  Keep,  Ph.D.     Illustrated.     Cr.  Svo.     6s. 
HORACE.— Translated  by  J.  Lonsdale,  M.A.,  and  S.  Lee,  M.A.    Gl.  Svo.    3s.  6d. 
JUVENAL.— THIRTEEN   SATIRES   OP  JUVENAL.      By  John  E.   B.  Mayor, 
M.A.,  Professor  of  Latin  in  the  University  of  Canjbridge.     Cr.  Svo.     2  vols. 
10s.  6d.  each. 
THIRTEEN  SATIRES.     Translated  by  Alex.  Leeper,  M.A.,  LL.D.,  Warden  of 
Trinity  College,  Melbourne.     Revised  Ed.     Cr.  Svo.     3s.  6d. 
KTESIAS.— THE  FRAGMENTS  OF  THE  PERSIKA  OF  KTESIAS.     By  John 

GiLMORE,  M.A.     Svo.     8s.  6d. 
LIVY.— BOOKS  I.-IV.     Translated  by  Rev.  H.  M.  Stephenson,  M.A.        [In  prep. 
BOOKS  XXI.-XXV.     Translated  by  A.  J.  Church,  M.A.,  and  W.  J.  Brodribb, 
M.A.     Cr.  Svo.     7s.  6d. 
*INTRODUCTION  TO  THE  STUDY  OP  LIVY.     By  Rev.  W.  W.  Capes,  M.A. 

Fcap.  Svo.     Is.  6d.     (Classical  Writers.) 
LONGINUS.— ON  THE  SUBLIME.     Translated  by  H.  L.  Havell,  B.A.     With 

Introduction  by  Andrew  Lang.     Cr.  Svo.     4s.  6d. 
MARTIAL.— BOOKS   I.  and   II.  OP  THE   EPIGRAMS.      By  Prof.  John  E.  B. 
Mayor,  M.A.     Svo.  [In  the  Press. 

MELEAGER.— FIFTY  POEMS  OF  MELEAGER.     Translated  by  Walter  Head- 
lam.     Fcap.  4to.     7s.  6d. 
PAUSANIAS.— DESCRIPTION    OP   GREECE.       Translated   with   Commentary 
by  J.  G.  Prazer,  M.A.,  Fellow  of  Trinity  College,  Cambridge.  [In  prep. 

PHRYNICHUS.— THE  NEW  PHRYNICHUS  ;  being  a  Revised  Text  of  the  Ecloga 
of  the  Grammarian  Phrynichus.    With  Introduction  and  Commentary  by  Rev. 
W.  G.  Rutherford,  M.A.,  LL.D.,  Headmaster  of  Westminster.     Svo.     18s. 
PINDAR.— THE  EXTANT  ODES  OP  PINDAR.    Translated  by  Ernest  Myers, 
M.A.     Cr.  Svo.     5s. 
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THE    OLYMPIAN    AND  PYTHIAN  ODES.     Edited,   with  an  Introductory 
Essay,  by  Basil  Gildersleeve,  Professor  of  Greek   in  the  Johns  Hopkins 
University,  U.S.A.     Cr.  Svo.     7s.  6d. 
THE    NEMEAN    ODES.    By  J.  B.  Buby,  M.A.,   Fellow  of  Trinity  College, 

Dublin.     Svo.     12s. 
THE  ISTHMIAN  ODES.     By  the  same  Editor.     Svo.     10s.  6d. 
PLATO.— PH^DO.     By  R.  D.  Archee-Hind,  M.A.,  Fellow  of  Trinity  College, 
Cambridge.     Svo.     8s.  6d. 
PH^DO.    By  Sir  "W.  D.  Geddes,  LL.D.,  Principal  of  the  University  of  Aberdeen. 

Svo.     8s.  6d. 
TIMAEUS.     With  Translation.    By  R.  D.  Archer-Hind,  M.A.     Svo.     16s. 
THE  REPUBLIC  OF  PLATO.     Tianslated  by  J.  Ll.  Davies,  M.A.,  and  D.  J. 

Vaughan,  M.A.     ISmo.     2s.  6d.  net. 
EUTHYPHRO,   APOLOGY,   CRITO,   AND    PH^DO.      Translated   by  F.   J. 

Church.     ISmo.     2s.  6d.  net. 
PH^DRUS,  LYSIS,  AND  PROTAGORAS.     Translated  by  J.  Wright,  M.A. 
ISmo.     2s.  6d.  net. 
PLAUTUS.— THE  MOSTELLARIA.     By  William  Ramsay,  M.A.     Ed.  by  G.  G. 

Ramsay,  M.  A.,  Professor  of  Humanity,  University  of  Glasgow.     Svo.     14s. 
PLINY.— CORRESPONDENCE    WITH    TRAJAN.      C.    Plinii    Caecilii    Secundi 
Epistulse  ad  Traianura  Imperatorem  cum  Biusdem  Responsis.     By  B.   G. 
Hardy,  M.A.     Svo.     10s.  6d. 
POLYBIUS.— THE  HISTORIES  OF  POLYBIUS.     Translated  by  E.  S.  Shuck- 
burgh,  M.A.     2  vols.     Cr.  Svo.     24s. 
SALLUST.— CATILINE  AND  JUGURTHA,     Translated  by  A.  W.  Pollard,  B.A. 

Cr.  Svo.     6s.     THE  CATILINE  (separately).     3s. 
SOPHOCLES.— CEDIPUS  THE  KING.     Translated  into  English  Verse  by  E.  D.  A. 

MoRSHEAD,  M.A.,  Assistant  Master  at  Winchester.     Fcap.  Svo.     3s.  6d. 
TACITUS.— THE  ANNALS.     By  G.  O.  Holbrooke,  M.A.,  Professor  of  Latin  in 
Trinity  College,  Hartford,  U.S.A.     With  Maps.     Svo.     16s. 
THE  ANNALS.     Translated  by  A.  J.  Church,  M.A.,  and  W.  J.  Brodribb,  M.A. 

With  Maps.     Cr,  Svo.     7s.  6d. 
THE  HISTORIES.     By  Rev.  W.  A.  Spooner,  M.A.,  Fellow  and  Tutor  of  New 

College,  Oxford.     Svo.     16s. 
THE  HISTORY.     Translated  by  A.  J.  Church,   M.A.,  and  W.  J.  Brodribb, 

M.A.     With  Map.     Cr.  Svo.     6s. 
THE  AGRICOLA  AND  GERMANY,  WITH  THE  DIALOGUE  ON  ORATORY. 

Translated  by  the  same.     With  Maps.     Cr.  Svo.     4s.  6d 
INTRODUCTION  TO  THE  STUDY  OF  TACITUS.     By  A.  J.  Church,  M.A., 

and  W.  J.  Brodribb,  M.A.     Fcap.  Svo.     Is.  6d.     (Classical  Writers.) 
THEOCRITUS,   BION,  AND  MOSCHUS.     Translated  by  A.  Lang,  M.A.     ISmo. 

2s.  6d.  net.     Also  an  Edition  on  Large  Paper.     Cr.  Svo.     9s. 
THUCYDIDES.— BOOK  IV.     A  Revision  of  the  Text,  Illustrating  the  Principal 
Causes  of  Corruption  in  the  Manuscripts  of  this  Author.     By  Rev.  W.  G. 
Rutherford,  M. A.,  LL.D.,  Headmaster  of  Westminster,     Svo.     7s.  6d. 
BOOK  VIII.     By  H.  C.  Goodhart,  M.A.,  Professor  of  Latin  in  the  University 
of  Edinburgh.     Svo.     9s. 
VIRGIL,— Translated  by  J,  Lonsdale,  M.A.,  and  S.  Lee,  M.A.     Gl.  Svo.     3s.  6d. 
THE  iENEID.    Translated  by  J.  W.  Mackail,  M.A.,  Fellow  of  Balliol  College, 
Oxford.     Cr.  Svo.     7s.  6d. 
XENOPHON.— Translated  by  H.  G.  Dakyns,  M.A.    In  four  vols.    Cr.  Svo.    Vol.  J. 
"  The  Anabasis  "  and  "  The  Hellenica  I.  and  II."    10s.  6d.    Vol.  II.  "  HeUenica" 
III.-VII.  "  Agesilaus,"  the  "  Polities,"  and  "Revenues."    10s.  6d. 

[Vol  in.  in  the  Press 
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Latin. 

*BELCHER.— SHORT   EXERCISES  IN  LATIN  PROSE  COMPOSITION  AND 
EXAMINATION  PAPERS  IN  LATIN  GRAMMAR.     Part  I.     By  Rev.   H. 
Belcher,  LL.D.,  Rector  of  the  High  School,  Dunedin,  N.Z.     ISmo.     Is.  6d. 
KEY,  for  Teachers  only.     ISmo.     3s.  6d. 

*Part  II.,  On  the  Syntax  of  Sentences,  with  an  Appendix,  including  EXERCISES 
IN  LATIN  IDIOMS,  etc.     ISmo.     2s.     KEY.  for  Teachers  only.     ISmo.     3s. 
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*BRYANS.— LATIN  PROSE  EXERCISES  BASED  UPON  CESAR'S  GALLIC 
WAR.  "With  a  Classification  of  Csesar's  Chief  Phrases  and  Grammatical  Notes 
on  Caesar's  Usages.  By  Clement  Bryans,  M.A.,  Assistant  Master  at  Dulwich 
College.     Ex.  fcap.  8vo.     2s.  6d.     KEY,  for  Teachers  only.     4s.  6d. 

CORNELL  UNIVERSITY  STUDIES  EST  CLASSICAL  PHILOLOGY.     Edited  by 

1.  Flagg,  W.  G.  Hale,  and  B.  I.  Wheeler.    I.  The  C'C/M-Constructions :  their 
History  and  Functions.     By  W.  G.  Hale.    Part  1.  Critical.     Is.  8d.  net.     Part 

2.  Constructive.     3s.  4d.  net.     II.  Analogy  and  the  Scope  of  its  Application 
in  Language.     By  B.  I.  Wheeler.     Is.  3d.  net. 

*ENGLA2ro.— EXERCISES  ON  LATIN  SYNTAX  AND  IDIOM.  ARRANGED 
WITH  REFERENCE  TO  ROBY'S  SCHOOL  LATIN  GRAMMAR.  By  E. 
B.  England,  Litt.D.,  Assistant  Lecturer  at  the  Owens  College,  Manchester. 
Cr.  8vo.     2s.  6d.     KEY,  for  Teachers  only.     2s.  6d. 

GILES.— A  SHORT  MANUAL  OF  PHILOLOGY  FOR  CLASSICAL  STUDENTS. 
By  P.  Giles,  M.A.,  Reader  in  Comparative  Philology  in  the  University  of  Cam- 
bridge.    Cr.  8vo,  [In  the  Press. 

HADLEY.— ESSAYS,  PHILOLOGICAL  AND  CRITICAL.  By  James  Hadley, 
late  Professor  in  Yale  College.     8vo.     16s. 

HODGSON.— MYTHOLOGY  FOR  LATIN  VERSIFICATION.  Fables  for  render- 
ing into  Latin  Verse.  By  F.  Hodgson,  B.D.,  late  Provost  of  Eton.  New  Ed., 
revised  by  F.  C.  Hodgson,  M.A.     ISmo.     3s. 

JANNARIS.— HISTORICAL  GRAMMAR  OF  THE  GREEK  LANGUAGE.  By 
Prof.  A.  N.  Jannaris.     8vo.  [In  preparation. 

LUPTON.— *AN   INTRODUCTION   TO  LATIN   ELEGIAC  VERSE  COMPOSI- 
TION.    By  J.  H.  LuPTON,  Sur-Master  of  St.  Paul's  SchooL     Gl.  8vo.     2s.  6d. 
KEY  TO  PART  II.  (XXV.-C),  for  Teachers  only.     Gl.  8vo.     3s.  6d. 
*AN   INTRODUCTION  TO  LATIN  LYRIC  VERSE   COMPOSITION.     By  the 
same.     Gl.  8vo.     3s.     KEY,  for  Teachers  only.     Gl.  8vo.     4s.  6d. 

*MACMILLAN.— FIRST  LATIN  GRAMMAR.  By  M.  C.  Macmillan,  M.A. 
Fcap.  8vo.     Is.  6d. 

MAGMILLAN'S  LATIN  COURSE.     Globe  8vo. 
*FIRST  PART.     By  A.  M.  Cook,  M.A.,  Assistant  Master  at  St.  Paul's  School. 

Gl.  8vo.     3s.  6d. 
*SECOND  PART.     By  A.  M.  Cook,  M.A.,  and  W.  E.  P.  Pantin,  M.A.    New  and 
Enlarged  Edition.     Gl.  8vo.     4s.  6d. 

*MACMILLAN'S   SHORTER  LATIN  COURSE.     Gl.  8vo. 
FIRST  PART.    By  A.  M.  Cook,  M.A,     Is.  6d.     KEY,  for  Teachers  only.    4s.  6d. 
SECOND  PART.     By  A.  M.  Cook,  M.A.,  and  W.  E.  P.  Pantin,  M.A. 

[In  January.     Key  sTiortly. 

*MAOMILLAN'S  LATIN  READER.— A  LATIN  READER  FOR  THE  LOWER 
FORMS  IN  SCHOOLS.  By  H.  J.  Hardy,  M.A.,  Assistant  Master  at  Win- 
chester.    Gl.  8vo.     2s.  6d. 

NALL.— A  LATIN-ENGLISH  DICTIONARY.  ByRev.  G.  H.Nall.  [In preparation. 

NIXON.— PARALLEL  EXTRACTS,  Arranged  for  Translation  into  English  and 
Latin,  with  Notes  on  Idioms.  By  J.  E.  Nixon,  M.A.,  Fellow  and  Classical 
Lecturer,  King's  College,  Cambridge.  Part  I. — Historical  and  Epistolary. 
Cr.  8vo.  3s.  6d. 
PROSE  EXTRACTS,  Arranged  for  Translation  into  English  and  Latin,  with 
General  and  Special  Prefaces  on  Style  and  Idiom.  By  the  same.  I.  Oratorical. 
11.  Historical.  III.  Philosophical.  IV.  Anecdotes  and  Letters.  2nd  Ed., 
enlarged  to  280  pp.  Cr.  8vo.  4s.  6d.  SELECTIONS  FROM  THE  SAME.  2s.  6d. 
Translations  of  about  70  Extracts  can  be  supplied  to  Schoolmasters  (2s.  6d.), 
on  application  to  the  Author  :  and  about  40  similarly  of  "Parallel  Extracts." 
Is.  6d.  post  free. 

NIXON— SMITH.  — PARALLEL  VERSE  EXTRACTS  FOR  TRANSLATION 
INTO  ENGLISH  AND  LATIN.  By  J,  E.  Nixon,  M.A.,  and  E.  H.  C.  Smith, 
M.A.     Cr.  8vo.     5s.  6d. 

*PANTIN.— A  FIRST   LATIN  VERSE    BOOK.      By  W.    E.    P.    Pantin,  M.A. 
Assistant  Master  at  St.  Paul's  School.     Gl.  Svo.     Is.  6d. 
KEY,  for  Teachers  only.     4s.  net. 

*PEILE.— A  PRIMER  OF  PHILOLOGY.  By  J.  Peile,  Litt.D.,  Master  of  Christ's 
College,  Cambridge.     ISmo.     Is. 
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*POSTGATE,— SERMO  LATINUS.     A  short  Guide  to  Latin  Prose  Composition. 

By  Prof.  J.  P.  PosTGATE,  Litt.D.,  Fellow  of  Trinity  College,  Cambridge.     Gl. 

8vo.     2s.  6d.     KEY  to  "  Selected  Passages."     Gl.  8vo.     4s.  6d.  net. 

POTTS.— *HINTS  TOWARDS  LATIN  PROSE  COMPOSITION.     By  A.  W.  Potts, 

M.A.,  LL.D.,  late  Fellow  of  St.  John's  College,  Cambridge.    Ex.  fcap.  8vo.   3s. 

^PASSAGES  FOR  TRANSLATION  INTO  LATIN  PROSE.  Edited  with  Notes  and 

References  to  the  above.   Ex.  fcap.  Svo.    2s.  6d.    KE  T,  for  Teachers  only.  2s.  6d. 

*PRESTON.— EXERCISES  IN  LATIN  VERSE  OF  VARIOUS  KINDS.     By  Rev. 

G.  Preston.     Gl.  Svo.     2s.  6d.     KEY,  for  Teachers  only.     Gl.  Svo.     5s. 
REED.— A  GRAMMAR  OF  TACITUS.     By  J.  S.  Reid,  Litt.D.,  Fellow  of  Caius 
College,  Cambridge.  [In  preparation. 

A  GRAMMAR  OF  VIRGIL.     By  the  same.  [In  preparation. 

ROBY.— Works  by  H.  J.  Roby,  M.A.,  late  Fellow  of  St.  John's  College,  Cambridge. 
A  GRAMMAR  OF  THE  LATIN  LANGUAGE,  from  Plautus  to  Suetonius.     Part 
I.      Sounds,  Inflexions,  Word-formation,   Appendices.   Cr.  Svo.    9s.    Part  II. 
Syntax,  Prepositions,  etc.     10s.  6d. 
*SCHOOL  LATIN  GRAMMAR.     Cr.  Svo.     5s. 
'^ROBY— WILKINS.    AN  ELEMENTARY  LATIN  GRAMMAR.     By  H.  J.  Roby, 

M.A.,  and  Prof.  A.  S.  Wilkins,  Litt.D.     Gl.  Svo.     2s.  6d. 
*RUST.— FIRST  STEPS  TO  LATIN  PROSE  COMPOSITION.     By  Rev.  G.  Rust 
M.A.    ISmo.    Is.  6d.    KEY,  for  Teachers  only.    ByW.  M.Yates.    ISmo.    3s.  6d. 
*SIMPSON.  — LATIN  PROSE  AFTER  THE  BEST  AUTHORS  :  Csesarian  Prose. 
By  F.  P.  Simpson,  B.A.     Ex.  fcap.  Svo.     2s.  6d.    KEY,  for  Teachers  only.    5s. 
SMITH.— THE  THEORY  OF  CONDITIONAL  SENTENCES  IN  LATIN  AND 
GREEK.     By  R.  Horton  Smith,  Q.C.     Svo.  [In  the  Press. 

STRAGHAN  — WILKINS.— AN  ALB  CTA.      Selected   Passages    for   Translation. 
By  J.  S.  Strachan,  M.A.,  Professor  of  Greek,  and  A.  S.  Wilkins,  Litt.D., 
Professor  of  Latin,  Owens  College,  Manchester.     Cr.  Svo.     5s.     Also  in  two 
parts,  2s.  6d.  each.     Indexes  to  Greek  and  Latin  passages,  6d.  each. 
THRING.— A  LATIN  GRADUAL.   By  the  Rev.  E.  Thring,  M.A.,  late  Headmaster 
of  Uppingham.     A  First  Latin  Construing  Book.     Fcap.  Svo.     2s.  6d. 
A  MANUAL  OF  MOOD  CONSTRUCTIONS.     Fcap.  Svo.     Is.  6d. 
WELCH— DUFFIELD.—*LATIN  ACCIDENCE  AND  EXERCISES  ARRANGED 
FOR  BEGINNERS.     By  W.  Welch  and  C.  G.  Duffield.     ISmo.  Is.  6d. 
*EXERCISES    IN    UNSEEN    TRANSLATION    IN    LATIN.      By   the    same. 
ISmo.     Is.  6d. 
WRIGHT.— Works  by  J.  Wright,  M.  A.,  late  Headmaster  of  Sutton  Coldfield  School. 
A  HELP  TO  LATIN  GRAMMAR ;  or,  the  Form  and  Use  of  Words  in  Latin, 

with  Progressive  Exercises.     Cr.  Svo.     4s.  6d. 
THE  SEVEN  KINGS  OF  ROME.     An  Easy  Narrative,  abridged  from  the  First 
Book  of  Livy  by  the  omission  of  Difficult  Passages  ;  being  a  First  Latin  Read- 
ing Book,  with  Grammatical  Notes  and  Vocabulary.     Fcap.  Svo.     3s.  6d. 
FIRST    LATIN    STEPS;    or,    AN    INTRODUCTION    BY    A    SERIES    OF 
EXAMPLES  TO  THE  STUDY  OF  THE  LATIN  LANGUAGE.    Cr.  Svo.    3s. 
A  COMPLETE  LATIN  COURSE,  comprising  Rules  with  Examples,  Exercises, 
both  Latin  and  English,  on  each  Rule,  and  Vocabularies.     Cr.  Svo.    2s.  6d. 

Greek. 

BLACKIE.— GREEK  AND  ENGLISH  DIALOGUES   FOR  USE  IN  SCHOOLS 

AND  COLLEGES.     By  John  Stuart  Blackie,  Emeritus  Professor  of  Greek 

in  the  University  of  Edinburgh.     New  Edition.     Fcap.  Svo.     2s.  6d. 

A  GREEK  PRIMER,  COLLOQUIAL  AND  CONSTRUCTIVE.    Cr.  Svo.    2s.  6d. 

BRYANS.— GREEK    PROSE    EXERCISES   based    upon    Thucydides.       By  C. 

Bryans,  M.A.  [In  preparation. 

GILES.— See  under  Latin. 

GOODWIN.— Works  by  W.  W.  Goodwin,  LL.D.,  D.C.L.,  Professor  of  Greek  in 
Harvard  University. 
SYNTAX  OF  THE  MOODS  AND  TENSES  OF  THE  GREEK  VERB.     New 

Ed.,  revised  and  enlarged.     Svo.     14s. 
*A  GREEK  GRAMMAR.     Cr.  Svo.     6s. 

*A  GREEK  GRAMMAR  FOR  SCHOOLS.     New  Edition.     Cr.  Svo.     3s.  6d. 
HADLEY.— See  under  Latin. 
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HADLEY— ALLEN.— A  GREEK  GRAMMAR  FOR  SCHOOLS  AND  COLLEGES. 
By  James  Hadley,  late  Professor  in  Tale  College.    Revised  by  F.  de  F.  Allen, 
Professor  in  Harvard  College.     Cr.  Svo.     6s. 
*JAGKSON.— FIRST  STEPS  TO  GREEK  PROSE  COMPOSITION.    By  Blomfield 
Jackson,  M.A.     18mo.     Is.  6d.     KEY,  for  Teachers  only.     ISmo.     3s.  6d. 
♦SECOND   STEPS    TO    GREEK  PROSE    COMPOSITION,   with   Examination 
Papers.    By  the  same.    18mo.    2s.  6d.    KEY,  for  Teachers  only.    ISmo.    3s.  6d. 
KYNASTON.— EXERCISES    IN    THE    COMPOSITION    OF    GREEK   IAMBIC 
VERSE.    By  Rev.  H.  Kynaston,  D.D.,  Professor  of  Classics  in  the  University 
of  Durham.     "With  Vocabulary.     Ex.  fcap.  Svo.     5s.     KEY,  for  Teachers  only. 
Ex.  fcap.  Svo.     4s.  6d. 
MACKIE.— PARALLEL    PASSAGES    FOR    TRANSLATION    INTO    GREEK 
AND  ENGLISH.      With  Indexes.      By  Rev.  E.  C.  Mackie,   M.A.,  Classical 
Master  at  Heversham  Grammar  School.     Gl.  Svo.     4s.  6d. 
MACMILLAN'S  GREEK  COURSE.— Edited  by  Rev.  W.  G.  Rutherfobd,  M.A., 
LL.D.,  Headmaster  of  Westminster.     Gl.  Svo. 
*FIRST  GREEK  GRAMMAR— ACCIDENCE.     By  the  Editor.     2s. 
*FIRST  GREEK  GRAMMAR— SYNTAX.     By  the  same.     2s. 
ACCIDENCE  AND  SYNTAX.     In  one  volume.     3s.  6d. 
♦EASY  EXERCISES  IN  GREEK  ACCIDENCE.     By  H.  G.   Underbill,  M.A., 

Assistant  Master  at  St.  Paul's  Preparatory  School.     2s. 
*A   SECOND    GREEK   EXERCISE    BOOK.     By    Rev.    W.  A.    Heard,    M.A., 

Headmaster  of  Fettes  College,  Edinburgh.     2s.  6d. 
*EASY  EXERCISES   IN   GREEK    SYNTAX.      By   Rev.   G.    H.   Nall,   M.A., 

Assistant  Master  at  Westminster  School.     2s.  6d. 
MANUAL  OF  GREEK  ACCIDENCE.     By  the  Editor.  [In  preparation. 

MANUAL  OF  GREEK  SYNTAX.     By  the  Editor.  [In  preparation. 

ELEMENTARY  GREEK  COMPOSITION.     By  the  Editor.         [In  ^neparation. 
♦MACMILLAN'S  GREEK  READER.— STORIES  AND  LEGENDS.    A  First  Greek 
Reader,  with  Notes,  Vocabulary,  and  Exercises.     By  F.   H.   Colson,    M.A., 
Headmaster  of  Plymouth  College.     Gl.  Svo.     3s. 
^MARSHALL.— A  TABLE  OF  IRREGULAR  GREEK  VERBS,  classified  according 
to  the  arrangement  of  Curtius's  Greek  Grammar.     By  J.  M.  Marshall,  M.A., 
Headmaster  of  the  Grammar  School,  Durham.     Svo.     Is. 
MAYOR.— FIRST  GREEK  READER.    By  Prof.  John  E.  B.  Mayor,  M.A.,  Fellow 

of  St.  John's  College,  Cambridge.      Fcap.  Svo.     4s.  6d. 
MAYOR.— GREEK   FOR   BEGINNERS.      By    Rev.   J.   B.   Mayor,   M.A.,   late 
Professor  of  Classical  Literature  in  King's  College,   London.      Part   I.,  with 
Vocabulary,  Is.  6d.     Parts  II.  and  III.,  with  Vocabulary  and  Index.     Fcap. 
Svo.     3s.  6d.     Complete  in  one  Vol.     4s.  6d. 
NALL.— A  SHORT  GREEK-ENGLISH  DICTIONARY.     By  Rev.  G.  H.  Nall. 

[In  preparation. 
PEILE. — See  under  Latin. 

RUTHERFORD.— THE  NEW  PHRYNICHUS ;  being  a  Revised  Text  of  the  Ecloga 
of  the  Grammarian  Phryniehus.     With  Introduction  and  Commentary.     By  the 
Rev.  W.  G.  Rutherford,  M.A.,  LL.D.,  Headmaster  of  Westminster.    Svo.    18s. 
STRAGHAN— WILKINS.— See  under  Latin. 

WHITE.— FIRST  LESSONS  IN  GREEK.  Adapted  to  Goodwin's  Greek  Gram- 
mar, and  designed  as  an  introduction  to  the  Anabasis  of  Xenophon.  By 
John  Williams  White,  Assistant  Professor  of  Greek  in  Harvard  University, 
U.S.A.  Cr.  Svo.  3s.  6d. 
WRIGHT.— ATTIC  PRIMER.  Arranged  for  the  Use  of  Beginners.  By  J.  Wright, 
M.A.     Ex.  fcap.  Svo.     2s.  6d. 

ANTIQUITIES,  ANCIENT  HISTORY,  AND 
PHILOSOPHY. 

ARNOLD.— A  HISTORY  OF  THE  EARLY  ROMAN  EMPIRE.  By  W.  T.  Arnold, 
M.A.     Cr.  Svo.  [In  preparation. 

ARNOLD.— THE  SECOND  PUNIC  WAR.  Being  Chapters  from  THE  HISTORY 
OF  ROME  by  the  late  Thomas  Arnold,  D.D.,  Headmaster  of  Rugby. 
Edited,  with  Notes,  by  W.  T.  Arnold,  M.A.    With  8  Maps.    Cr.  Svo.     5s. 
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*BEESLY.— STORIES   FROM  THE   HISTORY  OF   ROME.     By  Mrs.  BEiaLY, 

Fcap.  8vo.     2s.  6d. 
BLACKIE.— HORiE  HELLENICS.     By  John  Stuart  Blackie,  Emeritus  Pro- 
fessor of  Greek  in  the  University  of  Edinburgh.     8vo.     12s. 
BURN.— ROMAN  LITERATURE  IN  RELATION  TO  ROMAN  ART.     By  Rev. 
Robert  Burn,  M.A.,  late  Fellow  of  Trinity  College,  Cambridge.    Illustrated. 
Ex.  cr.  8vo.     14s. 
BURY.— A  HISTORY  OP  THE  LATER  ROMAN  EMPIRE  FROM  ARCADIUS 
TO  IRENE,  A.D.  395-800.    By  J.  B.  Bury,  M.A.,  Fellow  of  Trinity  College, 
Dublin.     2  vols.     8vo.     82s. 
A  SCHOOL  HISTORY  OF  GREECE.     By  the  same.     Cr.  8vo.    [In  preparation. 
BUTCHER.— SOME  ASPECTS  OF  THE  GREEK  GENIUS.     By  S.  H.  Botcher, 
M.A.,  Professor  of  Greek,  Edinburgh.    2nd  Ed.  revised.    Cr.  8vo.  [In  the  Press. 
*CLASSICAL  WRITERS.— Edited  by  John  Richard  C  heen,  M.A.,  LL.D.    Fcap. 
8vo.     Is.  6d,  each. 
SOPHOCLES.     By  Prof.  Lewis  Campbell,  M.A. 
EURIPIDES.     By  Prof.  Mahaffy,  D.D. 
DEMOSTHENES.     By  Prof.  S.  H.  Butcher,  M.A. 
VIRGIL.     By  Prof.  Nettleship,  M.A. 
LIVY.    By  Rev.  W.  W.  Capes,  M.A. 

TACITUS.     By  A.  J.  Church,  M.A.,  and  W.  J.  Brodribb,  M.A. 
MILTON.     By  Rev.  Stopford  A.  Brooke,  M.A. 
DYER.— STUDIES  OF  THE  GODS  IN  GREECE  AT  CERTAIN  SANCTUARIES 
RECENTLY  EXCAVATED.    By  Louis  Dyer,  B.  A.     Ex.  Cr.  8vo.     8s.  6d.  net. 
FOWLER.— THE   CITY-STATE   OF   THE   GREEKS  AND   ROMANS.     By  W. 

Warde  Fowler,  M.A.    Cr.  8vo.    5s. 
FREEMAN.— HISTORICAL  ESSAYS.     By  the  late  Edward  A.  Freeman,  D.C.L., 
LL.D.     Second  Series.     [Greek  and  Roman  History.]     8vo.     10s.  6d. 
HISTORY  OF  THE  FEDERAL  GOVERNMENT  IN  GREECE  AND  ITALY. 
With  a  General  Introduction.     New  Edition.    Ed.  by  J.  B.  Bury,  M.A.     Ex. 
Cr.  8vo.     12s.  6d. 
GARDNER.— SAMOS  AND  SAMIAN  COINS.    An  Essay.     By  Percy  Gardner, 

Litt.D.,  Professor  of  Archaeology  in  the  University  of  Oxford.     Svo.     7s.  6d. 
GEDDES.  — THE   PROBLEM   OF   THE   HOMERIC   POEMS.      By   Sir  W.  D. 

Geddes,  Principal  of  the  University  of  Aberdeen.     8vo.     14s. 
GLADSTONE.— Works  by  the  Rt.  Hon.  W.  E.  Gladstone,  M.P. 
THE  TIME  AND  PLACE  OF  HOMER.     Cr.  Svo.     6s.  6d. 
LANDMARKS  OF  HOMERIC  STUDY.     Cr.  Svo.     2s.  6d. 
*A  PRIMER  OF  HOMER.     ISmo.     Is. 
GOW.— A  COMPANION  TO  SCHOOL  CLASSICS.    By  James   Gow,   Litt.D., 

Head  Master  of  the  High  School,  Nottingham.    Illustrated.    Cr.  Svo.    6s. 
HARRISON— VERRALL.— MYTHOLOGY  AND  MONUMENTS   OP  ANCIENT 
ATHENS.      Translation  of  a  portion   of  the    "Attica"   of  Pausanias.      By 
Margaret  de  G.   Verrall.      With    Introductory  Essay  and  Archseological 
Commentary  by  Jane  E.  Harrison.     Illustrated.     Cr.  Svo.     16s. 
HOLM.— HISTORY  OF  GREECE.    By  Professor  A.  Holm.     Translated.     4  vols. 

[In  preparation. 
JEBB. — Works  by  R.  0.  Jebb,  Litt.D.j  Professor  of  Greek  in  the  University  of 
Cambridge. 
THE  ATTIC  ORATORS  FROM  ANTIPHON  TO  ISAEUS.     2  vols.     2nd  Ed. 

Svo.     25s. 
*A  PRIMER  OF  GREEK  LITERATURE.     ISmo.     Is. 

LECTURES  ON  GREEK  POETRY.     Cr.  Svo.  [Dec.  1893. 

KIEPERT.  — MANUAL  OF  ANCIENT   GEOGRAPHY.      By  Dr.   H.    Kiepert. 

Cr.  Svo.     5s. 
LANGIANI.— ANCIENT  ROME  IN  THE  LIGHT  OF  RECENT  DISCOVERIES. 
By  RoDOLFO  Lanciani,  Professor  of  Archseology  in  the  University  of  Rome. 
Tllustrs.'tjBd.      4to      24s 
PAGAN  AND  CHRISTIAN  ROME.     By  the  same.     Illustrated.     4to.     24s. 
LEAF.— COMPANION    TO    THE    ILIAD    FOR    ENGLISH    READERS.       By 

Walter  Leaf,  Litt.D.     Cr.  Svo.     7s.  6d. 
MAHAFFY.— Works  by  J.  P.  Mahaffy,  D.D.,  Fellow  of  Trinity  College,  Dublin, 
and  Professor  of  Ancient  History  in  the  University  of  Dublin. 
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SOCIAL  LIFE  IN  GREECE  ;  from  Homer  to  Menander.     Cr.  8vo.     9s. 
GREEK  LIFE  AND  THOUGHT ;   from  the  Age  of  Alexander  to  the  Roman 

Conquest.     Cr.  8vo.     12s.  6d. 
THE  GREEK  WORLD  UNDER  ROMAN  SWAT.     From  Plutarch  to  Polybius. 

Cr.  8vo.     10s.  6d. 
PROBLEMS  IN  GREEK  HISTORY.     Cr.  Svo.     7s.  6d. 

RAMBLES  AND  STUDIES  IN  GREECE.    4th  Ed.    Hlust.    Or.  Svo.    10s.  6d. 

A   HISTORY  OF   CLASSICAL   GREEK   LITERATURE.      Cr.   Svo.     Vol.   I. 

The  Poets.    Part  I.  Epic  and  Lyric.   Part  II.  Dramatic.    Vol.  II.  Prose  Writers. 

Part  I.  Herodotus  to  Plato.    Part  II.  Isocrates  to  Aristotle.    4s.  Gd.  each  Part. 

*A  PRIMER  OF  GREEK  ANTIQUITIES.     With  Illustrations.     ISmo.     Is. 

MAYOR.— BIBLIOGRAPHICAL    CLUE    TO    LATIN    LITERATURE.     Edited 

after  Hubneb.     By  Prof.  John  E.  B.  Mayor.     Cr.  Svo.     10s.  6d. 
NEWTON.— ESSAYS  ON  ART  AND  ARCHEOLOGY.     By  Sir  Charles  Newton, 

K.C.B.,  D.C.L.     Svo.     12s.  6d. 
PATER.— PLATO  AND  PLATONISM.      By  Walter  Pater,  M.A.,  FeUow  of 

Brasenose  College,  Oxford.     Ex.  Cr.  Svo.    Ss.  6d. 
PHILOLOGY.— THE  JOURNAL  OF  PHILOLOGY.    Edited  by  W.  A.  Wright, 
M.A.,  I.  Bywater,  M.A.,  and  H.  Jackson,  Litt.D.     4s.  6d.  each  (half-yearly). 
SCHMIDT— WHITE.       AN    INTRODUCTION    TO    THE    RHYTHMIC    AND 
METRIC  OF  THE  CLASSICAL  LANGUAGES.     By  Dr.  J.  H.  H.  Schmidt. 
Translated  by  John  Williams  White,  Ph.D.     Svo.     10s.  6d. 
SCHREIBER— ANDERSON.— ATLAS  OF  CLASSICAL  ARCHAEOLOGY.      By 
Th.  Schreiber,  with  English  Text  by  Prof.  W.  C.  F.  Anderson.    [In  the  Press. 
SCHUOHHARDT.— DR.  SCHLIEMANN'S  EXCAVATIONS  AT  TROY,  TIRYNS, 
MYCENE,  ORCHOMENOS,  ITHACA,  presented  in  the  light  of  recent  know- 
ledge.   By  Dr.  Carl  Schuchhardt.    Translated  by  Eugenie  Sellers.    Intro- 
duction by  Walter  Leaf,  Litt.D.     Illustrated.     Svo.     18s.  net. 
SHUCKBURGH.— A  SCHOOL  HISTORY  OF  ROME.      By  E.  S.  Shuckburgh, 
M.A.     Cr.  Svo.  [In  the  Press. 

SMITH.— A  HANDBOOK  ON  GREEK  PAINTING.    By  Cecil  Smith.     [In  prep. 
*STEWART.— THE  TALE  OF  TROY.     Done  into  English  by  Aubrey  Stewart. 
Gl.  Svo.     3s.  6d.  [ISmo.     Is. 

*TOZER.— A  PRIMER  OF  CLASSICAL  GEOGRAPHY.     By  H.  F.  Tozer,  M.A. 
WILKINS.— Works  by  Prof.  Wilkins,  Litt.D.,  LL.D. 
*A  PRIMER  OF  ROMAN  ANTIQUITIES.     Illustrated.     ISmo.    Is. 
*A  PRIMER  OF  ROMAN  LITERATURE.     ISmo.     Is. 
WILKINS  — ARNOLD.— A     MANUAL     OF     ROMAN     ANTIQUITIES.        By 
Prof.  A.  S.  Wilkins,  Litt.D.,  and  W.  T.  Arnold,  M.A,     Cr.  Svo.         [In  prep. 
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ENGLISH. 

*ABBOTT.— A  SHAKESPEARIAN  GRAMMAR.  An  Attempt  to  Illustrate  some 
of  the  Differences  between  Elizabethan  and  Modern  English.  By  the  Rev.  E. 
A.  Abbott,  D.D.,  formerly  Headmaster  of  the  City  of  London  School.  Ex. 
fcap.  Svo.     6s. 

*ADDISON.— SELECTIONS  FROM  "THE  SPECTATOR."  With  Introduction 
and  Notes,  by  K.  Deighton.     GL  Svo.     2s.  6d. 

*BACON.— ESSAYS.    With  Introduction  and  Notes,  by  F.  G.  Selby,  M.A.,  Princi- 
pal and  Professor  of  Logic  and  Moral  Philosophy,  Deccan  College,  Poona. 
Gl.  Svo.     3s.  ;  sewed,  2s.  6d. 
*THE  ADVANCEMENT  OF  LEARNING.     By  the  same.    Gl.  Svo.    Book  I.    2s. 
Book  II.     3s.  6d. 

BATES.— AN  OUTLINE  OF  THE  DEVELOPMENT  OF  THE  EARLY  ENGLISH 
DRAMA.     By  K.  L.  Bates.  [In  the  Press. 

BROOKE.— EARLY  ENGLISH  LITERATURE.  By  Rev.  Stopford  A.  Brooke, 
M.A.     2  vols.     Svo.     20s.  net. 
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BROWNING.— A  PRIMER  ON  BROWNING.    By  F.  M.  Wilson.    G1.  8vo.    2s.  6d. 
*BURKE.— REFLECTIONS  ON  THE  FRENCH  REVOLUTION.    By  F.  G.  Selby, 
M.A.     Gl.  8vo.     5s. 
SPEECH  ON  CONCILIATION  WITH  AMERICA,  ON  AMERICAN  TAXATION. 

LETTER  TO  THE  SHERIFF  OF  BRISTOL.     By  the  same.        [In  the  Press. 
BUTLER,— HUDIBRAS.     With  Introduction    and    Notes,    by  Alfred  Milnes, 

M.A.     Ex.  fcap.  8vo.     Part  I.     8s.  6d.     Parts  11.  and  IIL     4s.  6d. 

CAMPBELL.— SELECTIONS.  With  Introduction  and  Notes,  by  Cecil  M.  Barrow, 

M.A.,  Principal  of  Victoria  College,  Palghat.     Gl.  8vo.  [In  preparatioii. 

CHAUGER.—A  PRIMER  OF  CHAUCER.     By  A.  W.  Pollard,  M.A.     ISmo.     Is. 

COLLINS.— THE  STUDY  OF  ENGLISH  LITERATURE:  A  Plea  for  its  Recognition 

at  the  Universities.     By  J.  Churton  Collins,  M.A.     Cr.  Svo.     4s.  6d. 
COWPER.— *THE  TASK  :  an  Epistle  to  Joseph  Hill,  Esq.  ;  Tirocinium,  or  a  Re- 
view of  the  Schools  ;  and  The  History  of  John  Gilpin.    Edited,  with  Notes, 
by  W.  Benham  B.D.     Gl.  Svo.     Is. 
THE  TASK.     With  Introduction  and  Notes,  by  F.  J.  Rowe,  M.A.,  and  W.  T. 
Webb,  M.A.  [BOOK  IV.  in  preparation. 

GRAIK.— ENGLISH  PROSE  SELECTIONS.  With  Critical  Introductions  by 
various  writers,  and  General  Introductions  to  each  Period.  Edited  by  Henry 
Craik,  C.B.,  LL.D.     In  5  vols.    Vol.  1. 14th  to  16th  Century.    Cr.  Svo.    7s.  6d. 

[Vol.  II.  in  the  Press. 
DRYDEN.— SELECT  PROSE  WORKS.     Edited,  with  Introduction  and  Notes,  by 
Prof.  C.  D.  Yonge.     Fcap.  Svo.     2s.  6d. 
SELECT  SATIRES.     With  Introduction  and  Notes.     By  J.  Churton  Collins, 
M.A.     Gl.  Svo.  [Nov.  1893. 

*GLOBE  READERS.     Edited  by  A.  F.  Murison.     Illustrated.     Gl.  8vo. 
Primer  I.     (48   pp.)    3d.     Primer  II.   (48  i>p.)    3d.     Book   I.     (132  pp.)    8d. 
Book  II,     (186  pp.)    lOd.     Book  IIL     (232  pp.)    Is.  3d.     Book  IV.    (328  pp.) 
Is.  9d.     Book  V.     (408  pp.)    2s.     Book  VI.     (436  pp.)    2s.  6d. 
*THE  SHORTER  GLOBE  READEE,S.— Illustrated.     Gl.  Svo. 
Primer  I.     (48  pp.)    3d.     Primer  II.     (48  pp.)     3d.     Book  I.     (132  pp.)     8d. 
Book   II.     (136  pp.)    lOd,     Book   III.     (178  pp.)    Is.      Book  IV.     (182  pp.) 
Is.     Book  V.     (216  pp.)    Is.  3d.     Book  VI.     (228  pp.)    Is.  6d. 
*GOLDSMITH.— THE  TRAVELLER,  or  a  Prospect  of  Society  ;  and  The  Deserted 
Village.     With  Notes,  Philological  and  Explanatory,  by  J.  W.  Hales,  M.A. 
Cr.  Svo.     6d. 
*THE  traveller  and  THE  DESERTED  VILLAGE.     With  Introduction  and 
Notes,  by  A.  Barrett,  B.A.,  Professor  of  English  Literature,  Elphinstone 
College,  Bombay.     Gl.  Svo.     Is.  9d.     Separately,  Is.  each,  sewed. 
*THE   VICAR  OF  WAKEFIELD.      With    a   Memoir  of   Goldsmith,   by  Prof. 
Masson,     Gl.  Svo.     Is. 
SELECT   ESSAYS.     With   Introduction  and   Notes,    by  Prof.  C.  D.  Yonge. 
Fcap.  Svo.     2s.  6d. 
GOW.— A  METHOD  OF  ENGLISH,  for  Secondary  Schools.     Part  L     By  James 

Gow,  Litt.D.     Gl.  Svo.     2s. 

GOYEN,— THE    PRINCIPLES    OF    ENGLISH    COMPOSITION    THROUGH 

ANALYSIS  AND  SYNTHESIS,      By  P,  Goyen,  Inspector  of  Schools,  New 

Zealand.     Gl.  Svo.  [In  the  Press. 

*GRAY.— POEMS.     With  Introduction  and  Notes,  by  John  Bradshaw,  LL.D, 

Gl.  Svo,     Is.  9d. 
*HALES. — Works  by  J.  W.  Hales,  M.A.,  Professor  of  English  Literature  at  King's 
College,  London. 
LONGER  ENGLISH  POEMS.     With  Notes,  Philological  and  Explanatory,  and 

an  Introduction  on  the  Teaching  of  English.     Ex.  fcap.  Svo.    4s.  6d. 
SHORTER  ENGLISH  POEMS.     Ex.  fcap.  Svo.  [In  preparation. 

*HELPS.— ESSAYS  WRITTEN  IN  THE  INTERVALS  OP  BUSINESS.  With 
Introduction  and  Notes,  by  F.  J.  Rowe,  M.A.,  and  W.  T.  Webb,  M.A. 
Gl.  Svo.  Is.  9d. 
*JOHNSON.— LIVES  OF  THE  POETS.  The  Six  Chief  Lives  (Milton,  Dryden, 
Swift,  Addison,  Pope,  Gray),  with  Macaulay's  "Life  of  Johnson."  With  Pre- 
face and  Notes  by  Matthew  Arnold.  Cr.  Svo.  4s.  6d. 
*LIFE  OF  MILTON.  With  Introduction  and  Notes,  by  K.  Deighton 
Globe  Svo.    Is.  9d, 
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KELLNER.  — HISTORICAL    OUTLINES    OF    ENGLISH    SYNTAX.       By    L 

Kellner,  Ph.D.     Globe  8vo.     6s. 
KINGSLEY.— WESTWARD  HO  !    By  Charles  Kingsley.     Abridged  Edition  for 

Schools.     Gl.  8vo.     Is.  6d. 
*HEREWARD  THE  WAKE.     By  the  same.     Gl.  Svo.     Is.  6d. 
LAMB.— TALES   FROM   SHAKESPEARE.      With   Introduction  and  Notes  by 

Rev.  A.  AiNGER,  LL.D.,  Canon  of  Bristol.     ISnio.     2s.  6d.  net. 
^LITERATURE  PRIMERS.— Edited  by  J.  R.  Green,  LL.D.     ISmo.     Is.  each. 
ENGLISH  GRAMMAR.     By  Rev.  R.  Morris,  LL.D. 
ENGLISH    GRAMMAR   EXERCISES.       By   R.    Morris,   LL.D.,   and    H.  C. 

Bowen,  M.A. 
EXERCISES   ON   MORRIS'S  PRIMER  OF  ENGLISH  GRAMMAR.      By  J. 

\V  VT  TTP  R.T^  T  T      IVT    A 

ENGLISH  COMPOSITION.     By  Professor  John  Nichol. 

QUESTIONS   AND  EXERCISES  ON  ENGLISH  COMPOSITION.      By  Prof. 

NiCHOL  and  W.  S.  M'Cormick. 
ENGLISH  LITERATURE.     By  Stopford  Brooke,  M.A. 
SHAKSPERE.     By  Professor  Dowdex. 
CHAUCER.     By  A.  W.  Pollard,  M.A. 
SPENSER.     By  Prof.  J.  W.  Hales. 

THE    CHILDREN'S    TREASURY    OF    LYRICAL    POETRY.      Selected   and 
arranged  with  Notes  by  Francis  Turner  Palgrave.     In  Two  Parts.    Is.  each. 
PHILOLOGY.     By  J.  Peile,  Litt.D. 

ROMAN  LITERATURE.     By  Prof.  A.  S.  Wilkins,  Litt.D. 
GREEK  LITERATURE.     By  Prof.  Jebb,  Litt.D. 
HOMER.     By  the  Rt.  Hon.  W.  E.  Gladstone,  M.P. 
A  HISTORY  OF  ENGLISH  LITERATURE  IN  FOUR  VOLUMES.     Cr.  Svo. 
EARLY^  ENGLISH  LITERATURE.  By  Stopford  Brooke,  M.A.  [In  preparation. 
ELIZABETHAN  LITERATURE.  (1560-1665.)  By  George  Saintsbury.    7s.  6d. 
EIGHTEENTH  CENTURY^  LITERATURE.     (1660-1780.)    By  Edmund  Gosse 

M.A.     7s.  6d. 
THE  MODERN  PERIOD.     By  Prof.  Dowden.  [In  preparation. 

LITTLEDALE.— ESSAYS  ON  TENNYSON'S  IDYLLS  OF  THE  KING.     By  H. 
LiTTLEDALE,  M.A.,  Vice-Prlncipal  and  Professor  of  English  Literature,  Baroda 
College.     Cr.  Svo.     4s.  6d. 
MACAULAY.— *ESSAY  ON  LORD  CLIVE.      With  Introduction  and  Notes  by 
K.  Deighton.     Gl.  Svo.     2s. 
^ESSAY  ON  WARREN  HASTINGS.     By  the  same.     Gl.  Svo.     2s.  6d. 
ESSAY  ON  ADDISON.     By  Prof.  J.  W.  Hales,  M.A.     Gl.  Svo.    [In  preparation. 
MACLEAN.— ZUPITZA'S   OLD    AND   MIDDLE   ENGLISH   READER.      With 
Notes  and  Vocabulary  by  Prof.  G.  E.  Maclean,  [In  the  Press. 

^IVIAOMILLAN'S  HISTORY  READERS.     (See  History,  p.  43.) 
*MACMILLAN'S  READING  BOOKS. 
PRIMER.     ISmo.     (48  pp.)    2d.     BOOK  L     (96  pp.)    4d.     BOOK  IL     (144  pp.) 
5d.     BOOK  IIL     (160  pp.)    6d.     BOOK  IV.     (176  pp.)    Sd.     BOOK  V.     (380 
pp.)    Is.     BOOK  VL      Cr.  Svo.      (430  pp.)    2s. 
Book  VI.  is  fitted  for  Higher  Classes,  and  as  an  Introduction  to  English  Literature. 
MACMILLAN'S  RECITATION  CARDS.     Selections  from  Tennyson,  Kingsley, 
Matthew    Arnold,   Christina    Rossetti,    Doyle.      Annotated.      Cr.    Svo. 
Nos.  1  to  18,  Id.  each  ;  Nos.  19  to  42,  2d.  each. 
*MACMILLAN'S  COPY  BOOKS.— 1.    Large  Post  4to.     Price  4d.   each.      2.  Post 
Oblong.     Price  2d.  each. 

Nos.  3,  4,  5,  6,  7,  8,  9  may  he  had  with  Goodman's  Patent  Sliding  Copies.     Large 
Post  4to.     Price  6d.  each. 
MARTIN.— *THE  POET'S  HOUR:    Poetry  selected  for  Children.      By  Prances 
Martin.     ISmo.     2s.  6d. 
*SPRING-TIME  WITH  THE  POETS.     By  the  same.     ISmo.     3s.  6d. 
*MILT0N.— PARADISE   LOST.       Books    I.   and   II.      With    Introduction    and 
Notes,   by  Michael    Macmillan,   B.A.,    Professor    of    English   Literature. 
Elphinstone  College,  Bombay.    Gl.  Svo.    Is.  9d.    Or  separately,  Is.  3d. ;  sewed 
Is.  each. 
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*L' ALLEGRO,  IL  PENSBROSO,  LTCIDAS,  ARCADES,  SONNETS,  &c.     With 
Introduction  and  Notes,   by  W.   Bell,  M.A.,  Professor  of  Philosophy  and 
Logic,  Government  College,  Lahore.     Gl.  8vo.     Is.  9d. 
*COMUS.     By  the  same.     Gl.  8vo.     Is.  3d. 

*SAMSON  AGONISTES.     By  H.  M.  Perciyal,  M.A.,  Professor  of  English  Litera- 
ture, Presidency  College,  Calcutta.     Gl.  8vo.     2s. 
^INTRODUCTION  TO  THE  STUDY  OF  MILTON.      By  Stopford  Brooke, 
M.A.     Fcap.  Svo.     Is.  6d.     (Classical  Writers.) 
MORRIS.— "Works  by  the  Rev.  R.  Morris,  LL.D. 
*A  PRIMER  OF  ENGLISH  GRAMMAR,     ISmo.     Is. 

*ELEMBNTARY  LESSONS  IN  HISTORICAL    ENGLISH    GRAMMAR,  con- 
taining Accidence  and  "Word-Formation.     ISmo.     2s.  6d. 
♦HISTORICAL  OUTLINES  OF  ENGLISH  ACCIDENCE,  with  Chapters  on  the 

Development  of  the  Language,  and  on  "Word-Formation.     Ex.  fcap.  Svo.     6s. 
NIOHOL— M'CORMIOK.— A  SHORT  HISTORY  OF  ENGLISH  LITERATURE. 
By  Prof.  John  Nichol  and  Prof.  "W.  S.  M'Cormick.  [In  preparation. 

OLIPHANT.— THE    LITERARY   HISTORY    OF    ENGLAND,  1790-1825.      By 

Mrs.  Oliphant.     3  vols.     Svo.     21s. 
OLIPHANT.— THE    OLD    AND    MIDDLE    ENGLISH.      By    T.    L.    Kington 
Oliphant.     2nd  Ed.     Gl.  8vo.     9s. 
THE  NB"W  ENGLISH.     By  the  same.     2  vols.     Or.  Svo.     21s. 
PALGRA"V1!.— THE  GOLDEN  TREASURY  OF  SONGS  AND  LYRICS.    Selected 
by  F.  T.  Palgrave.     ISmo.     2s.  6d.  net. 
*THE  CHILDREN'S  TREASURY  OF  LYRICAL  POETRY.     Selected  by  the 

same.    18mo.     2s.  6d.  net.     Also  in  Two  Parts.     Is.  each. 
PATMORE.  — THE     CHILDREN'S    GARLAND    FROM    THE    BEST    POETS. 

Selected  by  Coventry  Patmore.     ISmo.     2s.  6d.  net. 
*RANSOME.  — SHORT   STUDIES   OF  SHAKESPEARE'S   PLOTS.      By  Cyril 
Ransome,  M.A.,  Professor  of  Modern  History  and  Literature,  Yorkshire  College, 
Leeds.     Cr.  Svo.     3s.  6d.     Also  HAMLET,  MACBETH,  THE  TEMPEST,  9d. 

*RYLAND.— CHRONOLOGICAL  OUTLINES   OF    ENGLISH  LITERATURE. 

By  F.  Ryland,  M.A.     Cr.  Svo.     6s. 
SCOTT.— *LAY  OP  THE  LAST  MINSTREL,  and  THE  LADY  OP  THE  LAKE. 

Edited  by  Francis  Turner  Palgrave.     Gl.  Svo.     Is. 
*THE  LAY  OF  THE  LAST  MINSTREL.  With  Introduction  and  Notes,  by  G.  H. 

Stuart,  M.A.,  Principal  of  Kumbakonam  College,  and  E.  H.  Elliot,  B.A. 

Gl.  Svo.  2s.  Canto  I.  9d.  Cantos  I.  to  III.  and  IV.  to  VI.  Sewed,  Is.  each. 
*MARMION,  and  THE  LORD  OF  THE  ISLES.  By  F.  T.  Palgrave.  Gl.  Svo.  Is. 
*MARMION.     With   Introduction   and   Notes,  by  Michael   Macmillan,  B.A. 

Gl.  Svo.     3s.  ;  sewed,  2s.  6d. 
*THB  LADY  OF  THE  LAKE.      By  G.  H.  Stuart,  M.A.      Gl.  Svo.     2s.  6d.  ; 

sewed,  2s. 
*ROKEBY.      With   Introduction    and    Notes,   by  Michael   Macmillan,   B.A. 

Gl.  Svo.     3s. ;  sewed,  2s.  6d. 
SHAKESPEARE.— *A  SHAKESPEARIAN  GRAMMAR.    (See  Abbott.) 
*A  PRIMER  OF  SHAKESPERE.     By  Prof.  Dowden.     ISmo.     Is. 
*SHORT  STUDIES  OF  SHAKESPEARE'S  PLOTS.     (See  Ransome.) 
*THE  TEMPEST.  With  Introduction  and  Notes,  by  K.  Deighton.  Gl.  Svo.  la.  9d. 
*MUCH  ADO  ABOUT  NOTHING.     By  the  same.    2s. 
*A  MIDSUMMER  NIGHT'S  DREAM.     By  the  same.     Is.  9d. 
*THE  MERCHANT  OF  VENICE.     By  the  same.     Is.  9d. 
*AS  YOU  LIKE  IT.     By  the  same.     Is.  9d. 
^TWELFTH  NIGHT.     By  the  same.     Is.  9d. 
*THE  WINTER'S  TALE.     By  the  same.     2s. 
*KING  JOHN.     By  the  same.     Is.  9d. 
♦RICHARD  II.     By  the  same.     Is.  9d. 
*HENRY  IV.— PART  I.     By  the  same.     2s.  6d.  ;  sewed,  2s. 
*HENRY  IV.— PART  II,     By  the  same.     2s.  6d.  ;  sewed,  23. 
*HENRY  V.     By  the  same.     Is.  9d. 

♦RICHARD  III.     By  C.  H.  Tawney,  M.A.    2s.  6d.  ;  sewed,  2s. 
♦CORIOLANUS.     By  K.  D^tohton.     2s.  6d.  ;  sewed.  2s. 
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♦ROMEO  AND  JULIET.     By  the  same.     2s.  6d. ;  sewed,  23. 
♦JULIUS  C^SAR.     By  the  same.     Is.  9d. 
♦MACBETH.     By  the  same.     Is.  9d. 
♦HAMLET.     By  the  same.     2s.  6d. ;  sewed,  2s. 
♦KING  LEAR.     By  the  same.     Is.  9d. 
♦OTHELLO.     By  the  same.     2s. 

♦ANTONY  AND  CLEOPATRA.     By  the  same.     2s.  6d.  ;  sewed,  2s. 
♦CYMBELINE.     By  the  same.     2s.  6d.  ;  sewed,  2s. 
♦SONNENSCHEm— MEIKLEJOHN.— THE  ENGLISH  METHOD  OF  TEACHING 
TO  READ.    By  A.  Sonnenschein  and  J.  M.  D.  Meiklejohn,  M.A.    Fcap.  Svo, 
THE  NURSERY  BOOK,  containing  all  the    Two -Letter  Words    in   the    Lan- 
guage.    Id.     (Also  in  Large  Type  on  Sheets  for  School  Walls.     5s.) 
THE  FIRST  COURSE,  consisting  of  Short  Vowels  with  Single  Consonants.     7d. 
THE  SECOND  COURSE,  with  Combinations  and  Bridges,  consisting  of  Sliort 

Vowels  with  Double  Consonants.     7d. 
THE  THIRD  AND  FOURTH  COURSES,  consisting  of  Long  Vowels,  and  all 
the  Double  Vowels  in  the  Language.     7d. 
♦SOUTHEY.— LIFE  OF  NELSON.     With  Introduction  and  Notes,  by  Michaei. 

Macmillan,  B.A.     G1.  Svo.     3s.  ;  sewed,  2s.  6d. 
"SPENSER.— THE  FAIRIE  QUEENE.     Book  L     With  Introduction  and  Notes, 
by  H.  M.  Percivax,  M.A.     Gl.  Svo.     3s.  ;  sewed,  2s.  6d. 
PRIMER  OF  SPENSER.     By  Prof.  J.  W.  Hales.  \ln  the  Press. 

TAYLOR.— WORDS  AND  PLACES ;  or,  Etymological  Illustrations  of  History, 

Ethnology,  and  Geography.     By  Rev.  Isaac  Taylor,  Litt.D.     Gl.  Svo.     6s. 
TENNYSON.— THE  COLLECTED  WORKS.     In  4  Parts.    Cr.  Svo.    2s.  6d.  each. 
♦TENNYSON  FOR  THE  YOUNG.     Edited  by  the  Rev.  Alfred  Ainger,  LL.D., 

Canon  of  Bristol.     ISmo.     Is.  net. 
♦SELECTIONS  FROM  TENNYSON.     With  Introduction  and  Notes,  by  F.  J. 
RowE,  M.A.,  and  W.  T.  Webb,  M.A.     New  Ed.,  enlarged.     Gl.  Svo.    3s.  6d. 
or  in  two  parts.     Part  I.  2s.  6d.     Part  11.  2s.  6d. 
♦ENOCH  ARDBN.     By  W.  T.  Webb,  M.A.     Gl.  Svo.     2s.  6d. 
♦AYLMER'S  FIELD.     By  W.  T.  Webb,  M.A.     2s.  6d. 
♦THE  PRINCESS  ;   A  MEDLEY.     By  P.  M.  Wallace,  M.A.     3s.  6d. 
♦THE  COMING  OF  ARTHUR,  and  THE  PASSING  OF  ARTHUR.     By  P.  J. 

RowE,  M.A.     Gl.  Svo.     2s.  6d. 
♦GARETH  AND  LYNETTE.     By  G.  C.  Macaulay,  M.A.     Globe  Svo.     2s.  6d. 
♦GBRAINT  AND   ENID,  and  THE    MARRIAGE  OF   GERAINT.     By  G,    0. 

Macaulay,  M.A.     Gl.  Svo.     2s.  6d. 
♦THE  HOLY  GRAIL.     By  G.  C.  Macaulay,  M.A.     Globe  Svo.     2s.  6d. 
LANCELOT  AND  ELAINE    By  F.  J.  Rowe,  M.A.  [In  preparation. 

GUINEVERE.     By  G.  C.  Macaulay,  M.A.  [In  preparation. 

THRING.— THE   ELEMENTS   OF   GRAMMAR  TAUGHT   IN  ENGLISH.      By 

Edward  Thring,  M.A.     With  Questions.     4th  Ed.     ISmo.     2s. 
♦VAUGHAN.— WORDS  PROM  THE  POETS.     By  C.  M.  Vaughan.     ISmo.     Is. 
WARD.— THE  ENGLISH  POETS.     Selections,  with   Critical  Introductions  by 
various  Writers.    Edited  by  T.  H.  Ward,  M.A.    4  Vols.     Vol.  I.  Chaucer  to 
Donne. — Vol.  II.  Ben  Jonson  to  Dryden. — Vol.  III.  Addison  to  Blake. — 
Vol.  IV.  Wordsworth  to  Rossetti.     2nd  Ed.     Cr.  Svo.     7s.  6d.  each. 
WARD.— A  HISTORY  OF   ENGLISH    DRAMATIC   LITERATURE,   TO   THE 
DEATH  OP  QUEEN  ANNE.     By  A.  W.  Ward,  Litt.D.,  Principal  of  Owens 
College,  Manchester.     2  vols.     Svo.  [New  Ed.  in  preparation. 

WOODS.— ♦A  FIRST  POETRY  BOOK.    By  M.  A.  Woods.     Fcap.  Svo.     2s.  6d. 
♦A  SECOND  POETRY  BOOK.   By  the  same.   4s.  6d. ;  or,  Two  Parts.   2s.  6d.  each. 
♦A  THIRD  POETRY  BOOK.     By  the  same.     4s.  6d. 
HYMNS  FOR  SCHOOL  WORSHIP.     By  the  same.     ISmo.     Is.  6d. 
WORDSWORTH.— SELECTIONS.     With  Introduction  and  Notes,  by  F.  J.  Rowe, 
M.A.,  and  W.  T.  Webb,  M.A.     Gl.  Svo.  [In  preparation. 

YONGE.— *A  BOOK  OF  GOLDEN  DEEDS.     By  Charlotte  M.  Yonqe.     ISmo. 
2s.  6d.  net. 

FRENCH. 

BEAUMARCHAIS.— LE   BARBIER    DE    SEVILLE.      With    Introduction    and 

Notes,  by  L.  P.  Blouet.     Fcap.  Svo.     3s.  6d. 
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*BOWEN.— FIRST  LESSONS  IN  FRENCH.    By  H.  Courthope  Bowen,  M.A. 

Ex.  fcap.  8vo.     Is. 
BREYMANN.— FIRST  FRENCH  EXERCISE  BOOK.     By  Hermann  Breymann, 
Ph.D.,  Professor  of  Philology  in  the  University  of  Munich.   Ex.  fcap.  Svo.   43.  6d. 
SECOND  FRENCH  EXERCISE  BOOK.     By  the  same.     Ex.  fcap.  Svo.     2s,  6(1. 
DELBOS.— NAUTICAL  TERMS.     By  Prof.  Delbos,  H.M.S.  "Britannia." 
FASNACHT. — Works  by  G.  E.  Fasnacht,  late  Assistant  Master  at  Westminster. 
THE  ORGANIC  METHOD  OP  STUDYING  LANGUAGES.     Ex.  fcap.  Svo.     I. 

French.     3s.  6d. 
A  FRENCH  GRAMMAR  FOR  SCHOOLS.     Cr.  Svo.     3s.  6d. 
GRAMMAR    AND   GLOSSARY  OF  THE   FRENCH  LANGUAGE   OF    THE 
SEVENTEENTH  CENTURY.     Cr.  Svo.  [In  preparation. 

HANDBOOK  TO  FRENCH  LITERATURE.     Cr.  Svo.  [In  the  Press. 

MACMILLAN'S  PRIMARY  SERIES  OF  FRENCH  READING  BOOKS.— Edited  by 

G.  E.  Fasnacht.     Illustrations,  Notes,  Vocabularies,  and  Exercises.     Gl.  Svo. 
*FRENCH  READINGS  FOR  CHILDREN.     By  G.  E.  Fasnacht.     Is.  6d. 
*CORNAZ— NOS  ENPANTS  ET  LEURS  AMIS.     Bv  Edith  Harvey.     Is.  6d. 
*DE  MAISTRE— LA  JEUNE  SIBERIENNE  ET  LE  LEPREUX  DB  LA  CITE 

D'AOSTE.     By  Stephane  Barlet,  B.Sc.     Is.  6d. 
*FL0RI  AN— FABLES.    By  Rev.  Charles  Yeld,  M.A. ,  Headmaster  of  University 

School,  Nottingham.     Is.  6d. 
*LA  FONTAINE— A  SELECTION  OF  FABLES.     By  L.  M.  Moriarty,  B.A., 

Assistant  Master  at  Harrow.     2s.  6d. 
*M0LESW0RTH— FRENCH  LIFE  IN  LETTERS,  By  Mrs.  Molesworth.  Is.  6d. 
*PERRAULT— CONTES  DE  FEES.     By  G.  E.  Fasnacht.     Is.  6d. 
*SOUVESTRE— UN  PHILOSOPHE  SOUS  LES  TOITS.     By  L.  M.  Moriarty, 

B.A.  [In  the  Press. 

MACMILLAN'S  PROGRESSIVE  FRENCH  COURSE.— By  G.  E.  Fasnacht.     Ex. 

fcap.  Svo. 
*FiRST  Year,  Easy  Lessons  on  the  Regular  Accidence.     Is. 
*Second  Year,  an  Elementary  Grammar  with  Exercises,  Notes,  and  Vocabu- 
laries.    2s. 
*Third  Year,  a  Systematic  Syntax,  and  Lessons  in  Composition.     2s.  6d. 
THE   TEACHER'S   COMPANION   TO   THE    ABOVE.      With  Copious  Notes, 

Hints  for  Different  Renderings,  Synonyms,  Philological  Remarks,  etc.     By  G. 

E.  Fasnacht.     Ex.  fcap.  Svo.     Each  Year,  4s.  6d. 
*MACMILLAN'S    FRENCH    COMPOSITION.— By    G.    E.    Fasnacht.      Part   I. 

Elementary.     Ex.  fcap.  Svo.     2s.  6d.     Part  II.     Advanced.     Cr.  Svo.     5s. 
THE   TEACHER'S   COMPANION  TO  THE  ABOVE.      By  G.   E.   Fasnacht. 

Ex.  fcap.  Svo.     Part  I.     4s.  6d.     Part  II.     5s.  net. 
A  SPECIAL  VOCABULARY    TO    MACMILLAN'S   SECOND    COURSE    OP 

FRENCH  COMPOSITION.     By  the  Same.  [In  the  Press. 

MACMILLAN'S  PROGRESSIVE  FRENCH  READERS.    By  G.  E.  Fasnacht.    Ex. 

fcap.  Svo. 
*FiRST  Year,  containing  Tales,  Historical  Extracts,  Letters,  Dialogues,  Ballads, 

Nursery  Songs,  etc.,  witb  Two  Vocabularies :  (1)  in  the  order  of  subjects ; 

(2)  in  alphabetical  order.     With  Imitative  Exercises.     2s.  6d. 
*Second  Year,  containing  Fiction  in  Prose  and  Verse,  Historical  and  Descriptive 

Extracts,  Essavs,  Letters,  Dialogues,  etc.     With  Imitative  Exercises.     2s.  6d. 
MACMILLAN'S  FOREIGN  SCHOOL  CLASSICS.     Ed.  by  G.  E,  Fasnacht.    ISmo. 
*CORNEILLE— LE  CID.     By  G.  E.  Fasnacht.     Is. 

*DUMAS— LES  DEMOISELLES  DE  ST.  CYR.     By  Victor  Oger.     Is.  6d. 
LA  FONTAINE'S  FABLES.     By  L.  M.  Moriarty,  B.A.  [In  preparation. 

*M0LIERE— L'AVARE.     By  the  same.     Is. 

*MOLIERE— LE  BOURGEOIS  GENTILHOMME.     By  the  same.     Is.  6d. 
*MOLIERE— LES  FEMMES  SAVANTES.     By  G.  E.  Fasnacht.     Is. 
*M0LIERE— LE  MISANTHROPE.     By  the  same.     Is. 
*MOLIERE— LE  MEDECIN  MALGRE  LUI.     By  the  same.     Is. 
*MOLIBRE— LES  PRECIEUSES  RIDICULES.     By  the  same.     Is. 
*RACINE— BRITANNICUS.     By  E.  Pellissier,  M.A.     2s. 
♦FRENCH  READINGS  FROM  ROMAN   HISTORY.      Selected    from   various 

Authors,  by  C.  Colbeck,  M.A.,  Assistant  Master  at  Harrow.    4s.  6d, 
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*SAND,   GEORGE— LA  MARE  AU   DIABLE.      By    W.    E.    Russell,   M.A. 

Assistant  Master  at  Hailej'bury.     Is. 
*SANDEAU,   JULES— MADEMOISELLE    DE    LA  SEIGLIERE.      By  H.    C. 

Steel,  Assistant  Master  at  "Winchester.     Is.  6d. 
*VOLTAIRE— CHARLES  XII.     By  G.  E.  Fasnacht.     3s.  6d. 
*MASSON.— A  COMPENDIOUS  DICTIONARY  OF  THE  FRENCH  LANGUAGE. 
Adapted  from  the  Dictionaries  of  Prof.  A.  Elwall.     By  G.  Massox.     Cr.  Svo. 
3s.  6d. 
LA  LYRE  FRANQAISE.    Selected  and  arranged  mth  Notes.    18mo.    2s.  6d.  net. 
MOLIERE.— LE  MALADE  IMAGINAIRE.     With  introduction  and  Notes,  by  F. 

Tarver,  M.A.,  Assistant  Master  at  Eton.     Fcap.  Svo.     2s.  6d. 
PAYNE.— COMMERCIAL  FRENCH.     By  J.  B.  Payije,  King's  College  School, 
London.     Gl.  Svo.  [In  preparation. 

*PELLISSIER.— FRENCH    ROOTS   AND    THEIR    FAillLIES.      A    Synthetic 
Vocabulary,  based  upon   Derivations.      By  E.   Pellissier,   M.A.,  Assistant 
Master  at  Clifton  College.     Gl.  Svo.     6s. 
*STORM.— FRENCH  DIALOGUES.     A  Systematic  Introduction  to  the  Grammar 
and  Idiom  of  spoken  French.     By  Joh.  Storm,  LL.D.     Intermediate  Course. 
Translated  by  G.  Macdonald,  M.A.     Cr.  Svo.     4s.  6d. 

GERMAN. 

*BEHAGHEL.— A    SHORT    HISTORICAL     GRAMMAR    OP    THE    GERMAN 

LANGUAGE.     By  Dr.  Otto  Behaghel.     Translated  by  Emil  Trechmann, 
M.A.,  Ph.D.,  University  of  Svdney.     Gl.  Svo.     3s.  6d. 
BUCHHEIM.— DEUTSCHE  LYRIK.     The  Golden  Treasury  of  the  best  German 
Lyrical  Poems.     Selected  bv  Dr.  Buchheim.     ISmo.     2s.  6d.  net. 
BALLADEN  UND  ROMANZEN.      Selection  of  the  best  German  Ballads  and 
Romances.     By  the  same.     ISrao.     2s.  6d.  net. 
HUSS.— A    SYSTEM   OF   ORAL  INSTRUCTION   IN  GERMAN,   by  means   of 
Progressive  Illustrations  and  Applications  of  the  leading  Rules  of  Grammar. 
By  H.  C.  O.  Huss,  Ph.D.     Cr.  Svo.     5s. 
MACMILLAN'S  PRIMARY  SERIES  OF  GERMAN  READING  BOOKS.     Edited 
by  G.  E.  Fasxacht.     With  Notes,  Vocabularies,  and  Exercises.     Gl.  Svo. 
*GRiMM— KINDER  UND  HAUSMARCHEN.     By  G.  E.  Fasnacht.     2s.  6d. 
*HAUFF— DIE  KARA  VANE.     By  Herman  Hager,  Ph.D.     3s. 
*HAUFF~DAS  WIRTSHAUS  IM  SPESSART.     By  G.  E.  Fasnacht.     3s. 
*SCHMID,  CHR.  VON— H.  VON  EICHENFELS.     By  G.  E.  Fasnacht.     2s.  6d. 
MACMILLAN'S  PROGRESSIVE  GERMAN  COURSE.     By  G.  E.  Fasnacht.     Ex. 
fcap.  Svo. 
*FiRST  Year.     Easy  Lessons  and  Rules  on  the  Regular  Accidence.     Is.  6d. 
^Second  Year.     Conversational  Lessons  in  Systematic  Accidence  and  Elementary 
Syntax.     With  Philological  Illustrations  and  Vocabulary.     8s.  6d. 

[Third  Year,  in  the  Press. 
THE  TEACHER'S   COMPANION  TO   THE    ABOVE.      With    copious    Notes, 
Hints  for  Different  Renderings,  Sjmonyms,  Philological  Remarks,  etc.     By  G. 
E.  Fasnacht.     Ex.  fcap.  Svo.     Each  Year.     4s.  6d. 
MACMILLAN'S  GERMAN  COMPOSITION.      By  G.  E.  Fasnacht.     Ex.  fcap.  Svo. 
*I.  FIRST  COURSE.     Parallel  German-English  Extracts  and  Parallel  English- 
German  Syntax.     2s.  6d. 
THE    TEACHER'S   COMPANION   TO  THE   ABOVE.      By  G.  E.  Fasnacht. 
First  Course.     Gl.  Svo.     4s.  6d. 
MACMILLAN'S  PROGRESSIVE  GERMAN  READERS.    ByG.  E.  Fasnacht.    Ex. 
fcap.  Svo. 
*FiRST  Year,  containing  an  Introduction  to  the  German  order  of  Words,  with 
Copious  Examples,  extracts  from  German  Authors  in  Prose  and  Poetry;  Notes, 

MACMILLAN'S  FOREIGN  SCHOOL  CLASSICS.— Edited  by  G.  E.  Fasnacht.  ISmo. 
*GOETHE— GOTZ  VON  BERLICHINGEN.     By  H.  A.  Bull,  M.A.     2s. 
*GOETHE— FAUST.     Part  L,  followed  by  an  Appendix  on  P.uiT  II.     By  Jane 
Lee,  Lecturer  in  German  Literature  at  Newnham  College,  Cambridge.     4s.  6d. 
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*HEINB— SELECTIONS  FROM  THE  REISEBILDER  AND  OTHER  PROSE 

WORKS.     By  C.  Colbeck,  M.A.,  Assistant  Master  at  Harrow.     2s.  6d. 
*SCHILLER— SELECTIONS  FROM  SCHILLER'S  LYRICAL  POEMS.     With  a 

Memoir.     By  E.  J.  Turner,  B.A.,  and  E.  D.  A.  Morshead,  M.A.     2s.  6d. 
*SCHILLER— DIE  JUNGFRAU  VON  ORLEANS.  By  Joseph  Gostwick.    2s. 6d 
*SCHILLER -MARIA  STUART.     By  C.  Sheldon,  D.Litt.     2s.  6d. 
*SCHILLER— WILHELM  TELL.     By  G.  E.  Fasnacht.     2s.  6d. 
^SCHILLER— WALLENSTEIN,  DAS  LAGER.     By  H.  B.  Cotterill,  M.A.     2s. 
*UHLAND— SELECT  BALLADS.     Adapted  for  Beginners.     Witli  Vocabulary. 

By  G.  E.  Fasnacht.     Is.  ' 
*PYLODET.— NE  W  GUIDE  TO  GERMAN  CONVERSATION ;  containing  an  Alpha- 
betical List  of  nearly  800  Familiar  Words  ;  foUo-wed  by  Exercises,  Vocabulary, 
Familiar  Phrases  and  Dialogues.     By  L.  Pylodet.     18mo.     2s.  6d. 
SIEPMANN.— A  GERMAN  PRIMER.    By  Otto  Siepmann,  Assistant  Master  in 
Clifton  College.     Globe  8vo.  [In  preparation. 

*SMITH.— COMMERCIAL  GERMAN.    By  F.  C.  Smith,  M.A.    Gl.  Svo.     3s.  6d. 
WHITNEY.— A  COMPENDIOUS  GERMAN  GRAMMAR.     By  W.  D.  Whitney, 
Professor  of  Sanskrit  and  Instructor  in  Modern  Languages  in  Yale  College. 
Cr.  Svo.     4s.  6d. 
A  GERMAN  READER  IN  PROSE  AND  VERSE.     By  the  same.     With  Notes 
and  Vocabulary.     Cr.  Svo.     5s. 
*WHITNEY— EDGREN.— A  COMPENDIOUS  GERMAN  AND  ENGLISH  DIC- 
TIONARY.    By  Prof.  W.  D.  Whitney  and  A.  H.  Edgren.     Cr.  Svo.     5s. 
THE  GERMAN-ENGLISH  PART,  separately,  3s.  6d. 

MODERN  GREEK. 

CONSTANTINIDES.— NEO-HELLENICA.  Dialogues  illustrative  of  the  develop- 
ment of  the  Greek  Language.    By  Prof.  M.  Constantinides.     Cr.  Svo.    6s.  net. 

VINCENT— DICKSON.— HANDBOOK  TO  MODERN  GREEK.  By  Sir  Edgar 
Vincent,  K.C.M.G.,  and  T.  G.  Dickson,  M.A.  With  Appendix  on  the  relation 
of  Modern  and  Classical  Greek  by  Prof.  Jebb.     Cr.  Svo.     6s. 

ITALIAN. 

DANTE.— With  Translation  and  Notes,  by  A.  J.  Butler,  M.A. 

THE  HELL.     Cr.  Svo.     12s.  6d. 

THE  PURGATORY.     2nd  Ed.     Cr.  Svo.     12s.  6d. 

THE  PARADISE.     2nd  Ed.     Cr.  Svo.     12s.  6d. 

THE  CONVITO.     Cr.  Svo.  [Tn  preparation. 

READINGS  ON  THE  PURGATORIO  OF  DANTE.  Chiefly  based  on  the  Com- 
mentary of  Benvenuto  Da  Imola.  By  Hon.  W.  Warren  Vernon,  M.A.  With 
Introduction  by  Dean  Church.     2  vols.     Cr.  Svo.    24s. 

THE  DIVINE  COMEDY.  Transl.  by  C.  E.  Norton.  I.  HELL.  II.  PURGA- 
TORY.   III.  PARADISE.    Cr.  Svo.    6s.  each.    THE  NEW  LIFE.    Cr.  Svo.    5s. 

THE  PURGATORY.     Translated  by  C.  L.  Shadwell,  M.A.  Ex.  Cr.  Svo.  10s.net. 

A  COMPANION  TO  DANTE.  From  the  German  of  G.  A.  Scartazzini.  By 
A.  J.  Butler,  M.A.     Cr.  Svo.     10s.  6d. 

SPANISH. 

OALDERON.— POUR  PLAYS  OF  CALDERON.  El  Principe  Constante,  La  Vida 
es  Sueno,  El  Alcalde  de  Zalamea,  and  El  Escondido  y  La  Tapada.  With  Intro- 
duction and  Notes.     By  Norman  MacColl,  M.A.     Cr.  Svo.     14s. 

DELBOS.— COMMERCIAL  SPANISH.    By  Prof.  Delbos.    Gl.  Svo.   [In  the  Press. 

MATHEMATICS. 

Arithmetic,  Book-keeping,  Algebra,  Euclid  and  Pure  Geometry,  Geometrical 
Drawing,  Mensuration,  Trigonometry,  Analytical  Geometry  (Plane  a.nd 
Solid),  Problems  and  Questions  in  Mathematics,  Higher  Pure  Mathe- 
matics, Mechanics  (Statics,  Dynamics,  Hydrostatics,  Hydrodynamics :  see 
also  Physics),  Physics  (Sound,  Light,  Heat,  Electricity,  Elasticity,  Attrac- 
tions, &c.),  Astronomy,  Historical. 
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ARITHMETIC. 

*ALDIS.— THE  GREAT  GIANT  ARITHMOS.     A  most  Elementary  Arithmetic 

for  Children.     By  Mary  Steadman  Aldis.     Illustrated.     Gl.  8vo.     2s.  6d. 
*BRADSHAW.— A  COURSE   OF    EASY  ARITHMETICAL    EXAMPLES    FOR 
BEGINNERS.     By  J.  G.  Bradshaw,  B.A.,  Assistant  Master  at  Clifton  College. 
Gl.  8vo.      2s.     With  Answers,  2s.  6d. 
*BROOKSMITH.— ARITHMETIC  IN  THEORY  AND  PRACTICE.    By  J.  Brook- 
smith,  M.A.    Cr.  8vo.    4s.  6d.    KEY,  for  Teachers  only.    Crown  Svo.    10s.  6d. 
*BROOKSMITH.— ARITHMETIC  FOR  BEGINNERS.     By  J.  and  E.  J.  Brook- 

siiiTH.     Gl.  8vo.     Is.  6d.     KEY,  for  Teachers  only.     Cr.  Svo.     6s.  6d. 
CANDLER.— HELP  TO  ARITHMETIC.    For  the  use  of  Schools.    By  H.  Candler, 
Mathematical  Master  of  Uppingham  School.     2nd  Ed.     Ex.  fcap.  Svo.     2s.  6d. 
'COLLAR.— NOTES  ON  THE  METRIC  SYSTEM.    By  Geo.  Collar,  B.A.,  B.Sc. 

Gl.  Svo.     3d. 
*DALTON.— RULES  AND  EXAMPLES  IN  ARITHMETIC.     By  Rev.  T.  Dalton, 

M.A.,  Senior  Mathematical  Master  at  Eton.     With  Answers.     18mo.     2s.  6d. 
*G0 YEN.— HIGHER  ARITHMETIC   AND    ELEMENTARY  MENSURATION. 

By  P.  GoYEN.  Cr.  Svo.  5s.  KEY.  Cr.  Svo.  10s.  net. 
*HALL  — KNIGHT.  — ARITHMETICAL  EXERCISES  AND  EXAIMINATION 
PAPERS.  With  an  Appendix  containing  Questions  in  Logarithms  and 
Mensuration.  By  H.  S.  Hall,  M.A.,  Master  of  the  Military  Side,  Clifton 
College,  and  S.  R.  Knight,  B.A.,  M.B.,  Ch.B.  With  or  Without  Answers. 
Gl.  Svo.  2s.  6d. 
HUNTER.— DECIMAL  APPROXIMATIONS,    By  H.  St.  J.  Hunter,  M.  A.,  Fellow 

of  Jesus  College,  Cambridge.     ISmo.     Is.  6d. 
*JACKSON.— COMMERCIAL  ARITHMETIC.  By  S.  Jackson,  M.A.  Gl.Svo.  3s.  6d. 
LOCK. — Works  by  Rev.  J.  B.  Lock,  M.A.,  Senior  Fellow  and  Bursar  of  Gonville 
and  Caius  College,  Cambridge. 
^ARITHMETIC  FOR  SCHOOLS.     With  Answers  and  1000  additional  Examples 
for  Exercise.    4th  Ed.,  revised.    Gl.Svo.    4s.  6d.    Or,  Part  I.    2s.    Part  II.    3s. 
KEY,  for  Teachers  only.     Cr.  Svo.     10s.  6d. 
*ARITHMETIC  FOR  BEGINNERS.    A  School  Class-Book  of  Commercial  Arith- 
metic.    Gl.  Svo.     2s.  6d.     KEY,  for  Teachers  only.     Cr.  Svo.     8s.  6d. 
*A  SHILLING  BOOK  OF  ARITHMETIC,  FOR  ELEMENTARY  SCHOOLS. 
ISmo.    Is.     With  Answers.    Is.  6d.  •  [KEY  in  the  Press. 

LOCK— COLLAR.— ARITHMETIC   FOR  THE   STANDARDS.     By  Rev.  J.  B. 
Lock,  M.A.,  and  Geo.  Collar,  B.A.,  B.Sc.     Standards  I.  II.  III.  and  IV., 
2d.  each  ;  Standards  Y.  VI.  and  VII.,  3d.  each.     Answers  to  I.  II.  III.  IV., 
3d.  each  ;  to  V.  VI.  and  VIL,  4d.  each. 
MACMILLAN'S  MENTAL  ARITEMETIG.     For  the  Standards.     Containing  6000 

Questions  and  Answers.     Standards  I.  II.,  6d.  ;  III.  IV.,  6d.  ;  V.  VI.,  6d. 
^PEDLEY.  — EXERCISES  IN   ARITHMETIC,   containing   7000  Examples.     By 

S.  Pedley.     Cr.  Svo.     5s.     Also  in  Two  Parts,  2s.  6d.  each. 
SMITH.— Works  by  Rev.  Barnard  Smith,  M.A. 

*ARITHMETIC  FOR  SCHOOLS.     Cr.  Svo.    4s.  6d.     KEY,  for  Teachers.     Ss.  6d. 
EXERCISES   IN  ARITHMETIC.     Cr.  Svo.     2s.     With  Answers,  2s.  6d.     An- 
swers separately,  6d. 
SCHOOL   CLASS-BOOK   OF  ARITHMETIC.     ISmo.     3s.      Or  separately,  in 

Tliree  Parts,  Is.  each.     KEYS.     Parts  I.  II.  and  III.,  2s.  6d.  each. 
SHILLING  BOOK  OF   ARITHMETIC.     ISmo.     Or  separately.  Part  I.,  2d.  ; 
Part  II.,  3d. ;  Part  III.,  7d.     Answers,  6d.     KEY,  for  Teachers  only.     ISmo. 
4s.  6d. 
*THE  SAME,  with  Answers.    ISmo,  cloth.     Is.  6d. 
EXAMINATION   PAPERS   IN   ARITHMETIC.      ISmo.      Is.  6d.     The  Same, 

witli  Answers.     ISmo.     2s.     Answers,  6d.     KEY.     ISmo.     4s.  6d. 
THE  METRIC  SYSTEM  OF  ARITHMETIC,  ITS  PRINCIPLES  AND  APPLI- 
CATIONS, with  Numerous  Examples.     ISmo.     3d. 
A  CHART  OF  THE  METRIC  SYSTEM,  on  a  Sheet,  size  42  in.  by  34  in.  on 

Roller.    New  Ed.     Revised  by  Geo.  Collar,  B.A.,  B.Sc.     4s.  6d. 
EASY  LESSONS  IN  ARITHMETIC,  combining  Exercises  in  Reading,  Writing, 

Spelling,  and  Dictation.     Part  I.    Cr.  Svo.    6d. 
EXAMINATION  CARDS  IN  ARITHMETIC.     With  Answers  and  Hints. 
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Standards  I.  and  II.,  in  box,  Is.     Standards  III.  IV.  and  V.,  in  boxes.  Is.  each. 
Standard  VI.  in  Two  Parts,  in  boxes,  Is.  each. 
*SMITH  (BARNARD)— HUDSON.— ARITHMETIC  FOR   SCHOOLS.     By  Rev. 
Barnard  Smith,  M.A.,  revised  by  W.  H.  H.  Hudson,  M.A.,  Prof,  of  Mathe- 
matics, King's  College,  London.     Cr.  8vo.     4s.  6d. 

BOOK-KEEPING-. 

*THORNTON.— FIRST  LESSONS  IN  BOOK-KEEPING.    By  J.  Thornton.     Or. 
8vo.     2s.  6d.     KEY.     Oblong  4to.     10s.  6d. 
*PRIMER  OP  BOOK-KEEPING.     18mo.     Is.     KEY.     Demy  Svo.     2s.  6d. 
*EASY  EXERCISES  IN  BOOK-KEEPING.     ISmo.     Is. 
*THE  STUDENT'S  MANUAL  OF  BOOK-KEEPING.  [In  the  Press. 

ALGEBRA. 

*D ALTON.— RULES  AND  EXAMPLES  IN  ALGEBRA.  By  Rev.  T.  Dalton, 
Senior  Mathematical  Master  at  Eton.  Part  I.  ISmo.  2s.  KEY.  Cr.  Svo. 
7s.  6d.  Part  II.  ISmo.  2s.  6d. 
DUPUIS.— PRINCIPLES  OF  ELEMENTARY  ALGEBRA.  By  N.  F.  Dupuis, 
M.A.,  Professor  of  Mathematics,  University  of  Queen's  College,  Kingston, 
Canada.  Cr.  Svo.  6s. 
HALL— KNIGHT.— Works  by  H.  S.  Hall,  M.A.,  Master  of  the  Military  Side, 

Clifton  College,  and  S.  R.  Knight,  B.A.,  M.B.,  Ch.B. 
*ALGEBRA  FOR  BEGINNERS.     Gl.  Svo.     2s.     With  Answers.     2s.  6d. 
*ELEMENTARY  ALGEBRA  FOR  SCHOOLS.     6th  Ed.    Gl.  Svo.    3s.  6d.    With 

Answers,  4s.  6d.     Answers,  Is.     KEY,  for  Teachers  only.     8s.  6d. 
*ALGEBRAICAL  EXERCISES  AND   EXAMINATION  PAPERS.     To  accom- 
pany  ELEMENTARY    ALGEBRA.      2nd  Ed.,   revised.      With   or  Vv^ithout 
Answers.     Gl.  Svo.     2s.  6d. 
^HIGHER  ALGEBRA.     4th  Ed.     Cr.  Svo.     7s.  6d.      KEY.     Cr.  Svo.     10s.  6d. 
*JARMAN.— ALGEBRAIC    FACTORS.     By  J.  Abbot   Jarman.      Gl.   Svo.     2s. 

With  Answers,  2s.  6d. 
*JONES—CHEYNE.— ALGEBRAICAL   EXERCISES.      Progressively  Arranged. 
By  Rev.  C.  A.  Jones  and  C.  H.  Cheyne,  M.A.,  late  Mathematical  Masters 
at  Westminster  School.     ISmo.     2s.  6d. 
KEY,  for  Teachers.     By  Rev.  W.  Failes,  M.A.     Cr.  Svo.     7s.  6d. 
SMITH. — Works  by  Charles    Smith,   M.A.,    Master  of  Sidney  Sussex  College, 
Cambridge. 
«ELEMENTARY  ALGEBRA.     2nd  Ed.,  revised.     Gl.  Svo.     4s.  6d.     KEY,  for 

Teachers  only.     Cr.  Svo.     10s.  6d. 
*A  TREATISE  ON  ALGEBRA.   4th  Ed.  Cr.  Svo.   7s.  6d.    KEY.   Cr.  Svo.    10s.  6d. 
TODHUNTER.— Works  by  Isaac  Todhunter,  F.R.S. 

^ALGEBRA  FOR  BEGINNERS.     18mo.     2s.  6d.     KEY.     Cr.  Svo.     6s.  6d. 
*ALGEBRA  FOR  COLLEGES  AND  SCHOOLS.     By  Isaac  Todhunter,  F.R.S. 
Cr.  Svo.     7s.  6d.     KEY,  for  Teachers.     Cr.  Svo.     10s.  6d. 

EUCLID  AND  PURE  GEOMETRY. 

COCKSHOTT— WALTERS.— A  TREATISE  ON  GEOMETRICAL  CONICS.  By 
A.  Cockshott,  M.A.,  Assistant  Master  at  Eton,  and  Rev.  P.  B.  Walters, 
M.A.,  Principal  of  Kiug  William's  College,  Isle  of  Man.     Cr.  Svo.     5s. 

CONSTABLE.— GEOMETRICAL  EXERCISES  FOR  BEGINNERS.  By  Samuel 
Constable.     Cr.  Svo.     3s.  6d. 

CUTHBERTSON.— EUCLIDIAN  GEOMETRY.  By  Francis  Cuthbertson,  M.A., 
LL.D.     Ex.  fcap.  Svo.     4s.  6d. 

DAY.— PROPERTIES  OF  CONIC  SECTIONS  PROVED  GEOMETRICALLY. 
By  Rev.  H.  G.  Day,  M.A.  Part  I.  The  Ellipse,  with  an  ample  collection  of 
Problems.     Cr.  Svo.     3s.  6d. 

*DEAKIN.— RIDER  PAPERS  ON  EUCLID.  BOOKS  I.  and  II.  By  Rupert 
Deakin,  M.A.     ISmo.     Is. 

DODGSON. — Works  by  Charles  L.  Dodgson,  M.A.,  Student  and  late  Mathematical 
Lecturer,  Christ  Church,  Oxford. 
EUCLID,  BOOKS  I.  and  II.     6th  Ed.,  with  words  substituted  for  the  Alge- 
braical Symbols  used  in  the  1st  Ed.     Cr.  Svo.     2s. 
EUCLID  AND  HIS  MODERN  RIVALS.     2nd  Ed.     Cr.  Svo.     63. 
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CURIOSA  MATHBMATIGA,      Part  I.     A  New  Theory  of  Parallels.     Srd  Ed. 

Cr.  8vo.     2s.     Part  II,     Pillow  Problems,     2nd  Ed.     Cr.  Svo.     2s. 
DREW.— GEOMETRICAL    TREATISE   ON    CONIC   SECTIONS.       By  W.    H. 

Drew,  M.A.     New  Ed.,  enlarged.     Cr.  Svo.     5s. 
DUPUIS.— ELEMENTARY  SYNTHETIC  GEOMETRY  OF  THE  POINT,  LINE 

AND  CIRCLE  IN  THE  PLANE.    By  N.  F.  Dupuis,  M.A.,  Professor  of  Mathe- 
matics, University  of  Queen's  College,  Kingston,  Canada.    Gl.  Svo.     4s.  6d. 
SYNTHETIC  SOLID  GEOMETRY.  [In  the  Press. 

*HALL— STEVENS.— A  TEXT-BOOK   OF  EUCLID'S  ELEMENTS.     By  H.  S. 

Hall,  M.A.,  and  F.  H.  Stevens,  M.A.,  Masters  of  the  Military  Side,  Clifton 

College.     Gl.  Svo.     Book  L,  Is.;  Books  L  and  IL,  Is.  6d.;  Books  I. -IV.,  3s.; 

Books  III.-IV.,  2s. ;  Books  III.-VL,  3s.;  Books  V.-VL  and  XL,  2s.  6d.;  Books 

L-VI.  and  XL,  4s.  6d.;  Book  XL,  Is.     KEY  to  Books  L-IV.,  6s.  6d.     KEY  to 

VL  and  XL,  3s.  6d.     KEY  to  I.-VL  and  XL,  8s.  6d. 
HALSTED.— THE  ELEMENTS  OF  GEOMETRY.     By  G.  B.  Halsted,  Professor 

of  Pure  and  Applied  Mathematics  in  the  Universitv  of  Texas.     Svo.     12s.  6d. 
HAYWARD.— THE  ELEMENTS  OP  SOLID  GEOMETRY.    By  R.  B.  Hayward, 

M.A.,  F.R.S.     Gl.  Svo.     3s. 
LACHLAN.— AN    ELEMENTARY    TREATISE    ON    MODERN    PURE    GEO- 
METRY.    By  R.  Lachlan,  M.A.     Bvo.     9s. 
*LOCK.— THE   FIRST  BOOK  OF  EUCLID'S  ELEMENTS  ARRANGED  FOR 

BEGINNERS.     By  Rev.  J.  B.  Lock,  M.A.      Gl.  Svo.     Is.  6d. 
M'CLELLAND  —A  TREATISE  ON  THE  GEOMETRY  OF  THE  CIRCLE,  and 

some  extensions  to  Conic  Sections  by  the  Method  of  Reciprocation.     By  W.  J. 

M'Clelland,  M.A.     Cr.  Svo.     6s. 
MILNE— DAVIS.— GEOMETRICAL  CONICS.     By  Rev.  J.  J.  Milne,  M.A.,  and 

R.  F.  Davis,  M.A.     Cr.  Svo.     Part  I.     The  Parabola.     2s. 
Part  II.     The  Central  Conic.  [In  the  Press. 

MUKHOPADHYAY.— GEOMETRICAL  CONIC  SECTIONS.     By  Asutosh  Muk- 

hopadhyay,  M.A.,  F.R.S.E.     4s.  6d. 
RAMSEY— RICHARDSON.— MODERN  PLANE  GEOMETRY.    By  A.  S.  Ramsey, 

Fettes  College,  Edinburgh,  and  Rev.  G.  Richardson.  [In  the  Press. 

♦RICHARDSON.- THE  PROGRESSIVE  EUCLID.    Books  I.  and  IL    With  Notes, 

Exercises,  and  Deductions.     Edited  by  A.  T.  Richardson,  M.A. 
SMITH.— GEOMETRICAL  CONIC  SECTIONS.    By  Charles  Smith,  M.A.,  Master 

of  Sidney  Sussex  College,  Cambridge.  [In  the  Press. 

SMITH —INTRODUCTORY  MODERN  GEOMETRY   OF   POINT,   RAY,  AND 

CIRCLE.     By  W.  B.  Smith,  A.M.,  Ph.D.,  Professor  of  Mathematics,  Missouri 

University.     Cr.  Svo.     5s. 
SYLLABUS  OF  PLANE  GEOMETRY  (corresponding  to  Euclid,  Books  L-VI.)— 

Prepared  by  the  Association  for  the  Improvement  of  Geometrical  Teaching. 

Cr.  Svo.     Sewed.     Is. 
SYLLABUS  OF  MODERN  PLANE  GEOMETRY.— Prepared  by  the  Association 

for  tlie  Improvement  of  Geometrical  Teaching.     Cr.  Svo.     Sewed.     Is. 
*TODHUNTER.— THE   ELEMENTS  OF  EUCLID.      By  I.  Todhunter,  F.R.S. 

ISmo.     3s.  6d.     *Books  I.  and  II.     Is.     KEY.     Cr.  Svo.     6s.  6d. 
*WEEKS.— EXERCISES  IN  EUCLID,  GRADUATED  AND  SYSTEMATIZED. 

By  W.  Weeks,  liecturer  in  Geometry,  Training  College,  Exeter.     ISmo.     2s. 
WILSON.— Works  by  Archdeacon  Wilson,  M.A.,  late  Headmaster  of  Clifton  College. 
ELEMENTARY    GEOMETRY.      BOOKS    I.-V.      (Corresponding    to    Euclid. 

Books  L-VI.)    Following  the  Syllabus  of  the  Geometrical  Association.     Ex. 

fcap.  Svo.     4s.  6d. 
SOLID  GEOMETRY  AND  CONIC  SECTIONS.     With  Appendices  on  Trans- 
versals and  Harmonic  Division.     Ex.  fcap.  Svo.     3s.  6d. 

GEOMETRICAL  DRA^WING. 

EAGLES.— CONSTRUCTIVE   GEOMETRY  OP  PLANE   CURVES.      By  T.  H. 

Eagles,  M.A.,  Instructor,  Roy.  Indian  Engineering  Coll.     Cr.  Svo.     12s. 
EDGAR  —  PRITCHARD.  —  NOTE  -  BOOK      ON      PRACTICAL     SOLID      OR 

DESCRIPTIVE  GEOMETRY.     Containing  Problems  with  help  for  Solutions. 

By  J.  H.  Edgar  and  G.  S.  Pritchard.     4th  Ed.     Gl.  Svo.     4s.  6d. 
*KITOHENER.— A  GEOMETRICAL  NOTE-BOOK.     Containing  Easy  Problems 

in  Geometrical  Drawing.    By  F.  E.  Kitchener,  M.A.    4to.     2s. 
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MILLAR.— ELEMENTS  OF  DESCRIPTIVE  GEOMETRY,  By  J.  B.  Millar, 
Lecturer  on  Engineering  in  the  Owens  College,  Manchester.     Cr.  8vo.     6s. 

PLANT.— PRACTICAL  PLANE  AND  DESCRIPTIVE  GEOMETRY.  By  E.  C. 
Plant.  [In  prevaration. 

SPANTON.— PRACTICAL  PLANE  GEOMETRY.  By  T.  H.  Spanton,  'Drawing 
Instructor,  H.M.S.  Britannia.  [In  the  Press. 

MENSURATION". 

STEVENS.— ELEMENTARY  MENSURATION.  With  Exercises  on  the  Mensura- 
tion of  Plane  and  Solid  Figures.    By  F.  H.  Stevens,  M.A.    G1.  8vo.  [In  the  Press. 

TEBAY,— ELEMENTARY  MENSURATION  FOR  SCHOOLS.  By  S.  Tebay. 
Ex.  fcap.  8vo.     3s.  6d. 

*TODHUNTEil,— MENSURATION  FOR  BEGINNERS.  By  Isaac  Todhunter, 
F.R.S.     ISmo.     2s.  6d.     KEY.     By  Rev.  Fr.  L.  McCarthy.     Cr,  Svo.   7s.  6d. 

TRIGONOMETRY. 

BOTTGIVILET.— FOUR-FIGURE  MATHEMATICAL  TABLES.  Comprising  Log- 
arithmic and  Trigonometrical  Tables,  and  Tables  of  Squares,  Square  Roots, 
and  Reciprocals.  By  J.  T.  Bottomlet,  M.A.,  Lecturer  in  Natural  Philosophy 
in  the  University  of  Glasgow.     Svo.     2s.  6d. 

*HALL— KNIGHT.— ELEMENTARY  TRIGONOMETRY.  By  H.  S.  Hall,  M.A., 
and  S.  R.  Knight,  B.A.     G1.  Svo.     4s.  6d.  [Dec.  1893 

HAYWARD,— THE  ALGEBRA  OF  CO-PLANAR  VECTORS  AND  TRIGONO- 
METRY.    By  R.  B.  Hayward,  M.A.,  F.R.S.     Cr.  Svo.     8s.  6d. 

JOHNSON.— A  TREATISE  ON  TRIGONOMETRY.  By  W.  E.  Johnson,  M.A. 
late  Mathematical  Lecturer  at  King's  College,  Cambridge.     Cr.  Svo.     8s.  6d. 

JONES.— LOGARITHMIC  TABLES,  By  Prof.  G.  W.  Jones,  CorneU  University. 
Svo.     4s.  6d.  net. 

[Three-digit  numbers  to  four  places ;  four-digit  numbers  to  six  places ; 
primes  below  20,000  to  ten  places;  mathematical  and  physical  constants; 
addition-subtraction  logarithms ;  trigonometric  logarithms  to  four  and  six 
places  ;  squares,  cubes,  roots,  reciprocals,  and  prime  factors  ;  interpolation 
coefficients  ;  error  and  probabilitv  tables.] 

KNIGHT.- HIGHER  TRIGONOMETRY.    By  S.  R.  Knight,  B.A.  \ In  preparation. 

*LEVETT  — DAVISON.— THE  ELEMENTS  OF  PLANE  TRIGONOMETRY. 
By  Rawdon  Levett,  M.A.,  and  C.  Davison,  M.A,,  Assistant  Masters  at  King 
Edward's  School,  Birmingham.     Gl.  Svo.     6s,  6d, ;  or,  In  2  parts,  3s.  6d.  each. 

LOCK,— Works  by  Rev.  J.  B.  Lock,  M.A. 
*THE  TRIGONOMETRY  OF  ONE  ANGLE.     Gl.  Svo.     2s.  6d. 
*TRIGONOMETRY  FOR  BEGINNERS,  as  far  as  the  Solution  of  Triangles.    3rd 

Ed.     Gl.  Svo.     2s.  6d.     KEY,  for  Teachers.     Cr.  Svo.     6s.  6d. 
*ELEMENTARY  TRIGONOMETRY.      6th  Ed.     Gl.   Svo.     4s.   6d.     KEY,   for 
Teachers.     Cr.  Svo.     8s.  6d. 
HIGHER  TRIGONOMETRY.     5th  Ed.    4s.  6d.     Both  Parts  complete  in  One 
Volume.     7s.  6d.  [KEY  in  preparation. 

M'CLELLAND  — PRESTON.— A  TREATISE  ON  SPHERICAL  TRIGONO- 
METRY. By  W.  J.  M'Clelland,  M.A.,  and  T.  Preston,  M.A.  Cr.  Svo. 
8s   6d.,  or  :  Part  I.  To  the  End  of  Solution  of  Triangles,  4s.  6d.     Part  II,,  5s. 

MATTHEWS.— MANUAL  OF  LOGARITHMS.     By  G.  F.  Matthews,  B.A.     Svo. 

PALME^R.— PRACTICAL  LOGARITHMS  AND   TRIGONOMETRY.     By  J.  H. 

Palmer,  Headmaster,  R.N.,  H.M.S.  Cambridge,  Devonport.     Gl.  Svo.     4s.  6d. 
SNOWBALL.— THE  ELEMENTS   OF  PLANE  AND  SPHERICAL  TRIGONO- 
METRY.    Bv  J.  C.  Snowball.     14th  Ed.     Cr.  Svo,     7s.  6d, 
TODHUNTER.— Works  by  Isaac  Todhunter,  F.R.S. 
*TRIGONOMETRY  FOR  BEGINNERS.    ISmo.   2s.  6d.      KEY.   Cr.  Svo.    8s.  6d. 
PLANE  TRIGONOMETRY.     Cr.  Svo.     5s.     KEY.     Cr.  Svo.     10s.  6d. 
A  TREATISE  ON  SPHERICAL  TRIGONOMETRY,     Cr.  Svo.     4s.  6d. 
TODHUNTEPv— HOGG.— PLANE    TRIGONOMETRY.      By    Isaac    Todhunter, 
Revised  bv  R.  W.  Hogg,  M.A.     Cr.  Svo.     5s.  [KEY  in  pn^eparation. 

WOLSTENHOLME.— EXAMPLES  FOR  PRACTICE  IN  THE  USE  OF  SEVEN- 
FIGURE  LOGARITHMS.  By  Joseph  Wolstenholme,  D.Sc,  late  Professor 
of  Mathematics,  Royal  Indian  Engineering  Coll.,  Cooper's  Hill.    Svo,     5s. 
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ANALYTICAL  QEOMETRY  (Plane  and  Solid). 

DYER.— EXERCISES  IN  ANALYTICAL  GEOMETRY.     By  J.  M.  Dyer,  M.A., 

Assistant  Master  at  Eton.     Illustrated.     Cr.  Svo.     4s.  6d. 
FERRERS.— AN    ELEMENTARY   TREATISE    ON    TRILINEAR    CO-ORDIN- 
ATES, the  Method  of  Reciprocal  Polars,  and  the  Theorj^  of  Projectors.      By 
the  Rev.  N.  M.  Ferrers,  D.D.,  F.R.S.,  Master  of  Gonville  and  Gains  College, 
Cambridge.     4th  Ed.,  revised.     Cr.  Svo.     6s.  Gd. 
FROST.— Works  by  Percival  Frost,  D.Sc,  F.R.S.,  Fellow  and  Mathematical 
Lecturer  at  King's  College,  Cambridge. 
AN  ELEMENTARY  TREATISE  ON  CURVE  TRACING.     Svo.     12s. 
SOLID  GEOMETRY.     3rd  Ed.     Demy  Svo.     16s. 

HINTS  FOR  THE  SOLUTION  OF  PROBLEMS  in  the  above.     Svo.     8s.  6d. 
JOHNSON.— CURVE    TRACING  IN   CARTESIAN   CO-ORDINATES.      By  W. 
WooLSEY  Johnson,  Professor  of  Mathematics  at  the  U.S.  Naval  Academy, 
Annapolis,  Maryland.     Cr.  Svo.     4s.  6d. 
PUCKLE.— AN  ELEMENTARY  TREATISE  ON  CONIC   SECTIONS  AND  AL- 
GEBRAIC GEOMETRY.    By  G.  H.  Puckle,  M.A.    5th  Ed.    Cr.  Svo.    7s.  6d. 
SMITH.— Works  by  Chas.  Smith,  M.A.,  Master  of  Sidney  Sussex  Coll.,  Cambrido-e 
CONIC  SECTIONS.     7th  Ed.     Cr.  Svo.     7s.  6d.     KEY.     Cr.  Svo.     10s.  6d. 
AN  ELEMENTARY  TREATISE  ON  SOLID  GEOMETRY.     Cr.  Svo.     9s   6d 
TODHUNTER.— Works  by  Isaac  Todhunter,  F.R.S. 
PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight  Line  and  the 

Conic  Sections.     Cr.  Svo.    7s.  6d.     KEY.     Cr.  Svo.     10s.  6d. 
EXAMPLES   OF  ANALYTICAL   GEOMETRY   OF   THREE   DIMENSIONS. 
New  Ed.,  revised.     Cr.  Svo.     4s. 

PROBLEMS  &  QUESTIONS  IN  MATHEMATICS. 

ARMY  PRELIMINARY  EXAMINATION,  PAPERS  1886-1893.     With  Answers  to 

the  Mathematical  Questions.     5th  Ed.    Cr.  Svo.    3s.  6d. 
BALL.— MATHEMATICAL  RECREATIONS  AND  PROBLEMS  OP  PAST  AND 

PRESENT  TIMES.     By  W.  W.  Rodse  Ball,  M.A.,  Fellow  and  Lecturer  of 

Trinitv  College,  Cambridc;e.  2nd  Ed.     Cr.  Svo.     7s.  net. 
CAMBRIDGE  SENATE-HOUSE  PROBLEMS  AND  RIDERS,  WITH  SOLUTIONS- 
1S75— PROBLEMS  AND  RIDERS.    By  A.  G.  Greenhill,  F.R.S.  'Cr.  Svo.   8s.  6d. 
1878-SOLUTIONS  OF  SENATE-HOUSE  PROBLEMS.      Edited  by  J.  W.  L. 

Glaisher,  F.R.S.,  Fellow  of  Trinity  College,  Cambridge.     Cr.  Svo.     12s. 
CHRISTIE.— A  COLLECTION  OF  ELEMENTARY  TEST-QUESTIONS  IN  PURE 

AND  MIXED  MATHEMATICS.     By  J.  R.  Christie,  F.R.S.    Cr.  Svo.    Ss.  6d. 
CLIFFORD.— MATHEMATICAL  PAPERS.     By  W.  K.  Clifford.     Svo.     SOs. 
MACMILLAN'S  MENTAL  ARITHMETIC.     (See  page  21.) 
MILNE.— WEEKLY  PROBLEM  PAPERS.     By  Rev.  John  J.  Milne,  M.A.     Pott 

Svo.     4s.  6d. 
SOLUTIONS  TO  THE  ABOVE.     By  the  same.     Cr.  Svo.     10s.  6d. 
COMPANION  TO  WEEKLY  PROBLEM  PAPERS.     Cr.  Svo.     10s.  6d. 
*RICHARDSON.— PROGRESSIVE  MATHEMATICAL  EXERCISES  FOR  HOME 

WORK.      By  A.   T.   Richardson,  M.A.     Gl.   Svo.     First  Series.     2s.     With 

Answers,  2s.  6d.     Second  Series.     3s.     With  Answers,  3s.  Cd. 
SANDHURST  MATHEMATICAL  PAPERS,  for  Admission  into  the  Royal  Military 

College,  18S1-1889.     Edited  by  E.  J.  Brooksmith,  B.A.     Cr.  Svo.     3s.  6d. 
THOMAS.— ENUNCIATIONS  IN  ARITHMETIC,   ALGEBRA,  EUCLID,  AND 

TRIGONOMETRY,  with  Examples  and  Notes.      By  P.  A.   Thomas,   B.A. 

Gl.  Svo.     2s. 
WOOLWICH  MATHEMATICAL  PAPERS,  for  Admission  into  the  Royal  Military 

Academv,  Woolwich,  1880-1890  inclusive.     Bv  the  same.     Cr.  Svo.     6s. 
WOLSTENHOLME.— MATHEMATICAL  PROBLEMS,  on  Subjects   included  in 

the  First  and  Second  Divisions  of  Cambridge  Mathematical  Tripos.    By  Joseph 

Wolstenholme,  D.Sc.     3rd  Ed.,  greatly  enlarged.     Svo.     ISs. 
EXAMPLES    FOR  PRACTICE    IN  THE   USE   OF   SEVEN -FIGURE   LOG- 
ARITHMS.    By  the  same.     Svo.     5s. 

HIGHER  PURE  MATHEMATICS. 

AIRY.— Works  by  Sir  G.  B.  Airy,  K.C.B.,  formerly  Astronomer-Royal. 
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ELEMENTARY  TEEATISE   ON  PARTIAL  DIFFERENTIAL  EQUATIONS. 

With  Diagrams.     2nd  Ed.     Cr.  8vo.     5s.  6d. 
ON   THE  ALGEBRAICAL  AND  NUMERICAL  THEORY  OF  ERRORS  OF 
OBSERVATIONS     AND     THE     COMBINATION     OF     OBSERVATIONS. 
2iid  Ed.,  revised.     Cr.  Svo.     6s.  6d. 
BOOLE.— THE  CALCULUS  OF  FINITE  DIFFERENCES.     By  G.  Boole.     3rd 

Ed.,  revised  by  J.  F.  Moulton,  Q.C.     Cr.  Svo.     10s.  6d. 
EDWARDS.— THE  DIFFERENTIAL  CALCULUS.     By  Joseph  Edwards,  M.A. 
With  Applications  and  numerous  Examples.     New  Ed.     Svo.     14s. 
THE   DIFFERENTIAL  CALCULUS  FOR  SCHOOLS.     By  the    Same.      Gl. 

Svo.     4s.  6d. 

THE  INTEGRAL  CALCULUS.     By  the  same.  [In  preparation. 

THE  INTEGRAL  CALCULUS  FOR  SCHOOLS.    Bv  the  same.    [In  prejMration. 

FORSYTH. -A  TREATISE  ON  DIFFERENTIAL  EQUATIONS.      By  Andrew 

Russell  Forsyth,  F.R.S.,  Fellow  and  Assistant  Tutor  of  Trinity  College, 

Cambridge.     2nd  Ed.     Svo.     14s. 

FROST.— AN  ELEMENTARY  TREATISE  ON  CURVE  TRACING.     By  Percival 

Frost,  M.A.,  D.Sc.     Svo.     12s. 
GRAHAM.— GEOMETRY  OP  POSITION.     By  R.  H.  Grahaji.     Cr.  Svo.    7s.  6d. 
GREENHILL.— DIFFERENTIAL  AND   INTEGRAL    CALCULUS.      By  A.    G. 
Greenhill,  Professor  of  Mathematics  to  the  Senior  Class  of  ArtiUery  Officers, 
Woolwich.     New  Ed.     Cr.  Svo.     10s.  6d. 
APPLICATIONS  OF  ELLIPTIC  FUNCTIONS.     By  the  same.     Svo.     12s. 
HARKNESS— MORLEY.     A  TREATISE  ON  THE  THEORY  OP  FUNCTIONS. 

By  J.  Harkness,  M.A.,  and  F.  Morlet,  M.A.     Svo.     18s.  net. 
HEMMING.— AN  ELEMENTARY  TREATISE  ON  THE  DIFFERENTIAL  AND 

INTEGRAL  CALCULUS.     By  G.  W.  Hemming,  M.A.     2nd  Ed.     Svo.     9s. 
JOHNSON.- Works  by  W.  W.  Johnson,  Professor  of  Mathematics  at  the  U.S. 
Naval  Academy. 
INTEGRAL  CALCULUS,  an  Elementary  Treatise.      Founded  on  the  Method 

of  Rates  or  Fluxions.     Svo.     9s. 
CURVE  TRACING  IN  CARTESIAN  CO-ORDINATES.     Cr.  Svo.     4s.  6d. 
A  TREATISE  ON  ORDINARY  AND  DIFFERENTIAL  EQUATIONS.     Ex.  cr. 
Svo.     15s. 
KELLAND—TAIT.— INTRODUCTION   TO    QUATERNIONS,    with    numerous 
examples.     By  P.  Kelland  and  P.  G.  Tait,  Professors  in  the  Department  of 
Mathematics  in  the  University  of  Edinburd'j.     2nd  Ed.     Cr.  Svo.     7s.  6d. 
KEMPE.— HOW  TO  DRAW  A  STRAIGHT  LINE  :  a  Lecture  on  Linkages.     By  A. 

B.  Kempe.     Illustrated.     Cr.  Svo.     Is.  6d. 
KNOX.— DIFFERENTIAL  CALCULUS  FOR  BEGINNERS.       By  Alexaijder 

Knox,  M.A.     Fcap.  Svo.     3s.  6d. 
RICE— JOHNSON.— AN   ELEMENTARY  TREATISE  ON  THE   DIFFEREN- 
TIAL CALCULUS.     Founded  on  the  Method  of  Rates  or  Fluxions.     By  J.  M. 
Rice  and  W.  W.  Johnson      3rd  Ed.     Svo.     ISs.     Abridged  Ed.     9s. 
TODHUNTER.— Works  by  Isaac  Todhunter,  F.R.S. 

AN    ELEMENTARY    TREATISE    ON    THE    THEORY   OF    EQUATIONS. 

Cr.  Svo.     7s.  6d. 
A  TREATISE  ON   THE   DIFFERENTIAL  CALCULUS.     Cr.   Svo.      10s.    6d, 

KEY.     Cr.  Svo.     10s.  6d. 
A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS  APPLICATIONS. 

Cr.  Svo.     10s.  6d.     KEY.     Cr.  Svo.     10s.  6d. 
A  HISTORY  OF  THE  MATHEMATICAL  THEORY  OF  PROBABILITY,  from 
the  time  of  Pascal  to  that  of  Laplace.     Svo.     ISs. 
WELD.— SHORT    COURSE    IN   THE    THEORY   OP    DETERMINANTS.      By 
L.  G.  Weld,  M.A.     Cr.  Svo.     7s.  6d. 

MECHANICS :  Statics,  Dynamics,  Hydrostatics, 
Hydrodynamics.     (See  also  Physics.) 

ALEXANDER— THOMSON.— ELEMENTARY  APPLIED  MECHANICS.  By 
Prof.  T.  Alexander  and  A.  W.  Thomson.  Part  II.  Transverse  Stress, 
Cr.  Svo.     10s.  6d. 

BALL.— EXPERIMENTAL  MECHANICS.    A  Course  of  Lectures  delivered  at  the 
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Royal  College  of   Science,   Dublin.      By  Sii'  R.  S.  Ball,  F.R.S.     2nd  Ed. 

Illustrated.     Cr.  8vo.     6s. 
CLIFFORD.— THE  ELEMENTS  OP  DYNAMIC.    An  Introduction  to  the  Study  of 

Motion  and  Rest  in  Solid  and  Fluid  Bodies.     By  W.  K.  CLiFrouD.     Part  I. — 

Kinematic.     Cr.  8vo.     Books  I. -III.  7s.  6d.  ;  Booli  IV.  and  Appendix,  6s. 
COTTERILL. —APPLIED   MECHANICS:     An   Elementary   General    Introduc- 
tion to  the  Theory  of  Structures  and  Machines.     By  J.  H.  Cotterill,  F.R.S., 

Professor   of   Applied  Mechanics  in  the  Royal  Naval  CoUege,   Greenwich. 

3rd  Ed.     Revised.     8vo.     IBs. 
COTTERILL  — SLADE.— LESSONS    IN    APPLIED    MECHANICS.     By    Prof. 

J.  H.  Cotterill  and  J.  H.  Slade.     Fcap.  Svo.     5s.  6d. 
GANGUILLET— KUTTER.— A   GENERAL   FORMULA  FOR  THE   UNIFORM 

FLOW  OF  WATER  IN  RIVERS  AND  OTHER  CHANNELS.     By  E.   Gan- 

GuiLLET  and  W.  R.  Kuiter.    Translated  by  R.  Hering  and  J.  C.  Tratjtwine. 

Svo.     17s. 
GRAHAM.— GEOMETRY  OF  POSITION.     By  R.  H.  Graham.    Cr.  Svo.     7s.  6d. 
^GREAVES.— STATICS  FOR  BEGINNERS.     By  John  Greaves,  M.A.,  Fellow 

and  Mathematical  Lecturer  at  Christ's  College,  Cambridge.     Gl.  Svo.     3s.  6d. 
A  TREATISE  ON  ELEMENTARY  STATICS.     By  the  same.     Cr.  Svo.     5s. 
GREENHILL.— ELEMENTARY  HYDROSTATICS.     By  A.  G.  Greenhill,  Pro- 
fessor of  Mathematics  to  the  Senior  Class  of  Ai-tillery  Officers,  Woolwich.     Gl. 

Svo.  [Immediately. 

*HICKS.— ELEMENTARY   DYNA31ICS  OF  PARTICLES  AND  SOLIDS.      By 

W.  M.  Hicks,  D.Sc,  Principal  and  Professor  of  Mathematics  and  Physics,  Firth 

College,  Sheffield.     Cr.  Svo.     6s.  6d. 
HOSKINS.- ELEMENTS  OP  GRAPHIC  STATICS.    By  L.  M.  Hoskins.    Svo. 

10s.  net. 
KENNEDY.— THE  MECHANICS  OF  MACHINERY.     By  A.  B.  W.  Kennedy, 

F.R.S.     Illustrated.     Cr.  Svo.     8s.  6d. 
LANGMAID—GAISFORD.— (Sec  Engineering,  p.  39.) 
LOCK.— Works  by  Rev.  J.  B.  Lock,  M.A. 
♦MECHANICS  FOR  BEGINNERS.      Gl.  Svo.     Part  I.  Mechanics  of  Solids. 

2s.  6d.  [Part  II.  Mechanics  of  Fluids,  in  preparation. 

♦ELEMENTARY  STATICS.    2nd  Ed.    Gl.  Svo.    3s.  6d.    KEY.     Cr.  Svo.    Ss.  6d 

♦ELEMENTARY  DYNAMICS.    3rd  Ed.    GL  Svo.    3s.  6d.    KEY.    Cr.  Svo.   8s.  6d. 

♦ELEMENTARY  DYNAIMICS  AND  STATICS.     Gl.  Svo.     6s.  6d. 

ELEMENTARY  HYDROSTATICS.     Gl.  Svo.  [In  preparation. 

MACGREGOR.— KINEMATICS  AND   DYNAMICS.       An  Elementary  Treatise. 

By  J.  G.  MacGregor,  D.Sc,  Munro  Professor  of  Physics  in  Dalhousie  College, 

Halifax,  Nova  Sctotia.     Illustrated.     Cr.  Svo.     10s.  6d. 
PARKINSON.— AN    ELEMENTARY  TREATISE    ON    MECHANICS.       By    S. 

Parkinson,  D.D.,  F.R.S.,  late  Tutor  and  Praelector  of  St.  John's  College, 

Cambridge.     6th  Ed.,  revised.     Cr.  Svo.     9s.  6d. 
PIRIE.— LESSONS  ON  RIGID  DYNAMICS.    By  Rev.  G.  Pirie,  M.A.,  Professor 

of  Mathematics  in  the  University  of  Aberdeen.     Cr.  Svo.     6s. 
ROUTE. —Works  by  Edward  John  Routh,  D.Sc,  LL.D.,  F.R.S.,  Hon.  Fellow 

of  St.  Peter's  College,  Cambridge. 
A  TREATISE  ON  THE  DYNAMICS  OF  THE  SYSTEM  OF  RIGID  BODIES. 

With  numerous  Examples.     Two  vols.     Svo.     5th  Ed.     Vol.  I. —  Elementary 

Parts.     14s.     Vol.  II. — The  Advanced  Parts.     14s. 
STABILITY  OF  A  GIVEN  STATE  OF  MOTION,  PARTICULARLY  STEADY 

MOTION.     Adams  Prize  Essay  for  1877.     Svo.     Ss.  6d. 
♦SANDERSON.— HYDROSTATICS  FOR  BEGINNERS.     By  F.  W.  SAm>ERSON, 

M.A.,  Assistant  Master  at  Dulwich  College.     Gl.  Svo.     4s.  6d. 
SYLLABUS  OF  ELEMENTARY  DYNAMICS.      Part  I.  Linear  Dynamics.     With 

an  Appendix  on  the  Meanings  of  the  Symbols  in  Physical  Equations.    Prepared 

by  the  Association  for  the  Improvement  of  Geometrical  Teaching.     4to.     Is. 
TAIT  — STEELE.— A   TREATISE    ON    DYNAMICS    OF  A   PARTICLE.      By 

Professor  Tait,  M.A.,  and  W.  J.  Steele,  B.A.    6th  Ed.,  revised.    Cr.  Svo.    12s. 
TODHUNTER.— Works  by  Isaac  Todhunter,  F.R.S. 
♦MECHANICS  FOR  BEGINNERS.     ISmo.     4s.  6d.     KEY.     Cr.  Svo.     6s.  6d. 
A  TREATISE  ON  ANALYTICAL  STATICS.     5th  Ed.     Edited  by  Prof.  J.  D 

Everett,  F.R.S.     Cr.  Svo.    10s.  6d. 
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WEISBAOH  — HERMANN.— MECHANICS  OF  HOISTING  MACHINERY.  By 
Dr.  J.  Weisbach  and  Prof.  G.  HERMAjnsr.  Translated  by  K.  P.  Dahlstrom, 
M.E.  "  [In  the  Press. 

ZIWET.— AN  ELEMENTARY  TREATISE  ON  THEORETICAL  MECHANICS. 
By  Prof.  A.  Ziwet.     8vo.    Part  I.     Kinematics.     8s.  6d.  net. 
Part  II.     Statics.  [In  the  Press. 

PHYSIOS :  Sound,  Light,  Heat,  Electricity,  Elasticity, 
Attractions,  etc.     (See  also  Mechanics.) 

AIRY.— ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.     By  Sir  G.  B.  Airy, 

K.C.B.     With  the  Mathematical  Elements  of  Music.     Cr.  8vo.     9s. 
BARKER.— PHYSICS.     Advanced  Course.     By  Prof.  G.  F.  Barker      Svo.     21s. 
GUMMING.— AN   INTRODUCTION    TO   THE    THEORY   OF   ELECTRICITY. 

By  LiNN^us  Gumming,  M.A.,  Assistant  Master  at  Rugby.    Illustrated.    Cr.  Svo. 

Ss.  6d. 
DANIELL.— A  TEXT-BOOK  OF  THE  PRINCIPLES  OF  PHYSICS.    By  Alfred 

Daniell,  D.Sc.  Illustrated.  2nd  Ed.,  revised  and  enlarged.  8vo.  21s. 
DAY.— ELECTRIC  LIGHT  ARITHMETIC.  By  R.  E.  Day.  Pott  Svo.  2s. 
EVERETT.— ILLUSTRATIONS  OF  THE  C.  G.  S.  SYSTEM  OF  UNITS  WITH 

TABLES  OF  PHYSICAL  CONSTANTS.    By  J.  D.  Everett,  F.R.S.,  Professor 

of  Natural  Philosophy,  Queen's  College,  Belfast.    New  Ed.    Ex.  fcap.  Svo.    5s. 
FESSENDEN.— PHYSICS  FOR  PUBLIC  SCHOOLS.    By  C.  Fessenden,  Principal 

of  the  Collegiate  Institute,  Peterboro,  Ontario.     Illustrated.     Fcap.  Svo.     3s. 
GRAY.— THE  THEORY  AND  PRACTICE  OF  ABSOLUTE  MEASUREMENTS 

IN  ELECTRICITY  AND  MAGNETISM.     By  A.  Gray,  F.R.S.E.,  Professor 

of  Physics,  University  College,  Bangor.     Two  vols.     Cr.  Svo.    Vol.  I.    12s.  6d. 

Vol   II.     In  2  Parts.     25s. 
ABSOLUTE  MEASUREMENTS  IN  ELECTRICITY  AND  MAGNETISM.     2ud 

Ed.,  revised  and  greatly  enlarged.     Fcap.  Svo.      5s.  6d. 

ELECTRIC  LIGHTING  AND  POWER  DISTRIBUTION.  [In  preparation. 

HANDBOOK  OF  ELECTRIC  LIGHT  ENGINEERING.  [In  preparation. 

HEAVISIDE.— ELECTRICAL  PAPERS.    By  O.  Heaviside.   2  vols.    Svo.  SOs.net. 

HERTZ.— RESEARCHES  ON  THE  PROPAGATION  OF  ELECTRICAL  FORCE 

By  Prof.  H.  Hertz  of  Bonn.    Translated  by  D.  B.  Jones,  B.Sc.     With  Preface 

by  Lord  Kelvin,  P.R.S.     Svo.  [In  the  Press. 

IBBETSON.— THE   MATHEMATICAL   THEORY  OF  PERFECTLY   ELASTIC 

SOLIDS,  with  a  Short  Account  of  Viscous  Fluids.     By  W.  J.  Ibbetson,  late 

Senior  Scholar  of  Clare  College,  Cambridge.     Svo.     21s. 
JACKSON.- TEXT-BOOK    ON    ELECTRO  -  MAGNETISM    AND    THE    CON- 
STRUCTION OF  DYNAMOS.     By  Prof.  D.  C.  Jackson.  [In  the  Press. 
NOTES     ON     ELECTRO  -  MAGNETS     AND     THE     CONSTRUCTION    OF 

DYNAMOS.  [In  the  Press. 

JOHNSON.— NATURE'S    STORY  BOOKS.     SUNSHINE.     By  Amy  Johnson, 

LL.A.     Illustrated.     Cr.  Svo.     6s. 
*JONES.— EXAMPLES    IN    PHYSICS.       With   Answers    and  Solutions.      By 

D.  E.  Jones,  B.Sc,  late  Professor  of  Physics,  University  College  of  Wales, 

Aberystwith.     2nd  Ed.,  revised  and  enlarged.     Fcap.  Svo.     3s.  6d. 
*ELEMENTARY  LESSONS  IN  HEAT,  LIGHT,  AND  SOUND.     By  the  same. 

Gl.  Svo.     2s.  6d. 
LESSONS  IN  HEAT  AND  LIGHT.    For  Matriculation  Students.    By  the  same.  ' 

Globe  Svo.     Ss.  6d. 
KELVIN.— Works  by  Lord  Kelvin,  P.R.S.,  Professor  of  Natural  Philosophy  in  the 

University  of  Glasgow. 
ELECTROSTATICS    AND    MAGNETISM,    REPRINTS    OP    PAPERS     ON. 

2nd  Ed.     Svo.     ISs. 
POPULAR  LECTURES  AND  ADDRESSES.     3  vols.      Illustrated.      Cr.  Svo. 

Vol.  I.  Constitution  of  Matter.     7s.  6d.    Vol.  III.  Navigation.     7s.  6d. 
LODGE.— MODERN  VIEWS  OF  ELECTRICITY.     By  Oliver  J.  Lodge,  F.R.S., 

Professor  of  Phvsics,  University  College,  Liverpool.    lUus.    Cr.  Svo.    6s.  6d. 
LOEWY.— *QUESflONS  AND  EXAMPLES  ON  EXPERIMENTAL  PHYSICS : 

Sound,  Light,  Heat,  Electricity,  and  Magnetism.     By  B.  Loewy,  Examiner  iu 

Experimental  Physics  to  the  College  of  Preceptors.    Fcap.  Svo.    2s. 
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*A  GRADUATED  COURSE  OF  NATURAL  SCIENCE  FOR  ELEMENTARY 
AND  TECHNICAL  SCHOOLS  AND   COLLEGES.    By  the  same.     Part   I. 
First  Year's  Coue.se.     G1.  8vo.     2s.    Part  II.     2s.  6d. 
LUPTON.— NUMERICAL    TABLES    AND    CONSTANTS    IN    ELEMENTARY 

SCIENCE.     By  S.  Lupton,  M.A.     Ex.  fcap.  8vo.     2s.  6d. 
McAULAY.— UTILITY  OF  QUATERNIONS  IN  PHYSICS.  By  Alex.  McAulay. 

8vo.     5s.  net. 
MAGFARLANE.— PHYSICAL  ARITHMETIC.     By  A.  Macfahlane,  D.Sc,  late 

Examiner  in  Mathematics  at  the  University  of  Edinburgh.     Cr.  Svo.     7s.  6d. 
*3VIAYER.— SOUND :  A  Series  of  Simple  Experiments.    By  A.  M.  Mayer,  Prof,  of 
Physics  in  the  Stevens  Institute  of  Technology.    Illustrated.    Cr.  Svo.    3s.  6d. 
*MAYER— BARNARD.— LIGHT :  A  Series  of  Simple  Experiments.     By  A.  M, 

Mater  and  C.  Barnard.     Illustrated.     Cr.  Svo.     2s.  6d. 
MOLLOY.— GLEANINGS  IN  SCIENCE  :  Popular  Lectures.      By  Rev.  Gerald 

MoLLOY,  D.Sc,  Rector  of  the  Catholic  University  of  Ireland.     Svo.     7s.  6d. 
NEWTON.— PRINCIPIA.     Edited  by  Prof.  Sir  W.  Thomson,  P.R.S,,  and  Prof. 
Blackburne.     4to.     31s.  6d. 
THE  FIRST  THREE  SECTIONS  OF  NEWTON'S  PRINCIPIA.     With  Notes, 
Illustrations,  and  Problems.     By  P.  Frost,  M.A.,  D.Sc.     3rd  Ed.     Svo.    12s. 
PARKINSON.— A  TREATISE   ON  OPTICS.      By  S.  Parkinson,  D.D.,  P.R.S., 

late  Tutor  of  St.  John's  College,  Cambridge.     4th  Ed.     Cr.  Svo.     10s.  6d. 
PEABODY.— THERMODYNAMICS   OF  THE   STEAM-ENGINE  AND   OTHER 

HEAT-ENGINES.     By  Cecil  H.  Peabody.     Svo.     21s. 
PERRY.— STEAM  :  An  Elementary  Treatise.     By  John  Perry,  Prof,  of  Applied 

Mechanics,  Technical  College,  Finsbury.     ISmo.     4s.  6d. 
PICKERING.- ELEMENTS  OF  PHYSICAL  MANIPULATION.      By  Prof.  Ed- 
ward C.  Pickering.     Medium  Svo.     Part  I.,  12s.  6d.     Part  II.,  14s. 
PRESTON.— THE  THEORY  OF  LIGHT.     By  Thomas  Preston,  M.A.     nius- 
trated.     Svo.     15s.  net. 
THE  THEORY  OF  HEAT.     By  the  same.    Svo.  [In  the  Press. 

RAYLEIGH.— THE  THEORY  OF  SOUND.     By  Lord  Rayleigh,  F.R.S.     Svo. 
New  Edition.  [In  the  Press. 

SANDERSON.— ELECTRICITY  AND  MAGNETISM  FOR  BEGINNERS.      By 
F.  W.  Sanderson.  [In  the  Press. 

SHANN.— AN    ELEMENTARY   TREATISE    ON    HEAT,    IN   RELATION    TO 
STEAM  AND  THE  STEAM-ENGINE.     ByG.  Shann,  M.A.     Cr.  Svo.     4s.  6d. 
SPOTTISWOODE.— POLARISATION  OF  LIGHT.    By  the  late  W.  Spottiswoode, 

F.R.S.     Illustrated.     Cr.  Svo.     3s.  6d. 
STEWART.— Works  by  Balfour  Stewart,  F.R.S.,  late  Langworthy  Professor  of 

Physics,  Owens  College,  Manchester. 
*A  PRIMER  OF  PHYSICS.     Illustrated.     With  Questions.     ISmo.     Is. 
*LESSONS  IN  ELEMENTARY  PHYSICS.     Illustrated.     Fcap,  Svo.     4s.  6d. 
^QUESTIONS  ON  THE  ABOVE.     By  Prof.  T.  H.  Core.     Fcap.  Svo.     2s. 
STEWART— GEE.— LESSONS    IN    ELEMENTARY    PRACTICAL    PHYSICS. 
By  Balfour  Stewart,  F.R.S.,  and  W.  W.  Haldane  Gee,  B.Sc.     Cr.  Svo. 
Vol.   I.    General   Physical    Processes.      6s.     Vol.   II.    Electricity   and 
Magnetism.     7s.  6d.  [Vol.  III.  Optics,  Heat,  and  Sound.    In  the  Press. 

*PRACTICAL  PHYSICS  FOR  SCHOOLS  AND  THE  JUNIOR  STUDENTS  OF 
COLLEGES.     Gl.  Svo.     Vol.  I.  Electricity  and  Magnetism.     2s.  6d. 

[Vol.  II.  Optics,  Heat,  and  Sound.     In  the  Press. 
STOKES.— ON  LIGHT.    Burnett  Lectures.    By  Sir  G.  G.  Stokes,  F.R.S.,  Lucasian 
Professor  of  Mathematics  in  the  University  of  Cambridge.    I.  On  the  Nature 
OF  Light.     II.  On  Light  as  a  Means  of  Investigation.     III.  On  the  Bene- 
ficial Effects  of  Light.     2nd  Ed.     Cr.  Svo.     7s.  6d. 
STONE.— AN    ELEMENTARY  TREATISE    ON    SOUND.      By  W.    H.   Stone. 

Illustrated.     Fcap.  Svo.     8s.  6d. 
TAIT.— HEAT.    By  P.  G.  Tait,  Professor  of  Natural  Philosophy  in  the  University 
of  Edinburgh.     Cr.  Svo.     6s. 
LECTURES  ON  SOME  RECENT  ADVANCES  IN  PHYSICAL  SCIENCE.     By 
the  same.     3rd  Edition.     Crown  Svo.     9s. 
TAYLOR.— SOUND  AND  MUSIC.    An  Elementary  Treatise  on  the  Physical  Con- 
stitution  of  Musical  Sounds  and  Harmony,  including  the  Chief  Acoustical 
Discoveries  of  Prof.  Helmholtz.     By  S.  Taylor,  M.  A.     Ex.  cr.  Svo.     Ss.  6d. 


30  MATHEMATICS 

*THOMPSON.  —  ELEMENTARY  LESSONS  LIST  ELECTRICITY  AND  MAGNET- 
ISM. By  SiLVANUS  P.  THOiiPSON,  Principal  and  Professor  of  Physics  in  the 
Technical  College,  Finsbury.     Illustrated.     Fcap.  8vo.     4s.  6d. 

THOMSON. — Works  by  J.  J.  Thomson,  Professor  of  Experimental  Physics  in  the 
University  of  Cambridge. 
A  TREATISE  ON  THE  MOTION  OF  VORTEX  RINGS.     Svo.     6s. 
APPLICATIONS  OF  DYNAMICS  TO  PHYSICS  AND  CHEMISTRY.     Cr.  Svo. 
7s.  6d. 

TURNER.— A  COLLECTION  OF  EXAMPLES  ON  HEAT  AND  ELECTRICITY. 
By  H.  H.  Turner,  Fellow  of  Trinity  College,  Cambridge.     Cr.  Svo.     2s.  6d. 

WRIGHT. — LIGHT:  A  Course  of  Experimental  Optics,  chiefly  with  the  Lantern. 
By  Lewis  Weight.     Illustrated.    New  Ed.     Cr.  Svo.     7s.  6d. 

ASTRONOMY. 

AIRY.— Works  by  Sir  G.  B.  Airy,  K.C.B.,  formerly  Astronomer-Royal. 
*POPULAR  ASTRONOMY.     Revised  by  H.  H.  Turner,  M.A.     ISmo.     4s.  6d. 
GRAVITATION  ;  An  Elementary  Explanation  of  the  Principal  Perturbations  in 
the  Solar  System.     2nd  Ed.     Cr.  Svo.     7s.  6d. 
CHEYNE.— AN  ELEMENTARY  TREATISE  ON  THE  PLANETARY  THEORY. 

ByC.  H.  H.  Cheyne.     With  Problems.     3rd  Ed.,  revised.     Cr.  Svo.     7s.  6d. 
CLARK— SADLER.— THE    STAR    GUIDE.      By  L.    Clabk    and    H.    Sadler. 

Roy.  Svo.     5s. 
CROSSLEY—GLEDHILL— WILSON.— A  HANDBOOK   OF  DOUBLE    STARS. 
By  E.  Crossley,  J.  Gledhill,  and  J.  M.  Wilson.     Svo.     21s. 
CORRECTIONS  TO  THE  HANDBOOK  OF  DOUBLE  STARS.     Svo.    Is. 
FORBES.— TRANSIT  OF  VENUS.     By  G.  Forbes,  Professor  of  Natm-al  Philo- 
sophy in  the  Andersonian  University,  Glasgow.     Illustrated.     Cr.  Svo.    3s.  6d. 
GODFRAY.— Works  by  Hugh  Godfeay,'  M.A.,  Mathematical  Lecturer  at  Pembroke 
Collerre,  Cambridge. 
A  TREATISE  ON  ASTRONOMY.     4th  Ed.     Svo.     12s.  6d. 

AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY.    Cr.  Svo.     5s.  6d. 
LOCKYER.— Works  by  J.  Norman  Lockyer,  F.R.S. 
*A  PRIJ^IER  OF  ASTRONOMY.     Illustrated.    ISmo.     Is. 

*ELEMENTARY  LESSONS  IN  ASTRONOMY.     With  Spectra  of  the  Sun,  Stars, 
and  Nebula,  and  Illus.  36th  Thousand.  Revised  throughout.  Fcap.  Svo.  5s.  6d. 
^QUESTIONS  ON  THE  ABOVE.     By  J.  Forbes  Robertson.     ISmo.     Is.  6d. 
THE  CHEMISTRY  OF  THE  SUN.     Illustrated.     Svo.     14s. 
THE    METEORITIC    HYPOTHESIS    OF    THE    ORIGIN    OF    COSMICAL 

SYSTEMS.     Illustrated.     Svo.     I7s.  net. 
STAR-GAZING  PAST  AND  PRESENT.     Expanded  from  Notes  with  the  assist- 
ance of  G.  M.  Seabeoke,  F.R.A.S.     Roy.  Svo.     21s. 
LODGE.— PIONEERS  OF  SCIENCE.     By  Oliver  J.  Lodge.    Ex.  Cr.  Svo.    7s.  6d. 
NEWCOMB.— POPULAR  ASTRONOMY.      By  S.    Newcome,   LL.D.,   Professor 
U.S.  Naval  Observatory.     Illustrated.     2nd  Ed.,  revised.     Svo.     ISs, 

HISTORICAL. 

BALL.— A  SHORT  ACCOUNT  OF  THE  HISTORY  OF  MATHEMATICS.     By  W. 
W.  Rouse  Ball,  M.A.     2nd  ed.     Cr.  Svo.     10s.  net. 
MATHE:\1ATICAL    recreations,    and    problems    of    PAST    AND 

PRESENT  TIMES.     By  the  same.     Cr.  Svo.     7s.  net. 
AN  ESSAY  ON  NEWTON'S  PRINCIPIA.     By  the  same.     Cr.  Svo.     6s.  net. 
CAJORI.— HISTORY  OF  MATHEMATICS.     By  Prof.  F.  Cajoki.      [In  the  Press. 

NATURAL    SCIENCES. 

Chemistry ;  Physical  Geography,  Geology,  and  Mineralogy ;  Biology 
{Botany,  Zoology,  General  Biology,  Physiology) ;  Medicine. 

CHEMISTRY. 

ARMSTRONG.— A  MANUAL  OF  INORGANIC  CHEMISTRY.  By  H.  E.  Arm- 
strong, F.R.S. ,  Professor  of  Chemistry,   City  and  Guilds  Central  Institute. 

[In  -preparation. 


CHEMISTRY  31 

BEHRENS.—MICEO- CHEMICAL  METHODS  OF  ANALYSIS.  By  Prof. 
Behrens.     With  Preface  by  Prof.  J.  W.  Jcdd,  F.R.S.     Cr.  8vo.     [In  the  Press. 

*COHEN.— THE  OWENS  COLLEGE  COURSE  OF  PRACTICAL  ORGANIC 
CHEMISTRY.  By  Julids  B.  Cohen,  Ph.D.,  Assistant  Lecturer  on  Chemistry, 
Owens  College,  Manchester.     Feap.  8vo.     2s.  Cd. 

*DOBBIN— WALKER.— CHEMICAL  THEORY  FOR  BEGINNERS.  By  L. 
Dobbin,  Ph.D.,  and  Jas.  Walker,  Ph.D.,  Assistants  in  the  Chemistry  Depart- 
ment, University  of  Edinburgh.     ISmo.     2s.  6d. 

FLEISCHER.— A  SYSTEM  OF  VOLUMETRIC  ANALYSIS.  By  Emil  Fleischer. 
Translated,  with  Additions,  by  M.  M.  P.  Muir,  F.R.S.E.     Cr.  Svo.     Ts.  6d. 

FRANKLAND.— AGRICULTURAL  CHEMICAL  ANALYSIS.    (See  Agriculture.) 

GORDON.— ELEMENTARY  COURSE  OF  PRACTICAL  SCIENCE.  By  Hugh 
Gordon,  Science  Instructor  under  the  London  School  Board.     Pott  Svo.     Is. 

HARTLEY.— A  COURSE  OF  QUANTITATIVE  ANALYSIS  FOR  STUDENTS. 
By  W.  N.  Hartley,  F.R.S.,  Professor  of  Chemistry,  Royal  College  of  Science, 
Dublin.      Gl.  Svo.     5s. 

HEMPEL.— METHODS  OF  GAS  ANALYSIS.  By  Dr.  Walther  Hempel.  Trans- 
lated by  Dr.  L.  M.  Dennis.     Cr.  Svo.     7s.  6d. 

EIORNS.— Works   by  A.  H.  Hiorns,   Principal  of   the  School  of   Metallurgy, 
Birmingham  and  Midland  Institute.     Gl.  Svo. 
A  TEXT-BOOK  OF  ELEMENTARY  METALLURGY.     4s. 
PRACTICAL  METALLURGY  AND  ASSAYING.      6s. 
IRON  AND  STEEL  MANUFACTURE.     For  Beginners.     3s.  6d. 
MIXED  METALS  OR  METALLIC  ALLOYS.     6s. 
METAL  COLOURING  AND  BRONZING.        5s. 

JONES.— *THE  OWENS  COLLEGE  JUNIOR  COURSE  OF  PRACTICAL  CHEM- 
ISTRY.  By  Francis  Jones,  F.R.S.  E. ,  Chemical  Master  at  the  Grammar  School, 
Manchester.     Illustrated.     Fcap.  Svo.     2s.  6d. 
♦QUESTIONS  ON  CHEMISTRY.     Inorganic  and  Organic.     By  the  same.    Fcap. 
Svo.     3s. 

LANDAUER.— BLOWPIPE  ANALYSIS.  By  J.  Landauer.  Translated  by  J. 
Taylor,  B.Sc.     Revised  Edition.     Gl.  Svo.     4s.  6d. 

LASSAR—COHN.— LABORATORY  MANUAL  OF  ORGANIC  CHEMISTRY. 
Translated  by  Prof.  Alex.  Smith.    Cr.  Svo.  [In  pi-eparation. 

LAURIE.— (See  Agriculture,  p.  40.) 

LOCKYER.— THE  CHEMISTRY  OP  THE  SUN.  By  J.  Norman  Lockyer,  F.R.S. 
Illustrated.     Svo.     14s. 

LUPTON.— CHEJIICAL  ARITHMETIC.  With  1200  Problems.  By  S.  Lupton, 
M.A.     2nd  Ed.,  revised.     Fcap.  Svo.     4s.  6d. 

MELDOLA.— THE  CHEMISTRY  OF  PHOTOGRAPHY.  By  Raphael  Meldola, 
F.R.S.,  Professor  of  Chemistrv,  Technical  College,  Finsbury.     Cr.  Svo.     6s. 

METER.— HISTORY  OF  CHEMISTRY  FROM  THE  EARLIEST  TIMES  TO 
THE  PRESENT  DAY.  By  Ernst  von  Meyer,  Ph.D.  Translated  by  George 
McGowAN,  Ph.D.     Svo.     14s.  net. 

MIXTER.— AN  ELEMENTARY  TEXT-BOOK  OF  CHEMISTRY.  By  W.G.Mixter, 
Professor  of  Chemistrv,  Yale  College.     2nd  Ed.     Cr.  Svo.     7s.  6d. 

MUIR.— PRACTICAL  CHEMISTRY  FOR  MEDICAL  STUDENTS  :  First  M.B. 
Course.  By  M.  M.  P.  Muir,  F.R.S.E.,  Fellow  and  Praelector  in  Chemistry  at 
Gonville  and  Caius  College,  Cambridge.     Fcap.  Svo.     Is.  6d. 

MUIR  —  WILSON.— THE  ELEMENTS  OF  THERMAL  CHEMISTRY.  By  M. 
M.  P.  Muir,  F.R.S.E.  ;  assisted  by  D.  M.  Wilson.     Svo.     12s.  6d. 

OSTWALD.— OUTLINES  OP  GENERAL  CHEMISTRY:  Physical  and  Theo- 
retical.   Bv  Prof.  W.  Ostwald.    Trans,  by  Jas.  Walker,  D.Sc.    Svo.    10s.  net. 

RAMSAY.— EXPERIMENTAL  PROOFS  OP  CHEMICAL  THEORY  FOR  BE- 
GINNERS. By  William  Ramsay,  F.R.S.,  Professor  of  Chemistry,  Univer- 
sity College,  London.     New  Ed.     ISmo.     2s.  6d. 

REMSEN. — Works  by  Ira  Remsen,  Prof,  of  Chemistry,  Johns  Hopkins  University. 
*THE  ELEMENTS  OP  CHEMISTRY.     For  Beginners.     Feap.  Svo.     2s.  6d. 
AN    INTRODUCTION    TO    THE    STUDY    OP    CHEMISTRY    (INORGANIC 

CHEMISTRY).     Cr.  Svo.     6s.  6d. 
COMPOUNDS    OF    CARBON:    an    Introduction  to    the    Study    of   Organic 

Chemistrv.     Cr.  Svo.     6s.  6d. 
A  TEXT-BOOK  OF  INORGANIC  CHEMISTRY.    Svo.     16s. 
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BOSGOE. — Works  by  Sir  Henry  E.  Roscoe,  F.R.S.,  formerly  Professor  of  Oliemistry, 

Owens  College,  Manchester. 
*A  PRIMER  OP  CHEMISTRY,     niustrated.    With  Questions.     18mo.    Is. 
*mGRGAis"IG  CHEMISTRY  FOR  BEGINNERS.    Assisted  by  J.  Lxjnt,  B.Sc. 

Gl.  8vo.     2s.  6d. 
*LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC  AND  ORGANIC. 
With  Illustrations  and  Chromolitho  of  the  Solar  Spectrum,  and  of  the  Alkalies 
and  Alkaline  Earths.     New  Ed.,  1892.     Fcap.  Svo.     4s.  6d. 

ROSCOE— SCHORLEMMER.— A  TREATISE  ON  INORGANIC  AND  ORGANIC 
CHEMISTRY.  By  Sir  Heney  Roscoe,  F.R.S.,  and  Prof.  C.  Schorlemmer, 
F.R.S.  Svo. 
Vols.  I.  and  II.— INORGANIC  CHEMISTRY.  Vol.  I.— The  Non-Metallic  Ele- 
ments. 2nd  Ed.  21s.  Vol.  II.  Two  Parts,  18s.  each. 
Vol.  HI.— ORGANIC  CHEMISTRY.  THE  CHEMISTRY  OF  THE  HYDRO- 
CARBONS and  their  Derivatives.  Parts  I.  II.  IV.  and  VI.  21s.  each. 
Parts  III.  and  V.     18s.  each. 

ROSCOE  — SCEUSTER.— SPECTRUM  ANALYSTS.  By  Sir  Henry  Roscoe, 
F.R.S.  4th  Ed.,  revised  by  the  Author  and  A  Schuster,  F.R.S.,  Professor  of 
Applied  Mathematics  in  the  Owens  College,  Manchester.     8vo.     21s. 

SCHORLEMP.IER.— RISE  AND  DEVELOPMENT  OF  ORGANIC  CHEMISTRY. 
By  Prof.  vSchorlemmer.  N.  E.    Edited  bv  Prof.  A.  H.  Smithells.    [In  the  Fress. 

SOHULTZ— JULIUS.— SYSTEMATIC  SURVEY  OF  THE  ORGANIC  COLOUR- 
ING MATTERS.  By  Dr.  G.  Schultz  and  P.  Julius.  Translated  and  Edited 
by  Arthur  G.  Green,  F.I.C,  F.C.S.,  Examiner  in  City  and  Guilds  of  London 
Institute.     Roval  8vo.  [In  the  Press. 

*THORPE.— A  SERIES   OF  CHEMICAL  PROBLEMS.     With  Key.     By  T.  E. 
Thorpe,  F.R.S.,  Professor  of  Chemistry,  Roj^al  College  of  Science.    New  Ed. 
Fcap.  Svo.     2s. 
ESSAYS  IN  HISTORICAL  CHEMISTRY.    By  the  same.    Svo.     [In  the  Press. 

THORPE- RtJCKER.— A  TREATISE  ON  CHEMICAL  PHYSICS.  By  Prof.  T.  E. 
Thorpe  and  Prof.  A.  W.  Rucker.     Svo.  [In  preparation. 

*TURPIN.— ORGANIC  CHEMISTRY  FOR  BEGINNERS.  By  G.  S.  Turpin. 
M.A.     Gl.  Svo.  [In  tlie  Press. 

WURTZ.— A  HISTORY  OF  CHEMICAL  THEORY.     By  Ad.  Wurtz.     Translated 

by  Henry  Watts,  F.R.S.     Cro\vn  Svo.     6s. 

WYNNE.— COAL  TAR  PRODUCTS.     By  W.  P.  Wymwe,  Royal  College  of  Science. 

[In  preparation. 

PHYSICAL  GEOGRAPHY,   GEOLOGY,  AND 
MINERALOGY. 

BLANFORD.— THE  RUDIMENTS  OF  PHYSICAL  GEOGRAPHY  FOR  INDIAN 

SCHOOLS  ;  with  Glossary.     By  H.  F.  Blanford,  F.G.S.     Cr.  Svo.     2s.  6d. 
FERREL.— A  POPULAR  TREATISE  ON  THE  WINDS.     By  W.  Ferrel,  M.A., 

IVIember  of  the  American  National  Academy  of  Sciences.     Svo.     17s.  net. 

FISHER.— PHYSICS  OF  THE  EARTH'S  CRUST.    By  Rev.  Osmond  Fisher,  M.A., 

F.G.S.,  Hon.  Fellow  of  King's  College,  London.    2nd  Ed.,  enlarged.    Svo.    12s. 

GEE.— SHORT  STUDIES  IN  EARTH  KNOWLEDGE.     By  William  Gee.     Gl. 

Svo.     niustrated.  [In  the  Press. 

GEIKIE.— Works  by  Sir  Archibald  Geikie,    F.R.S.,   Director-General  of  the 

Geological  Survey  of  the  United  Kingdom. 
*A  PRIMER  OP  PHYSICAL  GEOGRAPHY.    Elus.   With  Questions.    ISmo.    Is. 
^ELEMENTARY  LESSONS  IN  PHYSICAL  GEOGRAPHY,     niustrated.     Fcap. 

Svo.     4s.  6d.     *QUESTIONS  ON  THE  SAME.     Is.  6d. 
*A  PRIMER  OF  GEOLOGY.     Illustrated.     ISmo.     Is. 
*CLASS-BOOK  OF  GEOLOGY.     Illustrated.     Cr.  Svo.     4s.  6d. 
TEXT-BOOK  OF  GEOLOGY.     Illustrated.     3rd  Ed.  (1893).     Svo.     28s. 
OUTLINES  OP  FIELD  GEOLOGY.     Ulustrated.     Gl.  Svo.     3s.  6d. 
THE  SCENERY  AND  GEOLOGY  OP  SCOTLAND,  VIEWED  IN  CONNEXION 
WITH  ITS  PHYSICAL  GEOLOGY.     Illustrated.     Cr.  Svo.     12s.  6d. 
HUXLEY.— PHYSIOGRAPHY.     An  Introduction  to  the  Study  of  Nature.     By 
the  Right  Hon.  T.  H.  Huxley,  F.R.S.     Illustrated.     Cr.  Svo.    6s, 
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KELVIN.— POPULAR  LECTURES  AND  ADDRESSES.  By  Lord  Kelvin, 
P.R.S.     Vol.  II.     Contributions  to  Geology.  [In  the  Press. 

LESSING.— TABLES  FOR  THE  DETERMINATION  OF  THE  ROCK-FORMING 
MINERALS.  Compiled  by  F.  L.  Loewinson-Lessing,  Professor  of  Geology 
at  the  University  of  Dorpat.  Translated  from  the  Russian  by  J.  W.  Gregory, 
B.Sc,  F.G.S.,  of  the  British  Museum.  With  a  Glossary  added  by  Prof.  G.  A.  J. 
Cole,  F.G.S.     8vo.     4s.  6d.  net. 

LOCKYER.— OUTLINES  OP  PHYSIOGRAPHY— THE  MOVEMENTS  OF  THE 
EARTH.  By  J.  Norman  Lockyer,  F.R.S.,  Exam.iner  in  Physiography  for  the 
Science  and  Art  Department.     Illustrated.     Cr.  8vo.     Sewed,  Is.  6d. 

LOUIS.— HANDBOOK  OF  GOLD  MILLING.     By  Henry  Louis.     [In  the  Press. 

*MARR— HARKER.  PHYSIOGRAPHY  FOR  BEGINNERS.  By  J.  E.  Marr, 
F.R.S.,  and  A.  Harker,  M.A.     G1.  8vo.  [In  the  Press. 

MIERS.— A  TREATISE  ON  MINERALOGY.  By  H.  A.  Miers,  of  the  British 
Museum.     Svo.  [In  preparation. 

MIERS— GROSSKEY.— (See  Hygiene,  p.  41.) 

WILLIAMS.— ELEMENTS  OF  CRYSTALLOGRAPHY,  for  students  of  Chemistry, 
Physics,  and  Mineralogy.     By  G.  H.  AVilliams,  Ph.D.     Cr.  Svo.     6s. 

BIOLOGY. 

{Botany,  Zoology,  General  Biology,  Physiology.) 
Botany. 

ALLEN.— ON  THE  COLOURS  OF  FLOWERS,  as  Illustrated  in  the  British  Flora. 

By  Grant  Allen.     Illustrated.     Cr.  Svo.     3s.  6d. 
BALFOUR— WARD.— A  GENERAL  TEXT-BOOK  OF  BOTANY.    By  Prof.  I.  B. 

Balfour,  F.R.S.,  University  of  Edinburgli,  and  Prof.  H.  Marshall  Ward, 

F.R.S.,  Roy.  Indian  Engineering  Coll.  [In  preparation. 

^BETTANY.— FIRST  LESSONS  IN  PRACTICAL  BOTANY.     By  G.  T.  Bettany. 

ISmo.     Is. 
*BOWER.— Works  by  F.  O.  Bower,  D.Sc,  F.R.S.,  Professor  of  Botany,  University 

of  Glasgow. 
A  COURSE  OF  PRACTICAL  INSTRUCTION  IN  BOTANY.    Cr.  Svo.    10s.  6d. 
THREE  MONTHS  COURSE  OF  PRACTICAL  BOTANY.  [In  the  Press. 

CHURCH— VINES.— MANUAL  OF   VEGETABLE    PHYSIOLOGY.       By   Prof. 

A.  H.  Church,  F.R.S.,  and  S.  H.  Vines.     Illustrated.     Cr.  Svo.  [hi prep. 

GOODALE.— PHYSIOLOGICAL   BOTANY.      I.    Outlines    of   the    Histology  of 

Phsenogamous  Plants.     II.  Vegetable  Physiology.     By  G.  L.  Goodale,  Si.A., 

M.D.,  Professor  of  Botanv  in  Harvard  University.     Svo.     10s.  6d. 
GRAY.— STRUCTURAL   BOTANY,    OR   ORGANOGRAPHY   ON  THE   BASIS 

OF  MORPHOLOGY.     By  Prof.  Asa  Gray,  LL.D.     Svo.     10s.  6d. 
HARTIG.— TEXT-BOOK  OF  THE  DISEASES  OF  TREES.  (See  Agriculture,  p.  40.) 
HOOKER.— Works  by  Sir  Joseph  Hooker,  F.R.S.,  &c. 
*PRIMER  OF  BOTANY.     Illustrated.     ISmo.     Is. 
THE  STUDENT'S  FLORA  OF  THE  BRITISH  ISLANDS.     3rd  Ed.,  revised. 

Gl.  Svo.     10s.  6d. 
LUBBOCK— FLOWERS,  FRUITS,  AND  LEAVES.      By  the  Right  Hon.  Sir  J. 

.  Lubbock,  F.R.S.     Illustrated.     2nd  Ed.     Cr.  Svo.     4s.  6d. 
MULLER.— THE    FERTILISATION   OF    FLOWERS.      By  Hermann  Muller. 

Translated  by  D'Arcy  W.  Thompson,  B.A.,  Professor  of  Biology  in  University 

College,  Dundee.     Preface  by  Charles  Darwin.     Illustrated.     Svo.     21s. 
NISBET.— BRITISH  FOREST  TREES.     (See  Agriculture,  p.  40.) 
OLIVER.— *LESSONS  IN  ELEMENTARY  BOTANY.    By  Daniel  Oliver,  F.R.S., 

late  Professor  of  Botany  in  University  College,  London.     Fcap.  Svo.     4s.  6d. 
FIRST  BOOK  OF  INDIAN  BOTANY.     By  the  same.     Ex.  fcap.  Svo.     6s.  6d. 
SMITH.— DISEASES  OF  FIELD  AND  GARDEN  CROPS.  (See  Agriculture,  p.  40.) 
WARD.— TIMBER  AND  SOME  OF  ITS  DISEASES.     (See  Agriculture,  p.  40.) 

Zoology. 

BADENOOH.— THE     ROMANCE     OF    THE   INSECT    WORLD.      By    L.     N. 

Badenoch.     Ulustr.     Cr.  Svo.  [In  the  Press. 

BALFOUR.— A  TREATISE   ON   COMPARATIVE   EMBRYOLOGY.      By  F.  M. 

Balfour,  F.R.S.     Illustrated.     2  vols.     Svo.     Vol.  I.     18s.    Vol.  II.     21s, 
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BERNARD— THE  APODIDAE.    By  H.  M.  Bernard,  M.A.,  LL.D.    Or.  Svo.  7s.  6d. 
BUCKTON.— MONOGEAPH   OF    THE   BRITISH  CICADA,  OR  TBTTIGID^. 

By  G.  B.  BucKTON.     2  vols.     Svo.     33s.  6d.  each,  net. 
COUES.— HANDBOOK    OF   FIELD  AND    GENERAL    ORNITHOLOGY.      By 

Prof.  Elliott  Coues,  M.A.     Illustrated.     Svo.     lOs.  net. 
FLOWER  — GADOW.— AN    INTRODUCTION    TO    THE    OSTEOLOGY    OF 

THE  MAMMALIA.     By  Sir  W.  H.  Flower,  F.R.S.,  Director  of  the  Natural 

History  Museum.    lUus,    Srd  Ed.,  revised  with  the  help  of  Hans  Gadow,  Ph.D. 

Cr.  Svo.     10s.  (id. 
FOSTER- BALFOUR.  — THE    ELEMENTS    OF    EMBRYOLOGY.      By    Prof. 

Michael  Foster,  M.D.,  F.R.S.,  and  the  late  F.  M.  Balfour,  F.R.S.,  2nd  Ed., 

revised  hy  A.  Sedgwick,  M.A.,  Fellow  and   Assistant  Lecturer   of   Trinity 

Colle^ie,  Camhrid2:e,  and  W.  Heape,  M.A.     Illustrated.     Cr.  Svo.     10s.  6d. 
GtJNTHER.— GUIDE  TO  BRITISH  FISHES.     By  Dr.  A.  Gunther.     Cr.  Svo. 

\  Til/  ili/Q  Pt£s^ 
HERDMAN.— BRITISH  MARINE  FAUNA.     Vol.  I.     By  Prof.  W.  A.  Herdman! 

Cr.  Svo.  [In  the  Press. 

LANG.— TEXT-BOOK  OF  COMPARATIVE  ANATOMY.     By  Dr.  Arnold  Lang, 

Professor  of  Zoology  in  the  University  of  Zurich.     Transl.  by  H.  M.  and  M. 

Bernard.    Introduction  by  Prof.  Haeckel.    2  vols.   Illustrated.   Svo.   Part  I 
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LUBBOCK.— THE  ORIGIN  AND  METAMORPHOSES  OF  INSECTS.     By  the 

Right  Hon.  Sir  John  Lubbock,  F.R.S.,  D.C.L.     lUus.     Cr.  Svo.     3s.  6d. 
MEYRIOK.— BRITISH  LBPIDOPTERA.     By  L.  Meyrick.  [In 'preparation. 

MIALL.— AQUATIC  INSECTS.     By  Prof.  L.  C.  Miall.  [In  preparation. 

MIVART.— LESSONS  IN  ELEMENTARY  ANATOMY.    By  St.  G.  Mivart,  F.R.S., 

Lecturer  on  Comparative  Anatomy  at  St.  Mary's  Hospital.    Fcap.  Svo.    6s.  fid. 
PARKER,- A  COURSE   OF  INSTRUCTION  IN   ZOOTOMY  (VERTEBRATA). 

By  T.  Jeffery  Parker,  F.R.S.,  Professor  of  Biology  in  the  University  of 

Otago,  New  Zealand.     Illustrated.     Cr.  Svo.     8s.  6d. 
PARKER— HASWELL.— A  TEXT-BOOK  OF  ZOOLOGY.   By  Prof.  T.  J.  Parker, 

F.R.S.,  and  Prof.  Haswell.     Svo.  [In  preparation. 

SEDGWICK.— TREATISE  ON  EMBRYOLOGY.     By  Adam  Sedgwick,  F.R.S., 

Fellow  and  Lecturer  of  Trinity  College,  Cambridge.     Svo.  [In  preparatioii. 

SHUFELDT.— THE   MYOLOGY  OF  THE   RAVEN  (Corvus  corax  sinuatus).     A 

Guide  to  the  Study  of  the  Muscular  System  in  Birds.    By  R.  W.  Shufeldt. 

Illustrated.     Svo.     13s.  net. 
WIEDERSHEIM.— ELEMENTS    OP    THE     COMPARATIVE    ANATOMY    OP 

VERTEBRATES.      By  Prof.    R.    "Wiedersheim.      Adapted   by  W.   Newton 

Parker,  Professor  of  Biology,  University  College,  Cardiff.     Svo.     12s.  6d. 
HUMAN  ANATOMY.    Translated  by  H.  M.  Bernard  and  G.  B.  Howes.  [In  prep. 

General  Biology. 

BALL.— ARE  THE  EFFECTS  OF  USE  AND  DISUSE  INHERITED?    By  W. 

Platt  Ball.     Cr.  Svo.     3s.  6d. 
BATESON.— MATERIALS  FOR  THE  STUDY  OF  VARIATION  IN  ANIMALS. 

Part  I.  Discontinuous  Variation.    By  W.  Bateson.    Svo.    Ulus.     [In  the  Press. 
GALDERWOOD.— EVOLUTION  AND  MAN'S  PLACE  IN  NATURE.     By  Prof, 

H.  Calderwood,  LL.D.     Cr.  Svo.     7s.  6d. 
EIMER,— ORGANIC  EVOLUTION  as  the  Result  of  the  Inheritance  of  Acquired 

Characters  according  to  the  Laws  of  Organic  Grovpth.      By  Dr.  G.  H.  T. 

EiMER.      Transl.  by  J.  T.  Cunningham,  F.R.S.E.     Svo.     12s.  6d. 
HOWES.— AN  ATLAS  OF  PRACTICAL  ELEMENTARY  BIOLOGY.     By  G.  B. 

Howes,  Assistant  Professor  of  Zoologv,  Royal  College  of  Science.     4to.     14s. 
*HUXLEY.— INTRODUCTORY  PRIMER  OF  SCIENCE.    By  Prof.  T.  H.  Huxley, 

F.R.S.     ISrao.     Is. 
HUXLEY  —  MARTIN.— A    COURSE    OP    PRACTICAL    INSTRUCTION     IN 

ELEMENTARY  BIOLOGY.     By  Prof.  T.  H.  Huxley,  F.R.S.,  assisted  by 

H.  N.  Martin,  F.R.S.,  Professor  of  Biology  in  the  Johns  Hopkins  University. 

New  Ed.,  revised  by  G.  B.  Howes,  Assistant  Professor,  Royal  College  of  Science, 

and  D.  H.  Scott,  D.Sc.     Cr.  Svo.     10s.  6d. 
LUBBOCK.— ON  BRITISH  WILD  FLOWERS  CONSIDERED  IN  RELATION 

TO  INSECTS.    By  the  Right  Hon.  Sir  J.  Lubbock,  F.R.S.    Illustrated.    Cr. 

Svo,    4s.  6d. 
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PARKER.— LESSONS   IN   ELEMENTARY   BIOLOGY.     By  Prof.  T.   Jeffery 

Parker,  F.R.S.    Illustrated.    2nd  Ed.     Cr.  8vo.     10s.  6d. 
VARIGNY.— EXPERIMENTAL  EVOLUTION.    By  H.  de  Varigny.    Cr.  8vo.    5s. 
WALLACE,— Works  by  Alfred  Rqssel  Wallace,  F.R.S. ,  LL.D. 

DARWINISM  :  An  Exposition  of  the  Theory  of  Natural  Selection.     Cr.  8vo.    9s. 

NATURAL  SELECTION:  AND  TROPICAL  NATURE.    New  Ed.     Cr.  8vo.    6s. 

ISLAND  LIFE.     New  Ed.     Cr.  8vo.     6s. 

Physiology. 

FEARNLEY.— A   MANUAL   OF    ELEMENTARY  PRACTICAL   HISTOLOGY. 

By  William  Fearnley.     Illustrated.     Cr.  Svo.     7s.  6d. 

FOSTER.— Works  by  Michael  Foster,  M.D.,  P.R.S.,  Professor  of  Physiology  in 
the  University  of  Cambridge. 
*A  PRIMER  OF  PHYSIOLOGY.  Illustrated.  18mo.  Is. 
A  TEXT-BOOK  OF  PHYSIOLOGY.  Illustrated.  5th  Ed.,  largely  revised.  Svo. 
Part  I.  Blood — The  Tissues  of  Movement,  The  Vascular  Mechanism.  10s.  6d. 
Part  II.  The  Tissues  of  Chemical  Action,  witb  their  Respective  Mechanisms 
—Nutrition.  10s.  6d.  Part  III.  The  Central  Nervous  System.  Ts.  6d,  Part 
IV.  The  Senses  and  some  Special  Muscular  Mechanisms.  The  Tissues  and 
Mechanisms  of  Reproduction.  10s.  6d.  APPENDIX— THE  CHEMICAL 
BASIS  OF  THE  ANIMAL  BODY.     By  A.  S.  Lea,  M.A.     7s.  6d. 

FOSTER— LANGLEY.— A  COURSE  OF  ELEMENTARY  PRACTICAL  PHY- 
SIOLOGY AND  HISTOLOGY.  By  Prof.  Michael  Foster,  and  J.  N.  Langley, 
F.R.S.,''Fellow  of  Trinity  College,  Cambridge.     6th  Ed.     Cr.  Svo.     7s.  6d. 

FOSTER— SHORE.— PHYSIOLOGY  FOR  BEGINNERS.  By  Michael  Foster, 
M.D.,  F.R.S.,  and  L.  E.  Shore,  M.A.,  M.D.     Gl.  8vo.  [In  the  Fress. 

GAMGEE.— A  TEXT -BOOK  OF  THE  PHYSIOLOGICAL  CHEMISTRY  OF 
THE  ANIMAL  BODY.      By  A.  Gamgee,  M.D.,  F.R.S.     Svo.     Vol.  I.     18s, 

[  Vol.  II.  in  the  Press. 

*HUXLEY.— LESSONS   IN    ELEMENTARY  PHYSIOLOGY.      By  Prof.  T.  H. 
Huxley,  F.R.S.     Ulust.     Fcap,  Svo,     4s.  6d, 
*QUESTIONS  ON  THE  ABOVE.     By  T.  Alcock,  M.D.     18mo,     Is.  6d. 

MEDICINE. 

BLYTH.— (See  Hygiene,  p.  41). 

BRUNTON.— Works  by  T.  Lauder  Brunton,  M.D.,  F.R.S.,  Examiner  in  Materia 
Medica  in  the  University  of  London,  in  the  Victoria  University,  and  in  the 
Royal  College  of  Physicians,  London. 
A  TEXT-BOOK  OF  PHARMACOLOGY,  THERAPEUTICS,  AND  MATERIA 
MEDICA.  Adapted  to  the  United  States  Pharmacopoeia  by  F.  H.  Williams, 
M.D.,  Boston,  Mass.  3rd  Ed.  Adapted  to  the  New  British  Pharmacopoeia, 
1885,  and  additions,  1891.  Svo.  21s.  Or  in  2  vols.  22s.  6d.  Supplement.  Is. 
TABLES    OF    MATERIA   MEDICA:    A  Companion  to  the  Materia  Medica 

Museum.     Illustrated.     Cheaper  Issue.     Svo.     5s. 
AN  INTRODUCTION  TO  MODERN  THERAPEUTICS.     Svo.     3s.  6d.  net. 

GRIFFITHS.— LESSONS  ON  PRESCRIPTIONS  AND  THE  ART  OF  PRESCRIB- 
ING.    By  W.  H.  Griffiths.  Adapted  to  the  Pharmacopoeia,  1885.    18mo.   3s.  6d. 

HAMILTON.— A  TEXT-BOOK  OF  PATHOLOGY,  SYSTEMATIC  AND  PRAC- 
TICAL. ByD.  J.  Hamilton,  F.R.S.E.,  Professor  of  Pathological  Anatomy, 
University  of  Aberdeen.    Illustrated.    Svo.    Vol.1.    25s.  [Vol.  II.  hi  the  Fress. 

EILEIN. — Works  by  E,  Klein,  F,R.S.,  Lecturer  on  General  Anatomy  and  Physio- 
logy in  the  Medical  School  of  St.  Bartholomew's  Hospital,  London, 
MICRO-ORGANISMS   AND    DISEASE.      An  Introduction  into  the  Study  of 

Specific  Micro-Organisms.     Illustrated.     3rd  Ed.,  revised.     Cr.  Svo      6s 
THE  BACTERIA  IN  ASIATIC  CHOLERA.     Cr.  Svo.     5s. 

VON  KAHLDEN.— HANDBOOK  OF  HISTOLOGICAL  METHODS.  By  Dr. 
VoN  Kahlden.     Translated  by  H.  Morley  Fletcher,  M.D.     Svo.     Being  a 

Companion  to  Ziegler's  "Pathological  Anatomy."  [In  preparation 

WHITE.— A  TEXT -BOOK  OF  GENERAL  THERAPEUTICS,  By  W.  Hale 
White,  M.D.,  Senior  Assistant  Physician  to  and  Lecturer  in  Materia  Medica  at 

Guy's  Hospital.     Illustrated.     Cr.  Svo.     8s.  6d. 

WILLOUGHBY.— (See  Hygiene,  p.  41.) 
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ZIEGLER—MAOALISTER.— TEXT -BOOK  OF  PATHOLOGICAL  ANATOMY 
AND  PATHOGENESIS.  By  Prof.  E.  Ziegler.  Translated  and  Edited  by 
Donald  MacAlister,  M.A.,  M.D.,  Fellow  and  Medical  Lecturer  of  St.  John's 
College,  Cambridge.     Illustrated.     Svo. 

Part  L— GENERAL  PATHOLOGICAL  ANATOMY.     2nd  Ed.     12s.  6d. 

Part  II.— SPECIAL  PATHOLOGICAL  ANATOMY.  Sections  I.-VIII.  2nd  Ed, 
12s.  6d.     Sections  IX.-XIL     12s.  6d. 

HUMAN   SCIENCES. 

Mental  and  Moral  Philosophy ;  Political  Economy  ;  Law  and  Politics ; 
Anthropology;  Education. 

MENTAL  AND  MORAL  PHILOSOPHY. 

BALDWIN.— HANDBOOK  OF  PSYCHOLOGY:    SENSES  AND   INTELLECT 
By  Prof.  J.  M.  Baldwin,  M.A.,  LL.D.     2nd  Ed.,  revised.     Svo.     12s.  6d. 
FEELING  AND  "S^ILL.     By  the  same.     Svo.     12s.  6d. 
ELEMENTS  OF  PSYCHOLOGY,     Cr.  Svo.     7s.  6d. 
BOOLE.— THE   MATHEMATICAL  ANALYSIS   OF   LOGIC.       Being  an  Essay 

towards  a  Calculus  of  Deductive  Reasoning.     By  George  Boole.     Svo.     5s. 
CALDERWOOD.— HANDBOOK  OF  MORAL  PHILOSOPHY.     By  Rev.  Henry 
Calderwood,  LL.D.,  Professor   of  Moral  Philosophy   in  the   University  of 
Edinburgh.     14th  Ed.,  largely  rewritten.     Cr.  Svo.     6s. 
CLIFFORD.— SEEING  AND  THINKING.     By  the  late  Prof.  W.  K.  Clifford, 

F.R.S.     With  Diagrams.     Cr.  Svo.     3s.  6d. 
HILL.— GENETIC  PHILOSOPHY,     By  David  J.  Hill.  [In  the  Press. 

HOFFDING.— OUTLINES  OP  PSYCHOLOGY.     By  Prof.  H.  Hoffding.     Trans- 
lated by  M.  E.  Lowndes.     Cr.  Svo.      6s. 
JAMES.— THE  PRINCIPLES   OF  PSYCHOLOGY.      By  Wm.  James,  Professor 
of  Psychology  in  Harvard  University,     2  vols.     Svo,     25s,  net, 
A  TEXT-BOOK  OP  PSYCHOLOGY,     By  the  same.     Cr.  Svo.     7s.  net. 
JARDINE.— THE  ELEMENTS  OF  THE  PSYCHOLOGY  OF  COGNITION.     By 

Rev.  Robert  Jardine,  D.Sc.     Srd  Ed.,  revised.     Cr.  Svo.     6s.  6d. 
JEVONS.— Works  by  W.  Stanley  Jevons,  F.R.S. 
*A  PRIMER  OF  LOGIC.     ISmo.     Is. 
*ELEMENTARY  LESSONS  IN  LOGIC,  Deductive  and  Inductive,  with  Copious 

Questions  and  Examples,  and  a  Vocabulary.     Fcap.  Svo.     3s.  6d. 
THE  PRINCIPLES  OF  SCIENCE.     Cr.  Svo.     12s.  6d. 
STUDIES  IN  DEDUCTIVE  LOGIC.     2nd  Ed.     Cr.  Svo.     6s. 
PURE   LOGIC:   AND   OTHER  MINOR  WORKS.     Edited  by  R.    Adamson, 
M.A.,  LL.D.,  Professor  of  Logic  at  Owens  College,  Manchester,  and  Harriet 
A.  Jevons.     With  a  Preface  by  Prof.  Adamson.     Svo.     10s.  6d. 
KANT— MAX  MtJLLER.— CRITIQUE  OF  PURE  REASON.     By  Immanuel  Kant. 
2  vols.     Svo.     16s.  each.     Vol.  I.   HISTORICAL  INTRODUCTION,  by  Lud- 
wiG  Noire  ;  Vol.  II.  CRITIQUE  OF  PURE  REASON,  translated  by  F.  Max 

MULLER. 

KANT  — MAHAFFY  — BERNARD.  — KANT'S  CRITICAL  PHILOSOPHY  FOR 
ENGLISH  READERS.     By  J.  P.  Mahaffy,  D.  D.  ,  Professor  of  Ancient  History 
in  the  University  of  Dublin,  and  John  H.  Bernard,  B.D.,  Fellow  of  Trinity 
College,  Dublin.     A  new  and  complete  Edition  in  2  vols.     Cr.  Svo. 
Vol.    I.    The  Kritik  of  Pure  Reason  explained  and  defended.     7s.  6d. 
Vol.  II.     The  Prolegomena.     Translated  with  Notes  and  Appendices.     6s. 

KANT.— KRITIK  OF  JUDGMENT.  Translated  vrith  Introduction  and  Notes  by 
J.  H.  Bernard,  D.D.     Svo.     10s.  net. 

KETNES.— FORMAL  LOGIC,  Studies  and  Exercises  in.  By  J.  N.  Keynes,  D.Sc. 
2nd  Ed.,  revised  and  enlarged.     Cr.  Svo.     IDs.  6d. 

McCOSH.— Works  by  James  McCosh,  D.D.,  President  of  Princeton  College. 
PSYCHOLOGY.     Or.  Svo.     I.  THE  COGNITIVE  POWERS.     6s.  6d.     IL  THE 

MOTIVE  POWERS.     6s.  6d, 
FIRST  AND  FUNDAMENTAL  TRUTHS:  a  Treatise  on  Metaphysics,    Svo,    9s. 
THE  PREVAILING  TYPES  OF  PHILOSOPHY.     CAN  THEY  LOGICALLY 
REACH  REALITY  ?    Svo.     8s,  6d. 
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MARSHALL.— PAIN,  PLEASURE,  AND  .ESTHETICS.     An   Essay  by  H.    K. 
jNIarshall,  M.A.  [In  the  Press. 

MAURICE,— MORAL    AND    METAPHYSICAL    PHILOSOPHY.      By    P.     D. 
Maurice,  M.A.,  late  Professor  of  Moral  Philosophy  in  the  University  of  Cam- 
bridge.    4th  Ed.     2  vols.     8vo.     16s. 
*RAY.  —A  TEXT-BOOK  OF  DEDUCTIVE  LOGIC  FOR  THE  USE  OF  STUDENTS. 
By  P.  K.  Ray,  D.Sc,  Professor  of  Logic  and  Philosophy,  Presidency  College, 
Calcutta.     4th  Ed.     Globe  8vo.     4s.  6d. 
SIDGWICK.— Works  by  Henry  Sidgwick,  LL.D.,  D.C.L.,  Knightbridge  Professor 
of  Moral  Philosophy  in  the  University  of  Cambridge. 
THE  METHODS  OF  ETHICS,     4th  Ed.     8vo.    14s. 

OUTLINES  OF  THE  HISTORY  OF  ETHICS.     3rd  Ed.     Cr.  8vo.     3s.  6d. 
VENN. — Works  by  John  Venn,  F.R.S.,  Examiner  in  Moral  Philosophy  in  the 
University  of  London. 
THE  LOGIC  OF  CHANCE.     An  Essay  on  the  Foundations  and  Province  of  the 

Theory  of  Probability.     3rd  Ed.,  rewritten  and  enlarged.     Cr,  8vo,     10s,  6d. 
SYMBOLIC  LOGIC.     Cr.  Svo.     10s.  6d. 

THE  PRINCIPLES  OF  EMPIRICAL  OR  INDUCTIVE  LOGIC.     Svo.     18s. 
WILLIAMS.— REVIEW  OF  THE   SYSTEM  OF  ETHICS  FOUNDED  ON  THE 

THEORY  OF  EVOLUTION.    By  C.  M.  Williams.     Ex.  Cr.  Svo.     12s.  net. 
"WINDELBAND.- HISTORY    OF    PHILOSOPHY.      By    Dr.    W.    Windelband. 
Translated  by  Prof.  J.  A.  Tufts.  [In  the  Press. 
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BASTABLE.— PUBLIC  FINANCE.     By  C.  F.  Bastable,  Professor  of  Political 

Economy  in  the  University  of  Dublin.     Svo.     12s.  6d.  net. 
BOHM-BAWERK.— CAPITAL  AND  INTEREST.   Translated  by  William  Smart, 

M.A.     Svo.     12s.  net. 
THE  POSITIVE  THEORY  OP  CAPITAL.     By  the  same.     Svo.     12s.  net. 
CAIRNES.— THE   CHARACTER  AND   LOGICAL  METHOD   OF    POLITICAL 

ECONOMY.     By  J.  E.  Cairnes.     Cr.  Svo.     6s. 
SOME  LEADING  PRINCIPLES   OF  POLITICAL  ECONOMY  NEWLY  EX- 
POUNDED.    By  the  same.     Svo.     14s. 
GLARE.— THE  ABC  OF  THE  FOREIGN  EXCHANGES.     By  George  Clare. 

Crown  Svo.     3s.  net. 
COMMONS.  — DISTRIBUTION    OF    WEALTH.      By    Prof.    J.    R.    Commons. 

[ T'7t  the  Pt6^s 
COSSA.— INTRODUCTION  TO  THE  STUDY  OF  POLITICAL  ECONOMY.     By 

LuiGi  CossA,  Professor  in  the  Royal  University  of  Pavia.    Translated  by  Louis 

Dyer,  M.A.     Cr.  Svo.     Ss.  6d.  net. 
*FAWCETT,— POLITICAL  ECONOMY  FOR  BEGINNERS,  WITH  QUESTIONS. 

By  Mrs.  Henry  Fawcett.     7th  Ed,     18mo.     2s.  6d. 
FAWGETT,— A  MANUAL  OF  POLITICAL  ECONOMY,   By  the  Right  Hon.  Henr  v 

Fawcett,  F.R.S.     7th  Ed.,  revised.     Cr.  Svo.     12s. 
AN  EXPLANATORY  DIGEST  of  above.    By  C.  A.  Waters,  B.  A.    Cr.  Svo.    2s.  6(1. 
GILMAN.— PROFIT  -  SHARING   BETWEEN   EMPLOYER  AND  EMPLOYEE. 

By  N.  P.  GiLMAN.     Cr.  Svo.     7s.  6d. 
SOCIALISM  AND  THE  AMERICAN  SPIRIT.     By  the  Same.     Cr.  Svo.    6s.  6d. 
GUNTON,— WEALTH  AND  PROGRESS  :  An  examination  of  the  Wages  Question 

and  its  Economic  Relation  to  Social  Reform.   By  George  Gunton.   Cr.  Svo.    6s. 
HOWELL.— THE  CONFLICTS  OF  CAPITAL  AND  LABOUR  HISTORICALLY 

AND  ECONOMICALLY  CONSIDERED.     Being  a  History  and  Review  of  the 

Trade  Unions  of  Great  Britain.     By  George  Howell,  M.P,    2nd  Ed,,  revised. 

Cr.  Svo.     7s.  6d. 
JEVONS.— Works  by  W.  Stanley  Jevons,  F.R.S. 
*PRIMER  OF  POLITICAL  ECONOMY.     ISmo.     Is. 

THE  THEORY  OF  POLITICAL  ECONOMY.     3rd  Ed.,  revised.     Svo.     lOs.  6d. 
KEYNES,— THE   SCOPE   AND   METHOD    OF   POLITICAL   ECONOMY,      By 

J.  N.  Keynes,  D.Sc.     7s.  net. 
MARSHALL. -PRINCIPLES  OF  ECONOMICS.     By  Alfred  Marshall,  M.A., 

Professor  of  Political  Economy  in  the  University  of  Cambridge.     2  vols.     Svo. 

Vol.  L    2nd  Ed.     12s.  6d.  net. 


38  HUMAN  SCIENCES 

ELEMENTS  OP  ECONOMICS   OP  INDUSTRY.      By  the  same.      New  Ed., 

1S92.     Cr.  8vo.     3s.  6d. 

PALGRAVE.— A  DICTIONARY  OP  POLITICAL  ECONOMY.  By  various  Writers. 

Edited  by  R.  H.  Inglis  Palgrave,  P.R.S.    3s.  6d.  each,  net.    No.  I.  July  1891. 

SIDGWICK.— THE    PRINCIPLES   OF   POLITICAL   ECONOMY.      By   Henry 

SiDQWiCK,  LL.D.,  D.C.L.,  Knightbridge  Professor  of  Moral  Philosophy  in  the 

University  of  Cambridge.     2nd  Ed.,  revised.      8vo.     16s. 

SMART.— AN  INTRODUCTION  TO  THE  THEORY  OF  VALUE.     By  William 

Smart,  M.A.     Crown  8vo.     3s.  net. 
THOMPSON.— THE  THEORY  OF  WAGES.    By  H.  M.  Thompson.    Cr.  Svo.   8s.  6d. 
WALKER.— Works  by  Francis  A.  Walker,  M.A. 
FIRST  LESSONS  IN  POLITICAL  ECONOMY.     Cr,  Svo.     5s. 
A  BRIEF  TEXT-BOOK  OF  POLITICAL  ECONOMY.     Cr.  Svo.     6s.  6d. 
POLITICAL  ECONOMY.     2nd  Ed.,  revised  and  enlarged.     Svo.     12s.  6d. 
THE  WAGES  QUESTION.     Ex.  Cr.  Svo.     Ss.  6d.  net. 
MONEY.     Ex.  Cr.  Svo.     8s.  6d.  net. 
WICKSTEED.— ALPHABET  OF  ECONOMIC  SCIENCE.     By  P.  H.  Wicksteed, 
M.A.     Part  I.     Elements  of  the  Theory  of  Value  or  Worth.     Gl.  Svo.     2s.  6d. 
WIESER.— NATURAL  VALUE.     By  Prof.  F.  von  Wiesee.      Translated  by  W, 
Mallock-     Edited  by  W.  Smart,  M.A.     Svo.  {In  the  Press. 

luAW  AND  POLITICS. 

BALL.— THE  STUDENT'S  GUIDE  TO  THE  BAR.    By  W.  W.  Rouse  Ball,  M.A., 

Fellow  of  Trinity  College,  Cambridge.     4th  Ed.,  revised.     Cr.  Svo.     2s.  6d 
BOUTMY.  —  STUDIES    IN    CONSTITUTIONAL    LAW.      By    Emile    Bout.my. 

Translated  by  Mrs.  Dicey,  with  Preface  by  Prof.  A.  V.  Dicey.     Cr.  Svo.     6s. 
THE  ENGLISH  CONSTITUTION.     By  the  same.    Translated  by  Mrs.  Eaden, 

with  Introduction  by  Sir  F.  Pollock,  Bart.     Cr.  Svo.     6s. 
*BUCKLAND.— OUR  NATIONAL  INSTITUTIONS.    By  A.  Buckland.    ISmo.  Is. 
CHERRY.— LECTURES  ON  THE  GROWTH  OF  CRIMINAL  LAW  IN  ANCIENT 

COMMUNITIES.     By  R.  R.  Cherry,  LL.D.,  Reid  Professor  of  Constitutional 

and  Criminal  Law  in  the  University  of  Dublin.     Svo.     5s.  net. 
DICEY.— INTRODUCTION  TO  THE  STUDY  OF  THE  LAW  OF  THE  CONSTITU- 
TION.    By  A.  V.   Dicey,  B.C.L.,  Vinerian  Professor  of  English  Law  in  the 

University  of  Oxford.     3rd  Ed.     Svo.     12s.  6d. 
HOLMES.— THE  COMMON  LAW.     By  O.  W.  Holmes,  Jun.     Demy  Svo.     12s. 
JENKS.— THE    GOVERNMENT    OF   VICTORIA.      By  Edward   Jenks,  B.A., 

LL.B.,  late  Professor  of  Law  in  the  Universitj^  of  Melbourne.     14s. 
MUNRO.— COMMERCIAL  LAW.     (See  Commerce,  p.  41.) 
PHILLIMORE.— PRIVATE  LAW  AMONG  THE  ROMANS.     From  the  Pandects. 

By  J.  G.  Phillimore,  Q.C.     Svo.     16s. 
POLLOCK.— ESSAYS  IN  JURISPRUDENCE  AND  ETHICS.     By  Sir  Frederick 

Pollock,  Bart.     Svo.     10s.  6d. 
INTRODUCTION  TO  THE  HISTORY   OF   THE   SCIENCE    OP   POLITICS. 

By  the  same.     Cr.  Svo.     2s.  6d. 
SIDGWICK.— THE   ELEMENTS  OP  POLITICS.     By  Henry  Sidgwick,  LL.D. 

Svo.     14s.  net, 
STEPHEN.— Works  bv  Sir  James  Fitzjames  Stephen,  Bart. 
A  DIGEST  OF  THE  LAW  OF  EVIDENCE.     5th  Ed.     Cr.  Svo.     6s. 
A  DIGEST  OF  THE  CRIMINAL  LAW  :  CRIMES  AND  PUNISHMENTS.     4th 

Ed.,  revised.     Svo.     16s. 
A  DIGEST  OF  THE  LAW  OF  CRIMINAL  PROCEDURE  IN  INDICTABLE 

OFFENCES.     By  Sir  J.  F.  Stephen,  Bart.,  and  H.  Stephen.     Svo.     12s.  6d. 

A  HISTORY  OF  THE  CRIMINAL  LAW  OF  ENGLAND.     3  vols.     Svo.     48s. 

A  GENERAL  VIEW  OF  THE  CRIMINAL  LAW  OF  ENGLAND.     Svo.     14s. 

*WYATT.— THE  ENGLISH   CITIZEN,  HIS   LIFE   AND  DUTIES.     By  C.  H. 

Wyatt,  Clerk  to  the  Manchester  School  Board.     Gl.  Svo.     2s. 

ANTHROPOLOGY. 

TYLOR.— ANTHROPOLOGY.     By  E.  B.  Tylor,  F.R.S.,  Reader  in  Anthropology 
in  the  University  of  Oxford.     Illustrated.     Cr.  Svo.     7s.  6d. 
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EDUCATION. 

ARNOLD.— REPORTS  ON  ELEMENTARY  SCHOOLS.    1852-1882.    By  Matthew 

Arnold.     Edited  by  Lord  Sandford.     Cr.  Svo.     3s.  6d. 
HIGHER  SCHOOLS  AND  UNIVERSITIES   IN  GERMANY.      By  the  same. 

Crown  Svo.     6s. 
A  FRENCH   ETON,   AND   HIGHER  SCHOOLS  AND   UNIVERSITIES  IN 

FRANCE.     By  the  same.     Cr.  Svo.     6s. 
BALL.— THE  STUDENT'S  GUIDE  TO  THE  BAR.     {See  Law,  p.38.) 
*BLAKISTON.— THE   TEACHER.      Hints   on  School  Management.      By  J,  R. 

BtAKisTON,  H.M.I.S.     Cr.  Svo.     2s.  6d. 
OALDERWOOD.— ON  TEACHING.     By  Prof.  Henry  Calderwood.    New  Ed. 

Ex.  fcaD.  Svo.     2s.  6d. 
FEARON.— SCHOOL  INSPECTION.  By  D.  R.  Fearon.    6th  Ed.    Cr.  Svo.    2s.  6d. 
FITCH.— NOTES    ON   AMERICAN   SCHOOLS  AND  TRAINING   COLLEGES. 

By  J.  G.  Fitch,  M.A.,  LL.D.     Gl.  Svo.     2s.  6d. 
GEIKIE.— THE  TEACHING  OF  GEOGRAPHY.     (See  Geography,  p.  41.) 
GLADSTONE.— SPELLING  REFORM  FROM  A  NATIONAL  POINT  OF  VIEW. 

By  J.  H.  Gladstone.     Cr.  Svo.     Is.  6d. 
HERTEL.— OVERPRESSURE  IN  HIGH  SCHOOLS  IN  DENMARK.      By  Dr. 

Hertel.     Introd.  bv  Sir  J.  Crichton-Browne,  F.R.S.     Cr.  Svo.     3s.  6d. 
RECORD  OF  TECHNICAL  AND  SECONDARY  EDUCATION.    Bi-Monthly.     Svo. 

Sewed,  2s.  net.     Part  I.     Nov.  1891. 

TECHNICAL   KNOWLEDGE. 

Civil  and  Mechanical  Engineering;  Military  and.  Naval  Science; 
Agriculture ;  Domestic  Economy ;  Hygiene ;  Commerce ;  Manual  Training. 

CIVIL  AND  MECHANICAL  ENGINEERING. 

ALEXANDER  — THOMSON.— ELEMENTARY  APPLIED  MECHANICS.  (See 
p.  26.) 

CHALMERS.— GRAPHICAL  DETERMINATION  OF  FORCES  IN  ENGINEER- 
ING STRUCTURES.     By  J.  B.  Chalmers,  C.E.     Illustrated.     Svo.     24s. 

COTTERILL.— APPLIED  MECHANICS.     (See  p.  27.) 

COTTERILL—SLADE.— LESSONS  IN  APPLIED  MECHANICS.     (See  p.  27.) 

GRAHAM.— GEOMETRY  OF  POSITION.     (See  p.  27.) 

KENNEDY.— THE  MECHANICS  OF  MACHINERY.     (See  p.  27.) 

LANGMAID—GAISFORD.— ELEMENTARY  LESSONS  IN  STEAM  MACHIN- 
ERY AND  IN  MARINE  STEAM  ENGINES.  By  T.  Langmaid,  Chief  Engineer 
R.N.,  andH.  Galsford,  R.N.  [Shortly. 

PEABODY.— THERMODYNAMICS  OF  THE  STEAM-ENGINE  AND  OTHER 
HEAT-ENGINES.     (See  p.  29.) 

SHANN.— AN  ELEMENTARY  TREATISE  ON  HEAT  IN  RELATION  TO 
STEAM  AND  THE  STEAM-ENGINE.     (See  p.  29.) 

YOUNG.- SIMPLE  PRACTICAL  METHODS  OF  CALCULATING  STRAINS  ON 
GIRDERS,  ARCHES,  AND  TRUSSES.     By  E.  W.  Young,  C.E.    Svo.    7s.  6d. 

WIESBACH— HERMANN.— THE  MECHANICS  OF  HOISTING  MACHINERY. 
By  Dr.  Julius  Wiesbach  and  Professor  G  ostav  Hermann.  Translated  by  K.  P. 
Dahlstrom.  [In  the  Press. 

MILITARY   AND   NAVAL   SCIENCE. 

ARMY  PRELIMINARY  EXAMINATION  PAPERS,  1886-1893.    (See  Mathematics.) 
FLAGG.— A  PRIMER  OF  NAVIGATION.  ByA.  T.  Flagg.   ISmo.  [In preparation 
KELVIN.— POPULAR    LECTURES    AND    ADDRESSES.      By  Lord    Kelvin, 

P.R.S.     3  vols.     Illustrated.     Cr.  Svo.     Vol.  III.  Navigation.     7s.  6d. 
MATTHEWS.— MANUAL  OF  LOGARITHMS.     (See  Mathematics,  p.  24.) 
MAURICE.— WAR.     By  Col.  G.  F.  Maurice,  G.B.,  R.A.     Svo.     5s.  net. 
MERCUR,— ELEMENTS   OF   THE  ART  OP  WAR.      Prepared  for  the   use   of 
Cadets  of  the  United  States  Military  Academy.    By  James  Mercur.    Svo.    17s. 
PALMER.— TEXT -BOOK  OF  PRACTICAL  LOGARITHMS  AND   TRIGONO- 
METRY.    (See  Mathematics,  p.  24.) 
ROBINSON.— TREATISE    ON    MARINE    SURVEYING.      For   younger    Naval 
Officers.     By  Rev.  J.  L.  Robinson.     Or.  Svo.     7s.  6d, 
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SANDHURST  MATHEMATICAL  PAPERS.     {See  Mathematics,  p.  25.) 
SHORTLAND.— NAUTICAL  SURVEYING.    By  Yice-Adm.  Shortland.    8vo.    21s, 
WOLSELEY.— Works  by  General  Viscount  Wolseley,  G.C.M.G. 

THE  SOLDIER'S  POCKET-BOOK  FOR  FIELD  SERVICE.     16mo.    Roan.    5s 
FIELD  POCKET-BOOK  FOR  THE  AUXILIARY  FORCES.     16mo.     Is.  6d. 
WOOLWICH  MATHEMATICAL  PAPERS.     (See  Mathematics,  p.  25.) 

AaRIOULTURE  AND  FORESTRY. 

FRANKLAND.— AGRICULTURAL  CHEMICAL  ANALYSIS.     By  P.  F.  Feank- 

LAND,  F.R.S.,  Prof,  of  Chemistry,  University  College,  Dundee.  Cr.  8vo.  7s.  6d. 
HARTIG.- TEXT-BOOK  OF  THE  DISEASES   OF  TREES.       By   Dr.    Robert 

Hartig.    Translated  by  Wm.  Somerville,  B.S.,  D.GE.,  Professor  of  Agriculture 

and  Forestry,  Durham  College  of  Science.     8vo.  [In  the  Press. 

LASLETT.— TIMBER  AND  TIMBER  TREES,  NATIVE  AND  FOREIGN.      By 

Thomas  Laslett.  [New  Edition  in  Preparation. 

LAURIE.— THE  FOOD  OF  PLANTS.     By  A.  P.  Laurie,  M.A.     ISmo.     Is. 
MUIR.— MANUAL  OF  DAIRY-WORK.     By  Professor  James  Muir,  Yorkshire 

College,  Leeds.     18mo.     Is. 
NIGHOLLS.— A    TEXT-BOOK    OF    TROPICAL    AGRICULTURE.     By  H.   A. 

Alford  Nicholls,  M.D.     Illustrated.     Crown  8vo.     6s. 
NISBET.— BRITISH  FOREST  TREES  AND  THEIR  AGRICULTURAL  CHAR- 
ACTERISTICS AND  TREATMENT.    By  John  Nisbet,  D.ffi.,  of  the  Indian 

Forest  Service.     Cr.  8vo.    6s.  net. 
SOMERVILLE.— INSECTS  IN  RELATION  TO  AGRICULTURE.      By  Dr.  W. 

Somerville.     18mo.  [In  preparation. 

SMITH.— DISEASES  OF   FIELD  AND  GARDEN  CROPS,  chiefly  such  as  are 

caused  by  Fungi.     By  Worthington  G.  Smith,  F.L.S.     Fcap.  8vo.     4s.  6d. 
TANNER.— *ELEMENTARY  LESSONS  IN  THE  SCIENCE  OF  AGRICULTURAL 

PRACTICE.     By  Henry  Tanner,  F.C.S.,  M.R.A.C,  Examiner  in  Agriculture 

under  the  Science  and  Art  Department.     Fcap.  Svo.     3s.  6d. 
*FIRST  PRINCIPLES  OF  AGRICULTURE.     By  the  same.     18mo.     Is. 
*THE  PRINCIPLES  OF  AGRICULTURE.     For  use  in  Elementary  Schools.    By 

the  same.     Ex.   fcap.    8vo.     I.   The  Alphabet.     6d.      II.  Further  Steps.     Is. 

III.  Elementary  School  Readings  for  the  Third  Stage.     Is. 
WARD.— TIMBER  AND  SOME  OF  ITS  DISEASES.    By  H.  Marshall  Ward, 

F.R.S.,  Prof,  of  Botany,  Roy.  Ind.  Engin.  Coll.,  Cooper's  Hill.     Cr.  Svo.     6s. 
WRIGHT.— A  PRIMER  OF  PRACTICAL  HORTICULTURE.     By  J.  Wright, 

F.R.H.S,     18mo.     Is. 

DOMESTIC  ECONOMY. 

*BARKER.— FIRST  LESSONS  IN  THE  PRINCIPLES  OF  COOKING.    By  Lady 

Barker.     ISmo.     Is. 
*BARNETT— O'NEILL.— A  PRIMER  OP   DOMESTIC   ECONOMY.     By  E.  A. 

Barnett  and  H.  C.  O'Neill.     ISmo.     Is. 
♦COOKERY  BOOK.— THE  MIDDLE -CLASS  COOKERY  BOOK.     Edited  by  the 

Manchester  School  of  Domestic  Cookery.     Fcap.  8vo.     Is.  6d. 
CRAVEN.— A  GUIDE  TO  DISTRICT  NURSES.  By  Mrs.  Craven.  Cr.  Svo.  2s.  6d. 
*GRAND'HOMME,— CUTTING-OUT  AND  DRESSMAKING.    From  the  French  of 

Mdlle.  E.  Grand'homme.     With  Diagrams.     ISmo.    Is. 
*GRENFELL.— DRESSMAKING.    A  Technical  Manual  for  Teachers.     By  Mrs. 

Henry  Grenfell.     With  Diagrams.     ISmo.     Is. 
JEX-BLAKE.— THE  CARE  OF  INFANTS.    A  Manual  for  Mothers  and  Nurses. 

By  Sophia  Jex-Blake,  M.D.     ISmo.     Is. 
ROSEVEAR.— MANUAL  OF  NEEDLEWORK.     By  E.  Rosevear,  Lecturer  on 

Needlework,  Training  College,  Stockwell.     Cr.  Svo.     6s. 
*TEGETMEIER.— HOUSEHOLD  MANAGEMENT  AND  COOKERY.     Compiled 

for  the  London  School  Board.     By  W.  B.  Tegetmeier.     ISmo.     Is. 
*WRIGHT.-THE  SCHOOL  COOKERY-BOOK.     Compiled  and  Edited  by  C.  B. 

Guthrie  Wright,  Hon.  Sec.  to  the  Edinburgh  School  of  Cookery.    18mo.    Is. 

HYGIENE. 

*BERNERS.— FIRST  LESSONS  ON  HEALTH.    By  J.  Berners.    18mo.    Is. 


HYGIENE COMMERCE TECHNOLOGY  41 

BLYTH.  — A    MANUAL    OF   PUBLIO   HEALTH.       By    A.    Wynter    Blyth. 

M.R.C.S.     8vo.     17s.  net. 
LECTURES  ON  SANITARY  LAW.     By  the  same.     8vo.     8s.6d.net. 
MIERS— CROSSKEY.— THE  SOIL  IN  RELATION  TO  HEALTH.      By  H.  A. 

MiERS,  M.A.,  F.G.S.,  F.C.S.,  and  R.  Crosskey,  M.A.,  D.P.H.    Cr.  Svo.    3s.  6d. 
REYNOLDS.— A  PRIMER  OP  HYGIENE.     By  E.  S.  Reynolds,  M.D.,  Victoria 

University  Extension  Lecturer  in  Hygiene.     ISmo.  [In  preTparation. 

WILLOUGHBY.— HANDBOOK  OF  PtTBLIC  HEALTH  AND  DEMOGRAPHY. 

By  Dr.  E;  F.  Willoughby.    Fcap.  Svo.     4s.  6d. 

OOMMERCR 

MACMILLAN'S  ELEMENTARY  COMMERCIAL  CLASS  BOOKS.     Edited  by 

James  Gow,  Litt.D.,  Headmaster  of  the  High  School,  Nottingham.  Globe  Svo. 

*THE  HISTORY  OF  COMMERCE  IN  EUROPE.     By  H.  de  B.  Gibbins,  M.A. 

8s.  6d. 
^COMMERCIAL  ARITHMETIC.     By  S.  Jackson,  M.A.     3s.  6d. 
THE    STUDENT'S    MANUAL    OF     BOOKKEEPING.      By    J.    Thornton. 

[In  preparation. 

COMMERCIAL  GEOGRAPHY.     By  E.  C.  K.  Conner,  M.A.,  Professor  of  PoH- 

tical  Economy  in  University  College,  Liverpool.  [In  preparation. 

INTRODUCTION    TO    COMMERCIAL    GERMAN.      By  F.   C.   Smith,    B.A., 

formerly  Scholar  of  Magdalene  College,  Cambridge.     3s.  6d. 

COMMERCIAL    FRENCH.      By  James    B.   Payne,    King's    College    School, 

London.  [In  preparation. 

COMMERCIAL  SPANISH.     By  Prof.  Delbos,  Instructor,  H.M.S.  Britannia, 

Dartmouth.  [In  the  Press. 

*COMMERCIAL  LAW.    By  J.  E.  C.  Munro,  LL.D.,  late  Professor  of  Law  and 

Political  Economy  in  the  Owens  College,  Manchester.     3s.  6d. 

TEOHNOLOG-Y. 

BENSON.— ELEMENTARY  HANDICRAFT  AND  DESIGN.    By  W.  A.  S.  Benson. 

Illustrated.     Cr.  Svo.     5s.  net. 
BURDETT.— BOOT  AND   SHOE   MANUFACTURE.      By  C.   W.   B.   Burdett. 

Illustrated.     Cr.  Svo.  [In  the  Press. 

*DEGERDON.— THE  GRAMMAR  OP  WOODWORK.     By  W.  E.  Degerdon,  Head 

Instructor,  Whitechapel  Craft  School.     4to.     2s.  sewed ;  3s.  cloth. 
LETHABY.— CAST  IRON  AND  LEAD  WORK.    By  W.  R.  Lethaby.    Illustrated. 

Cr.  Svo.  [hi  preparation. 

LOUIS.— GOLD  MILLING.    By  H.  Louis.     Cr.  Svo.  [In  the  Press. 

VICKERMAN.— WOOLLEN  SPINNING.    By  Charles  Vickerman.    Illustrated. 

Cr.  Svo.  [In  the  Press. 

GEOGRAPHY. 

(See  also  PHYSICAL  GEOGRAPHY,  p.  32.) 
BARTHOLOMEW.— *THE  ELEMENTARY  SCHOOL  ATLAS.      By  John  Bar- 
tholomew, F.R.G.S.     4to.     Is. 
*MACMILLAN'S  SCHOOL  ATLAS,   PHYSICAL  AND  POLITICAL.     SO  Maps 

and  Index.     By  the  same.     Royal  4to.     8s.  6d.     Half-morocco,  10s.  6d. 
THE    LIBRARY    REFERENCE  ATLAS  OP   THE    WORLD.     By  the  same. 
84  Maps  and  Index  to  100,000  places.  Half-morocco.  Gilt  edges.  Folio.  £2:12:6 
net.     Also  in  parts,  5s.  each,  net.     Index,  7s.  6d.  net. 
*CLARKE.— CLASS-BOOK  OF  GEOGRAPHY.      By  C.  B.  Clarke,  F.R.S.     With 

IS  Maps.     Fcap.  Svo.     3s.  ;  sewed,  2s.  6d. 
*GREEN.— A  SHORT  GEOGRAPHY  OF  THE  BRITISH  ISLANDS.      By  John 

Richard  Green,  LL.D.,  and  A.  S.  Green.  With  Maps.  Fcai).  Svo.  3s.  6d. 
*GROVE.— A  PRIMER  OF  GEOGRAPHY.  By  Sir  George  Grove.  ISmo.  Is. 
KIEPERT.— A  MANUAL  OF  ANCIENT  GEOGRAPHY.      By  Dr.  H.  Kiepert. 

Cr.  Svo.     5s. 
MACMILLAN'S  GEOGRAPHICAL  SERIES.— Edited  by  Sir  Archibald  Geikie, 
F.R.S.,  Director-General  of  the  Geological  Survey  of  the  United  Kingdom. 
*THE  TEACHING  OF  GEOGRAPHY.    A  Practical  Handbook  for  the  Use  of 
Teachers.    By  Sir  Archibald  Geikie,  F.R.S.     Cr.  Svo.     2s. 
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*MAPS  AND  MAP-DKAWING.     By  W.  A.  Elderton.     ISmo.     Is. 
*GEOGRAPHY  OF  THE  BRITISH  ISLES.    By  Sir  A.  Ge[Kie,  P.R.S.    18mo.    Is. 
*AN  ELEMENTARY  CLASS-BOOK  OF  GENERAL  GEOGRAPHY.    By  H.  R. 

Mill,  D.Sc.     Illustrated.     Cr.  8vo.     3s.  6d. 
^GEOGRAPHY  OF  EUROPE.     By  J.  Sime,  M.A.     Illustrated.     Gl.  8vo.     3s. 
*ELEMENTARY  GEOGRAPHY  OF  INDIA,  BURMA,  AND  CEYLON.     By  H. 

F.  Blanford,  F.G.S.     Gl.  Svo.     2s.  6d. 
GEOGRAPHY  OF  NORTH  A3IERICA.   By  Prof.  N.  S.  Shaler.    [In  i/reparation. 
^ELEMENTARY  GEOGRAPHY  OF  THE  BRITISH  COLONIES.     By  G.  M. 

Dawson,  LL.D.,  and  A.  Sutherland.     Globe  Svo.     3s. 
STRACHEY.— LECTURES  ON  GEOGRAPHY.     By  General  Richard  Strachey, 

R.E.     Cr.  Svo.     4s.  6d. 
SUTHERLAND.— GEOGRAPHY  OF  VICTORIA.     By  A.  Sutherland.     Pott. 

Svo.     Is. 
GENERAL  GEOGRAPHY.     For  use  in  Elementary  Schools  in  Victoria.     By 

the  same.  [In  the  Press. 

*TOZER.— A  PRIMER  OP  CLASSICAL  GEOGRAPHY.     By  H.  F.  Tozer,  M.A. 

ISmo      Is. 

HISTORY. 

ARNOLD.— THE  SECOND  PUNIC  WAR.     (See  Classics,  p.  11.) 
ARNOLD.— A  HISTORY  OF  THE  EARLY  ROMAN  EMPIRE.     (.See  p.  11.) 
*BEESLY.— STORIES  FROM  THE  HISTORY  OF  ROME.     (See  p.  12.)] 
BRYCE.— THE  HOLY  ROMAN  EMPIRE.       By  James    Bryce,   M.P.,   D.C.L., 

Cr.  Svo.     7s.  6d.     Library  Edition.     Svo.     14s. 
*BUCKLEY.— A  HISTORY  OF  ENGLAND  FOR  BEGINNERS.     By  Arabella 

B.  Buckley.     With  Maps  and  Tables.     Gl.  Svo.     3s. 
BURY.— A  HISTORY  OF  THE  LATER  ROMAN  EMPIRE  FROM  ARCADIUS 

TO  IRENE.     (See  Classics,  p.  12.) 
CASSEL.— MANUAL  OF  JEWISH  HISTORY  AND  LITERATURE.     By  Dr.  D. 

Cassel.     Translated  by  Mrs.  Henry  Lucas.     Fcap.  Svo.     2s.  6d. 
ENGLISH  STATESMEN,  TWELVE.     Cr.  Svo.     2s.  6d.  each. 
William  the  Conqueror.     By  Edward  A.  Freeman,  D.C.L.,  LL.D. 
Henry  II.     By  Mrs.  J.  R.  Green. 
Edward  I.     By  Prof.  T.  F.  Tout. 
Henry  VII.    By  James  Gairdner. 
Cardinal  Wolsey.     By  Bishop  Creighton. 
Elizabeth.     By  E.  S.  Beesly. 
Oliver  Cromwell.    By  Frederic  Harrison. 
William  III.     By  H.  D.  Traill. 
Walpole.     By  John  Morley. 

Chatham.     By  John  Morley.  [In  preparation. 

Pitt.     By  Earl  of  Rosebery'. 
Peel.     By  J.  R.  Thursfield. 
FISKE. — Works  by  John  Fiske,  formerly  Lecturer  on  Philosophy  at  Harvard 
Universitv. 
THE  CRITICAL  PERIOD  IN  AMERICAN  HISTORY,  17S3-1789.     10s.  6d. 
THE  BEGINNINGS  OF  NEW  ENGLAND.     Cr.  Svo.     7s.  6d. 
THE  AMERICAN  REVOLUTION.     2  vols.     Cr.  Svo.     ISs. 
THE  DISCOVERY  OF  AMERICA.     2  vols.     Cr.  Svo.     18s. 
FREEMAN. — Works  by  the  late  Edv/ard  A.  Freeman,  D.C.L. 
*OLD  ENGLISH  HISTORY.     With  Maps.     Ex.  fcap.  Svo.     6s. 
METHODS  OF  HISTORICAL  STUDY.     Svo.     10s.  6d. 
THE  CHIEF  PERIODS  OF  EUROPEAN  HISTORY.     Svo.     10s.  6d. 
HISTORICAL  ESSAYS.     Svo.     First  Series.     10s.  6d.     Second  Series.     10s.  6d. 

Third  Series.     12s.     Fourth  Series.     12s.  6d. 
THE  GROWTH  OF  THE  ENGLISH  CONSTITUTION  FROM  THE  EARLIEST 

TIMES.     5th  Ed.     Cr.  Svo.     5s. 
WESTERN  EUROPE  IN  THE  FIFTH  CENTURY.     Svo.  [In  the  Press. 

WESTERN  EUROPE  IN  THE  EIGHTH  CENTURY.     Svo.  [In  the  Press. 

GREEN.— Works  by  John  Richaud  Green,  LL.D. 

*A  SHORT  HISTORY  OF  THE  ENGLISH  PEOPLE.     Cr.  Svo.     8s.  6d. 
*A1so  in  Four  Parts.    With  Analysis.     Crown  Svo.     3s.  each.    Part  I.  607-1265. 
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Part  II.  1204-1553.     Part  III.   1540-1689.     Part   IV.    1660-1873.     Illustrated 
Edition.     8vo.     Monthly  parts,  Is.  net.     Part  I.  Oct.  1891.     Vols.  I.  IL  and 

HISTORY 'of  the"  ENGLISH  PEOPLE.     In  four  vols.     8vo.     16s.  each. 
Vol.  1.— Early  England,  449-1071 ;  Foreign    Kings,   1071-1214 ;   The  Charter, 

1214-1291 ;  The  Parliament,  1307-1461.     8  Maps. 
Vol.  IL— The  Monarcliy,  1461-1540  ;  The  Reforuiation,  1540-1603. 
Vol.  III.— Puritan  England,  1603-1660  ;  The  Revolution,  1660-1688.     4  Maps, 
Vol.  IV.— The  Revolution,  1688-1760;  Modern  England,  1760-1815. 
THE  MAKING  OF  ENGLAND  (449-829).     With  Maps.     8vo.     16s. 
THE  CONQUEST  OF  ENGLAND  (758-1071).    With  Maps  and  Portrait.    8vo.    18s. 
^ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's  "  Short  History  of  the 

English  People."    By  C.  W.  A.  Tait,  M.A.     Crown  8vo.     3s.  6d. 

♦READINGS  IN  ENGLISH  HISTORY.     Selected  by  J.  R.  Gbeen.     Three  Parts. 

Gl.  8vo.     Is.  6d.  each.     I.  Hengist  to  Cressy.     II.  Cressy  to  Cromwell.    III. 

Cromwell  to  Balaklava. 

GREEN.— THE  ENGLISH  TOWN  IN  THE  FIFTEENTH  CENTURY.      By  A. 

S.  Greejt.  Mti  the  Pt6ss. 

GUEST.— LECTURES  ON  THE  HISTORY  OF  ENGLAND.     By  M.  J.  Guest." 

With  Maps.     Cr.  8vo.     6s. 
HISTORICAL  COURSE  FOR  SCHOOLS.— Edited  by  E.  A.  Freeman.     18mo. 
GENERAL  SKETCH  OF  EUROPEAN  HISTORY.    By  E.  A.  Freeman.    3s.  6d. 
HISTORY  OF  ENGLAND.     By  Edith  Thompson.     2s.  6d. 
HISTORY  OF  SCOTLAND.     By  Margaret  Macarthur.     2s. 
HISTORY  OF  FRANCE.     By  Charlotte  M.  Yonge.     3s.  6d. 
HISTORY  OF  GERMANY.     By  J.  Sime,  M.A.     3s. 
HISTORY  OF  ITALY.     By  Rev.  W.  Hunt,  M.A.     3s.  6d. 
HISTORY  OF  AMERICA.     By  John  A.  Doyle.     4s.  6d. 
HISTORY  OF  EUROPEAN  COLONIES.     By  E.  J.  Payne,  M.A.     4s.  6d. 
*HISTORY  PRIMERS.— Edited  by  John  Richajrd  Green,  LL.D.    18mo.    Is.  each. 
ROME.      By  Bishop  Creighton. 

GREECE.     By  C.  A.  Fyffe,  M.A.,  late  Fellow  of  University  College,  Oxford. 
EUROPE.     By  E.  A.  Freeman,  D.C.L. 
FRANCE.     By  Charlotte  M.  Yonge. 

ROMAN  ANTIQUITIES.     By  Prof.  Wilkins,  Litt.D.     Illustrated. 
GREEK  ANTIQUITIES.     By  Rev.  J.  P.  Mahaffy,  D.D.     Illustrated. 
GEOGRAPHY.     By  Sir  G.  Grove,  D.C.L.     Maps. 
CLASSICAL  GEOGRAPHY.     By  H.  F.  Tozer,  M.A. 
ENGLAND.     By  Arabella  B.  Buckley. 

ANALYSIS  OF  ENGLISH  HISTORY.     By  Prof.  T.  F.  Tout,  M.A. 
INDIAN  HISTORY  :  ASIATIC  AND  EUROPEAN.     By  J.  Talboys  AVheeler. 
HOLE.— A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF  ENGLAND  AND 

FRANCE.     By  Rev.  C.  Hole.     On  Sheet.     Is. 
JENNINGS.— CHRONOLOGICAL  TABLES  OF  ANCIENT  HISTORY.     By  Rev. 

A.  C.  Jennings.     8vo.     5s. 
LABBERTON.— NEW  HISTORICAL  ATLAS  AND  GENERAL  HISTORY.     By 

R.  H.  Labberton.     4to.     15s. 
LETHBRIDGE.— A  SHORT  MANUAL  OF  THE  HISTORY  OF  INDIA.     With 
an  Account  of  India  as  it  is.     By  Sir  Roper  Lethbridge.     Cr.  8vo.     5s. 
A  HISTORY  OF  INDIA.     New  Edition.     Cr.  8vo.     2s. 
*MACMILLAN'S  HISTORY  READERS.    Adapted  to  the  New  Code,  1893.    Gl.  8vo. 
Book  I.     {Shortly.)    Book  II.     lOd.     Book  III.     Is.     Book  IV.     Is.  3d.     Book 
V.     Is.  6d.     Book  VL     Is.  6d.     Book  VII.     Is.  6d. 
MAHAFFY.— GREEK   LIFE   AND   THOUGHT   FROM   THE  AGE  OF  ALEX- 
ANDER TO  THE  ROMAN  CONQUEST.     (See  Classics,  p.  13.) 
THE  GREEK  WORLD  UNDER  ROMAN  SWAY.     (See  Classics,  p.  13.) 
PROBLEMS  IN  GREEK  HISTORY.     (See  Classics,  p.  13.) 
MARRIOTT.— THE  MAKERS  OF  MODERN  ITALY :  Mazzini,  Cavour,  Gari- 
baldi.    By  J.  A.  R.  Marriott,  M.A.     Cr.  8vo.     Is.  6d. 
MICHELET.— A  SUMMARY  OF  MODERN  HISTORY.    By  M.  Michelet.    Trans- 
lated by  M.  C.  M.  Simpson.     Gl.  8vo.     4s.  6d. 
NORGATE.— ENGLAND  UNDER  THE  ANGEVIN  KINGS.     By  Kate  Norgatk. 
With  Maps  and  Plans.     2  vols.     8vo.     S2s. 
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0TT£.— SCANDINAVIAN  HISTORY.    By  E.  C.  Otte.    With  Maps.    Gl.  8vo.    6s 
RHOADES.— HISTORY  OF  THE   UNITED   STATES.     1850-1880.      By  J.   F 

Rhoades.     2  vols.     8vo.     24s. 
SHUCKBURGH.— A  SCHOOL  HISTORY  OF  ROME.     (See  p.  13.) 
SEELEY.— THE  EXPANSION  OF  ENGLAND.     By  J.  R.  Seeley,  M.A.,  Regiuf 
Professor  of  Modern  Histoiy  in  the  University  of  Camhridge.    Cr.  8vo.    4s.  6d. 
OUR  COLONIAL  EXPANSION,    Extracts  from  the  above.    Cr.  8vo.    Sewed.  Is. 
SEWELL—YONGE.— EUROPEAN  HISTORY.     Selections  from  the  Best  Author- 
ities.    Edited  by  E.  M.  Sewell  and  C.  M.  Yonge.     Cr,  8vo,     First  Series, 
1003-1154.     6s.     Second  Series,  1088-1228.     6s. 
*TAIT,  — ANALYSIS  OF  ENGLISH  HISTORY,     (See  under  Green,  p.  43.) 
WHEELER.— Works  by  J.  Talboys  Wheeler. 
*A  PRIMER  OF  INDIAN  HISTORY.     18nio.     Is. 

^COLLEGE  HISTORY  OF  INDIA.     With  Maps.     Cr.  8vo.     3s.  ;  sewed,  2s.  6d. 
A  SHORT   HISTORY  OF  INDIA  AND   OF   THE   FRONTIER  STATES   OF 
AFGHANISTAN,  NEPAUL,  AND  BURMA.     With  Maps.     Cr.  8vo.     12s. 
YONGE. — Works  by  Charlotte  M.  Yonge. 
CAMEOS     FROM    ENGLISH     HISTORY.      Ex.    fcap.     8vo.     5s.    each.      (]) 
From  Rollo  to  Edward  II,     (2)  The  Wars  in  France,     (3)   Tlie  Wars  of  tlie 
Roses,     (4)  Reformation  Times,     (5)  England  and  Spain.     (6)  Forty  Years  of 
Stewart  Rule  (1603-1648).    (7)  Rebellion  and  Restoration  (1642-1678). 
THE  VICTORIAN  HALF  CENTURY.     Cr.  8vo.    Is.  6d,  ;  sewed,  Is. 

ART. 

*  ANDERSON.  — LINEAR  PERSPECTIVE   AND    MODEL    DRAWING.      With 

Questions  and  Exercises.    By  Laurence  Anderson.     Illustrated.     8vo.     2s. 
BENSON.— See  Technology,  p.  41. 

COLLIER.— A  PRIMER  OF  ART.     By  Hon.  John  Collier.     18mo.     Is. 
COOK.— THE  NATIONAL  GALLERY,   A  POPULAR   HANDBOOK  TO.      By 

E.  T.  Cook,  with  preface  by  Mr.  Ruskin,  and  Selections  from  his  Writings. 

4th  Ed.,  1893.     Cr.  8vo.     Half-mor.,  14s. 
DELAMOTTE.— A  BEGINNER'S  DRAWING  BOOK.      By  P.   H.    Delamotte, 

F.S.A.     Progressively  arranged.     Cr.  8vo.     8s.  6d. 
ELLIS.— SKETCHING  FROM  NATURE.    A  Handbook.     By  Trjstram  J.  Ellis, 

Illustrated  by  H.  Stacy  Marks,  R.A.,  and  the  Author.     Cr.  8vo.    3s.  6d. 
GROVE.— A  DICTIONARY  OF  MUSIC  AND  MUSICIANS.     1450-1889.    Edited 

by  Sir  George  Grove.     4  vols.    8vo.    21s.  each.     INDEX.     7s.  6d. 
HUNT.— TALKS  ABOUT  ART.     By  William  Hunt.     Cr.  8vo.    3s.  6d. 
HUTCHINSON.— SOME  HINTS  ON  LEARNING  TO   DRAW.     Containing  Ex- 
amples from  Leighton,  Watts,  Poynter,  etc.     By  G.  W.  C.  Hutchinson,  Art 

Master  at  Clifton  College.     Sup.  Roy.  8vo,     8s,  6d, 
LETHABY.— See  under  Technology,  p.  41. 
MELDOLA.— THE  CHEMISTRY  OF  PHOTOGRAPHY.     By  Raphael  Meldola, 

F.R.S.,  Professor  of  Chemistry  in  the  Technical  College,  Finsbury.  Cr.  8vo.  6s. 
TAYLOR.— A  PRIMER  OF  PIANOFORTE-PLAYING.  By  P.  Taylor.  18mo.  Is. 
TAYLOR.— A    SYSTEM    OF    SIGHT-SINGING    FROM    THE    ESTABLISHED 

MUSICAL  NOTATION ;  based  on  the  Principle  of  Tonic  Relation,    By  Sedley 

Taylor,  M.A.     8vo.     5s.  net. 
TAYLOR.— DRAWING  AND   DESIGN.      By  E.   R,   Taylor,  Principal  of  the 

Birmingham  School  of  Art,     Illustrated,     Oblong  Cr.  8vo, 
TYRWHITT.— OUR  SKETCHING  CLUB,     I^etters   and  Studies   on   Landscape 

Art,    By  Rev.  R.  St.  John  Tyrwhitt.    With  reproductions  of  the  Lessons  and 

Woodcuts  in  Mr.  Ruskin's  "  Elements  of  Drawing."    Cr.  Svo.     7s.  6d. 

DIYINITY. 

The  Bible ;  History  of  the  Christian  Church ;  The  Church  of 

England ;  The  Fathers  ;  Hymnology. 

THE  BIBLE. 

History  of  the  Biile.—TB.'E  ENGLISH  BIBLE  ;   A  Critical  History  of  the  various 
English  Translations.     By  Prof.  John  Eadib.    2  vols.    Svo.     28s. 
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THE  BIBLE  IN  THE  CHURCH.    By  Right  Rev.  B.  F.  Westcott,  Bishop  of 
Durham.     10th  Ed.     ISnio.     4s.  6d. 
Biblical  History.— BIBL'E  LESSONS.     By  Rev.  E.  A.  Abbott.     Cr.  8vo.     4s.  6d. 
SIDE-LIGHTS  UPON  BIBLE  HISTORY.  By  Mrs.  Sydney  Buxton.  Cr.  8vo.  5s. 
STORIES  FROM  THE  BIBLE.      By  Rev.  A.  J.  Church.      Ilhxstrated.      Cr. 
8vo.     2  parts.     3s.  6d.  each. 
*BIBLE   READINGS   SELECTED   FROM    THE    PENTATEUCH  AND   THE 

BOOK  OF  JOSHUA.     By  Rev.  J.  A.  Cross.     G1.  Svo.     2s.  6d. 
*THE  CHILDREN'S  TREASURY  OP  BIBLE  STORIES.     By  Mrs.  H.  Gaskoin. 
ISmo.     Is.   each.      Part    I.    Old   Testament.      Part  II.    New  Testament. 

"po-p-t-  TTT      T'tTT*'   a  PO'^TT  T^^ 

*A  CLASS-BOOK  OF  OLD  TESTAMENT  HISTORY.     By  Rev.  G.  F.  Maclear, 

D.D.     ISmo.     4s.  6d. 
*A  CLASS-BOOK  OF  NEW  TESTAMENT  HISTORY.     ISmo.     5s.  6d. 
*A  SHILLING  BOOK  OF  OLD  TESTAMENT  HISTORY.     ISmo.     Is. 
*A  SHILLING  BOOK  OF  NEW  TESTAMENT  HISTORY.     ISmo.     Is. 
*SCRIPTURE   READIi^GS   FOR    SCHOOLS  AND    FAMILIES.       By    C.   M. 
YoNGE.      Globe    Svo.      Is.    6d.    each ;     also    with  comments,   3s.    6d.    each. 
Genesis  to  Deuteronomy.    Joshua  to  Solomon.     Kings  and  the  Prophets. 
The  Gospel  Times.     Apostolic  Times. 
The   Old   Testament.— TB.E  PATRIARCHS  AND  LAWGIVERS   OF   THE   OLD 
TESTAMENT.     By  F.  D.  Maurice.     Cr.  Svo.     3s.  6d. 
THE  PROPHETS  AND  KINGS  OF  THE  OLD  TESTAMENT.     By  the  same. 

Cr.  Svo.     3s.  6d. 
THE   CANON   OF   THE   OLD   TESTAMENT.     By  Rev.   H.   E.   Ryle,  B.D., 

Hulsean  Professor  of  Divinity  in  the  University  of  Cambridge.     Cr.  Svo.     6s. 
THE  EARLY  NARRATIVES  OF  GENESIS.     By  the  same.    Cr.  Svo.    3s.  net. 
THE  DIVINE  LIBRARY  OF  THE  OLD  TESTAMENT.    By  A.  F.  Kirkpatrick, 
IM.A.,  Professor  of  Hebrew  in  the  University  of  Cambridge.     Cr.  Svo.    3s.  net. 
The  Pentateuch.— A'N  HISTORICO-CRITICAL  INQUIRY  INTO   THE   ORIGIN 
AND  COMPOSITION  OF  THE  PENTATEUCH  AND  BOOK  OF  JOSHUA. 
By  Prof.  A.  Kuenen.     Trans,  by  P.  H.  Wicksteed,  M.A.     Svo.     14s. 
The  Psalms.— TB.E   PSALMS   CHRONOLOGICALLY   ARRANGED.      By  Four 
Friends.     Cr.  Svo.     5s.  net. 
GOLDEN  TREASURY  PSALTER.  Student's  Edition  of  above.  ISrao.   2s.  6d.  net. 
THE  PSALMS,  WITH   INTRODUCTION  AND  NOTES.     By  A.  C.  Jennings, 

M.A.,  and  W.  H.  Lowe,  M.A.     2  vols.     Cr.  Svo.     10s.  6d.  each. 
INTRODUCTION  TO  THE  STUDY  AND  USE  OF  THE  PSALMS.     By  Rev. 
J.  F.  Thrupp.     2nd  Ed.     2  vols.     Svo.     21s. 
Jsaia?!,.— ISAIAH  XL.-LXVI.    With  the  Shorter  Prophecies  allied  to  it.    Edited  by 
Matthew  Arnold.     Cr.  Svo.     os. 
ISAIAH  OF  JERUSALEM.     In  the  Authorised  English  Version,  with  Intro- 
duction and  Notes.     Bv  the  same.     Cr.  Svo.     4s.  6d. 
A   BIBLE-READING    FOR    SCHOOLS,— THE     GREAT     PROPHECY    OF 
ISRAEL'S    RESTORATION    (Isaiah,    Chapters    xl.-lxvi.)       Arranged    and 
Edited  for  Young  Learners.     By  the  same.     ISmo.     Is. 
COMMENTARY  ON  THE  BOOK  OF  ISAIAH  :    CRITICAL,  HISTORICAL, 

AND  PROPHETICAL  ;  with  Translation.     Bv  T.  R.  Birks.     Svo.     12s.  6d. 
THE    BOOK    OF    ISAIAH  CHRONOLOGICALLY   ARRANGED.     By  T.  K. 
Cheyne.     Cr.  Svo.     7s.  6d. 
Zechariah.—TB.E  HEBREW  STUDENT'S   COMMENTARY  ON  ZEOHARIAH, 

HEBREW  AND  LXX.     By  W.  H.  Lowe,  M.A.     Svo.     lOs.  6d. 
The  Minor  Prophets.— BOCTUmE  OF  THE  PROPHETS.     By  Prof.  A.  F.  Kirk- 
patrick.    Cr.  Svo.     6s. 
The  New  Testament.— TWE,  NEW  TESTAMENT.     Essay  on  the  Right  Estimation 
of  MS.  Evidence  in  the  Text  of  the  New  Testament.     By  T.  R.  Birks.     Cr. 
Svo.     3s.  6d. 
THE  MESSAGES  OF  THE  BOOKS.     Discourses  and  Notes  on  the  Books  of 

the  New  Testament.     By  Archd.  Farrar.     Svo.     14s. 
GREEK -ENGLISH    LEXICON   TO   THE   NEW  TESTAMENT.      By  W.   J. 

HiCKiE,  M.A.     Pott.  Svo.    3s. 
THE  CLASSICAL  ELEMENT  IN  THE  NEW  TESTAMENT.     Considered  as  a 
proof  of  its  Genuineness.    By  C.  H.  Hoole.     Svo,    10s.  6d. 
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ON  A   FRESH  REVISION   OF   THE  ENGLISH  NEW   TESTAiiENT.      By 

Bishop  LiGHTFOOT.     Or.  8vo.     7s.  6d. 
THE   UNITY  OF   THE   NEW  TESTAMENT.      By  F.  D.  Maurice.      2  vols. 

Of    ^vn       1 9^ 
A  GENERAL  SURVEY  OF  THE  HISTORY  OF  THE  CANON  OF  THE  NEW 

TESTAMENT   DURING   THE    FIRST   FOUR   CENTURIES.      By   Bishop 

Westcott.     Cr.  8vo.     10s.  6d. 
THE    NEW  TESTAMENT  IN  THE  ORIGINAL  GREEK.     The  Text  revised 

by  Bishop  Westcott,  D.D.,  and  Prof.  F.  J.  A.  Hort,  D.D.      2  vols.     Cr.  8vo. 

10s.  6d.  each.     Vol.  I.  Text.     Vol.  II.  Introduction  and  Appendix. 
SCHOOL  EDITION  OF   THE  ABOVE.      ISmo,  4s.  6d.;    ISmo,  roan,   5s.  6d.  ; 
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THE  OLD  SYRIAC  ELEMENT  IN  THE  TEXT  OF  THE  CODEX  BEZAE.  By 

Rev.  F.  H.  Chase.     Svo.     7s.  6d.  net. 
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THE   EPISTLES  TO  THE  THESSALONIANS.      Commentary   on  the  Greek 
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TO  THE  EPHESIANS.     By  the  late  Prof.  Hort.     Cr.  Svo.     [In  preparation. 
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THE  GREEK  TEXT,  with  Notes  and  Essays.     By  Bishop  Westcott.    Svo.    14s. 
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DALE.— THE  SYNOD  OF  ELVIRA,  AND  CHRISTIAN  LIFE  IN  THE  FOURTH 
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